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Abstract

A spectrum-based method is proposed for predicting peak responses of a SDOF
system that pounds against adjacent rigid structure(s) during an earthquake.
Pounding is considered to occur on either one side or two sides of the system.
The contact element is simulated by the Kelvin body combining a spring and a
dashpot in parallel. Based on free vibration and harmonic vibration both
involving pounding, the equivalent period and damping of the SDOF system are
obtained and used to predict peak displacements as well as collision force. The
accuracy of the proposed method is demonstrated via extensive numerical
experiments over a variety of combinations of system properties, contact element
properties, separation distances, and earthquakes.

Keywords:  relative displacement, structural pounding, viscoelastic contact
element, coefficient of restitution, equivalent period, equivalent damping.

1 Introduction

Pounding between buildings occurs when separation distance is insufficient to
accommodate the peak relative displacement between them [1, 2]. The collision
between two buildings is typically simulated by contact element, which becomes
active only when contact is detected. Several types of contact element such as
linear/nonlinear spring element, and linear/nonlinear viscoelastic element have
been used for pounding simulation [3-5]. The use of numerical methods for this
nonlinear dynamic problem poses many difficulties and requires time-consuming
efforts. Moreover, using numerical methods at the beginning of design may not
be an efficient choice because of the nature of design process, where repetitive

WIT Transactions on The Built Environment, Vol 87, © 2006 WIT Press
www.witpress.com, ISSN 1743-3509 (on-line)
doi:10.2495/SU060501



528 Structures Under Shock and Impact IX

analyses using different ground motions are required. Therefore, an alternative
method utilizing response spectra could be more suitable for practical use. The
spectrum-based method would also make it possible to clarify the relationship
among structural properties, earthquake characteristics, and peak responses.

The objective of our research, therefore, is to propose simplified methods for
estimating peak responses of buildings subjected to seismic pounding. This paper
will concentrate on the fundamental pounding problem, where a SDOF system
pounds against adjacent rigid structure(s) located on its side(s) and viscoelastic
contact element is used for pounding simulation. Equivalent period and damping
are derived, then combined with elastic response spectra to get peak responses.
The proposed method is simple but accurate enough for practical application.

2 Modelling of pounding problem

Consider a SDOF system with mass m, stiffness k, and viscous damping
coefficient c. It pounds against adjacent rigid wall(s) when absolute displacement
|u(t)| exceeds either separation distance s* (> 0) on the right side, or s~ (> 0) on
the left side. Viscoelastic contact elements (fig. 1a) are characterized as parallel
combination of linear spring stiffness (k] or &, ) and dashpot (¢ or c;).
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Figure 1: Pounding of a SDOF system against rigid structures: (a) Modeling,
(b) Force-displacement relations.

The system is considered to be in sfate 1 when not in contact and state 2 when
in contact with the wall. Elastic force F, and damping force F,; are governed by
displacement u (fig. 1b) and velocity u as follows:

F,=ku, F,= cu (state1:—s” <u<s") (lab)
F,=ku+k/(u-s"), F,=(c+c))u (state2:u>s") (1c,d)
F =ku+k (u+s"), F,=(c+c,)u (state2:u<-s") (le,f)
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Clearly, stiffness and damping are added by contact element when the state
changes from 1 to 2, hereby we define the stiffness increase ratio x " and &~ , as
well as damping increase ratio ¢ “and ¢, eqns. (2) and (3).

Kt = 1+k Ik,
K = 1+k Ik,

=1+ /c
§ =l+c,/c

(2a,b)
(3a,b)

Let call vibration frequency in state 1 as no-pounding vibration frequency @,,,
and those at state 2 as pounding vibration frequencies a);d and ,, . The vibration
frequencies and damping ratios are related as follows:

c+e! *
o =k k) im = 0, £,=ST oS e @ap)
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Figure 2: Time history of undamped free vibration.

3 Free vibration with pounding

3.1 Time history of undamped free vibration pounding response

Considering initial condition u =0and u =u,,, , where u,,, >, s and @, s~
so that pounding will occur on both sides. By a similar process [6], we can obtain
a) 0 <t <1 (state 1, see also fig. 2):

u(t) = (@, )sin@, ¢, t ={sin” (o,,s" /i

)} o, (6a,b)

max

b) t; <t<2t,—t, (state 2):
u(t)=s"+(s"/x"){~1+cosw,, (t—1)} + {u(t)/ w,, }sinw,, (t - 1,)

(7a)
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t=t,+ (@, V) tan™ K ([ @, /57 ~ 1} (7b)

c) 2ty — 1<t < t; (state 1):

u(t) = (<t / @,,)sine,, (t=21,), t;={sin" (@, s /i, )}/ o, +2t, (8a,b)

d) t; <t <2t~ t; (state 2):
u(t)y=-s —(s /x ){-l+cosw,, (t-t;)} +{u(t;)/ o, }sinw,, (1 —t;) (9a)

o=t (@, Va )  tan ™ f (U /0, /57— 1} (9b)

np

For one-side pounding at right, negative state 2 displacement, eqn. (9a), does not
exist. Thus, time # is given by du(?)/dt = 0 of eqn. (8a), and # = 2t, + T,,/4
instead of eqn. (9b) is obtained (fig. 2). In contrast, for one-side pounding at left,

time #, is given by du(#)/dt = 0 of eqn. (6a), and #, = T,,, /4 instead of eqn. (7b).
3.2 Peak displacement and equivalent vibration period

We defined (fig. 2) u" and u~ as absolute values of positive and negative peak
displacements, respectively. u' can be expressed with by substituting eqn.
(7b) into eqn. (7a), similarly for u~ by substituting eqn. (9b) into eqn. (9a), then

u* =s+[1—1/,c+ s /a)np/s")z}/lf} (10a)

max

W= s’[l 1k (1K~ 1+ (i (@, /s*)z}/,{} (10b)
Rewriting eqn. (10):

i =o, u 1+(1-s"/u") (k" —1)
v J (11a,b)

= a)npu’\/l +(=s/u ) (x -1

From eqns. (7b) and (9b), durations of responses per cycle showing positive and
negative displacements At (= 2t,) and Af” (=2(t, — 2t,)) are obtained as follows:

A" =(T,, /7r)[sir1'1(a)nps+ i, )+ () " tan™ \/K* {1t (0, T = 1}} (12a)

At =(T, Hr)[sirfl (@,,5 [ti,)+ (x7 ) tan™ \/K’ {[th (@, sHP - 1}} (12b)

where T, is no-pounding period. Eqn. (12) indicates that A¢’, A" depend on
u,. S »and s~ Thus, equivalent vibration period T., can be given as follows:

T, =At"+At"  (two-side pounding) (13)

In case of one-side pounding at right, for example, u" is given by eqn. (10a), and
since pounding does not occur at left: v~ =u,, /@, by setting x~ = 1 in eqn.
(10b). Duration Af" and Af™ are obtained in an analogous manner, therefore
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T, =At"+0.5T,,  (one-side pounding at right)

. . . (14)
T,,=At +0.57,, (one-side pounding at left)

Fd

) . Teg - — actual resp.
At At —— assumption

N @ )

Figure 3: Steady state response of two-side pounding: (a) time history, (b)
Fu relationship, (c) calculation of dissipated energy.

4 Harmonic vibration with pounding

4.1 Equivalent damping ratio

The equivalent damping ratio &,, is normally based on the steady state response
of a system to harmonic force at exciting frequency equal to the natural
frequency of the system. To apply for current problem, the equivalent period T,
derived in previous section is used as natural period of the pounding system, and
the equation of motion under considering harmonic force can be written as

mii + F, (i:(t))+ F,(u(t)) = —mii ,, sin(2z ¢/ T,)) (15)

After a number of numerical checks (fig. 3a, b), the steady state u(?) in a cycle of
vibration is approximated by two distinct half-sinusoidal curves with vibration
frequencies (#/At') and (#/Af) for each side (fig. 3a), respectively.
Consequently, energy E; dissipated while u(#)>0can be calculated as the
summation of dissipated energies by system damping ¢ (area 4.) and contact
dashpot ¢ (area 4,), see fig. 3c. Similarly for dissipated energy E;, while
u(t) <0 and we obtain

E;=c(””+2 1425 (cos —S—,h (s"/u" )] (16a)
u

2At e
E; = (;’”A? (425 *—-S—Jl G u )] (16b)
c u

The strain energies Eg on each side are assumed to be equal and calculated using
the stiffness and peak displacements (fig. 1b)
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Eg=2k[1+(x" DA -s"/u)(ut)? (17a0)
=Lk[l+(xc -D(1 -5 /u ) 1(u )
Based on these,

&, =AET+AS (two-side pounding) (18)
AE" = E5 (AnEy), AE™ = E, (AnEy) (19a,b)

If there is only one-side pounding at right, set s~ = u~ in eqn. (16b) and use Ar” =
0.5T,,. Similarly for one-side pounding at left, eqn. (18) becomes

£, =AE+0.58, (one-side poundingat right) 20)
Sy =A5 +0.55,, (one-side poundingat left)

4.2 Numerical experiment for harmonic vibration

Numerical experiment is conducted using ground acceleration ii ,sin(272/T),
where ii,, =0.6g and T is varied. We consider a system having 7,, = Is and &,
= 0.02, thus peak steady state displacement of no-pounding system at resonant
excitation (7' = T,,) is u,, = iigO/Za)fpfnp =3.72 m. Both two-side pounding and
one-side pounding are considered; for two-side pounding, separation distance is
set equal on both sides, s = s = s. Separation distances s =0, 0.5, 1, and 4 m are
assumed. Contact element stiffness is selected such that x = 4 (7,;, = 0.5s);
dashpot ¢, is varied to have 6 values of &,, = 0.01~0.52 (fig. 4), respective values
of coefficient of restitution e [7] are also shown in fig. 4.

Fig. 4 shows steady state displacement spectra (solid line) obtained by
numerical integration. For the case of s = 4, pounding is avoided and all the
spectrum curves are identical. For the case of s = 0, the system with two-side
pounding (fig. 4a) vibrates with T,, and &,; while the system with one-side
pounding (fig. 4b), in addition to the peak of harmonic response, the peak of so-
called subharmonic response appears at twice the resonant frequency of the
pounding system [3]. However, the subharmonic response does not seem to have
any significant effect.

4.3 Estimation of peak displacement

The peak displacements can be estimated by using eqn. (10) once u,, is known.
It is assumed that u, represents the peak velocity of an equivalent linear

system having T, and &,, but as shown in eqns. 13 and 18, T, and &, depend
on u,, . Thus, iterations for getting u,_,_is required and summarized below:

After setting initial values 7\ = 7, and & = £, , the i-th iteration includes

eq np eq
1) Calculate 2"

max

(i+1) (i+1)
2)Get 7,77 and &,"" (eqns. 13 and 18).

using eqn. 21 for harmonic excitation, and #" and ™ (eqn. 10).

L'l(i)

max max ?

3) Calculate again #!" (eqn. 21), and if 4!" =~

max

the iteration ends.
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4) Use 0D = @) +4% )/2 and go to step 1).

max max max

where i, = iy, \/ ((a)é;))2 -’ )z + (255;)0’;)0’)2 (1)
In step 4), we use midpoint of the limits after each iteration so the bounds
containing exact value of u,, decrease by factor of two. Thus it converges fast
and normally takes about 3 to 4 iterations if the tolerance limit is set to 1%.

The accuracy of the method for harmonic excitation is verified as follows:
u,.. is calculated with eqn. (11) using u” and u~ obtained in (4.2) instead of
using eqn. (21). Then steps 2), 3), and 1) are followed and the results without
further iterations are compared with the time history analysis results. Estimated
spectra are plotted using broken lines also in fig. 4; the estimated curves match
very well with those from numerical analysis. The method can not predict
subharmonic response that occurs in one-side pounding. Since such subharmonic
response shows no relevant effect compared with harmonic response and it does
not appear in MDOF system, its effect will not be considered again.

(a) Two-side pounding

£,a=0.07 (e=08) £y =0.15 (= 0.6) £,a=040(e=02)
—— Time history
----Estimation
07 4 2 3 07 ¢ 2 3 07 ¢ 2 3
olog, olonp ology
(b) One-side pounding
4 Epa=0.01(e=1.0) _ £pa=0.07 (e=0.8) _ £pa=0.15 (€= 0.6) _ £q=040(e=02)
*(m)
3 — Time history
---- Estimation
2.
1]o. harmonic ]
subharmonic
S
0 T
4.
3.
21 harmonic
/
ik subharmonic
0+ = = = =
07 1 2 3 07 1 2 3 07 1 2 307 1 2 3
olonp olonp olonp ologp
Figure 4: Displacement spectra of two-side and one-side pounding.

5 Estimation of seismic pounding responses

5.1 Spectrum-based estimation of peak seismic responses

For pounding caused by seismic loading, however, instead of eqn. (21), u,,, is
estimated by using elastic design velocity spectrum S,,, as follows
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gy = 8,128, )=D;-8,,(1,,.&,), D;=\J(0+a&)(1+as) (22ab)

in above expressions, D = scaling factor for taking into account the effect of
damping, and « depends on each particular earthquake (table 2).

Peak collision force is approximated by using the SRSS rule for peak forces
developed in contact element’s spring and dashpot (fig. 1). Accordingly,

Er =ik =+l (o) A PLL—(s7 /)] (23a)
Fo= Atk =5 )P +[e; (/A PI=(s /u )] (23b)

5.2 Validation of the method

The validation study includes both one-side pounding and two-side pounding
that considers same contact elements on both sides. For each pounding incident,
it uses 8 systems with different 7, (table 1) but having same &,, = 0.02. For each
system, separation distances are varied through 10 values of separation ratios
s/u,, = 0.1 to 1.0 at an increment of 0.1. Two different cases of contact element
stiffness are considered: in stiff contact case the contact element is much stiffer
than the system’s stiffness; while in soft contact case the contact element is
assumed quite flexible such that = 4 for all systems (table 1). For each analysis
case above, dashpot of contact element is chosen to simulate three values of
coefficient of restitution, e = 0.9, 0.6 and 0.2.

250 Spy (cm's)
2001 140 ‘*“
150,

1001 4 6 Earthquakes' Spectra

= Average Spectrum

501 0.64s Design Spectrum
0_ T T T T T T I(S)
0 05 1 15 2 25 3 35 4
Figure 5: Spectra of artificial earthquakes and the design spectrum.
Table 1: Systems used in validation study. Table 2: Values of a.
System| 1| 2 |3 |4|5| 6 | 7| 8 Earthquake | «

Hachinohe EW |75
JMA Kobe NS |25

Ty (s) [0.4] 0.8 [1.2(1.6/2.0]24 |28 3.2

CStitfft T,4(s) 10.1[0.16]0.2]{0.2] 0.2 ]0.24[0.280.32 Tohoku NS 75
ontac K 16 | 25 |36 |64 |100| 100 | 100 | 100 El Centro NS |55

Soft T,4(s) [02] 04 |0.6]{08]1.0]| 12 [14]1.6 Taft N111E |75
Contact K 41 4 |44 4 4 4 4 BCJ-L2 75
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For time-history analysis, 6 artificial earthquakes (table 2) are considered in
both positive and negative directions. These level 2 earthquakes have similar
spectrum characteristics and similar to the elastic design spectrum. Thus, results
obtained from numerical analysis can be used for investigating the accuracy of
the proposed method. Fig. 5 shows the pseudo velocity spectra of these
earthquakes (2% damping ratio), and the design spectrum having §,,, = 140cm/s
in the constant velocity domain.

The accuracy of the proposed method in estimating peak displacement is
demonstrated through ratios between estimated and respective time-history
analysis results. The graphs in fig. 6 show the mean and standard deviation of
these ratios vs. separation ratios, for each value of coefficient of restitution e. For
one-side pounding, fig. 6a shows very close results between time-history
analysis and estimation for ", ratios for u~ are slightly scattered at s/u,, small
but most of them still distributes near 1.0. Accuracy of the method does not
significantly change between soft and stiff contact case. Similarly to results of
one-side pounding, the proposed method predicts very well peak displacement of
symmetric two-side pounding (fig. 6b).

(a) One-Side Pounding (b) Two-Side Pounding
>2'0 ut u- Stiff Contact Case ut u- Stiff Contact Case
§|e 157 y 1 1 vean| 1
|2 ean| ] oc=ee. ean
510 ] —es02 Y
B1E 0.5 i -——-e=0§ ] ] e e=06
- Std. dev. | | == €209 Std. dev. —— e=09
0.0 mr=r—r-rrr—T+ T T T T T T T T LN e s e e el S S s e e
>.2'O ut u" Soft Contact Case u* u" Soft Contact Case
5|5 151 b ] ]
sl2 10 Mean _ Mean
Efs =02 02
BlE 0.5 4 -——-e=06 4 4 ———-e=06
- 00 . Sddev| | ——e=09 o _ Stddev.|]___  ——e=00
01020304 050607080910 01020304 050607080910 010203040506 07080810 01020304 0506070809 10
Slunp SlUnp slunp Slunp
Figure 6: Accuracy of estimated peak displacement.

Peak collision force is normalized with the respective peak shear force that
would develop in the system if pounding did not occur (i.e. k-u,,). Such
normalized forces estimated by the proposed method are plotted against the
accurate time-history analysis result in fig. 7, where each data point corresponds
to one analysis case. These graphs show good estimation, especially for
pounding with small coefficient of restitution and soft contact element. This can
be understood because contact element with large damping can effectively
dissipate energy, while soft contact element reduces collision force.

6 Conclusions

This paper proposed the new spectrum-based estimation method for peak
structural responses of a SDOF system pounding against rigid structures. The
pounding phenomenon is modeled using linear viscoelastic elements. This
idealization is consistent with SDOF system used and appears adequate for
studying the effects of pounding on the overall building responses. The
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spectrum-based estimation method is based on analytical solution of free
vibration and harmonic vibration of the system both involving pounding to
obtain equivalent period and damping, and uses them together with elastic design
spectrum for estimation of peak responses. Using 6 artificial earthquakes that
resemble the elastic design spectrum, the method is validated through extensive
numerical experiments by varying system vibration period, separation distance,
and contact element properties. The applicability of the method is shown and the
correlation of estimated peak responses to time-history analysis results is very
satisfactory.

The proposed method will serve as a basis that will be extend for structural
pounding between two SDOF systems, as well as pounding of MDOF systems.

(a) One-Side Pounding (b) Two-Side Pounding
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up ot 041 P e ¢ 041 BERE
3|8 IF———— 0¥ 3|8 04 " " 0¥t
Sh 16 2 > S 12 a2
s e=06 s e=06 Vi s |e=06 Vi e=06 /|
B2 1 | e - w /|8
g2 /) o0 of g2 84 o Z
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Slo o 081 e sltnp Sl 41 R 081 5 slunp
SlE 4 o E °0.1~0.3 o|E Al S °0.1~0.3
£2 g - 0.4 £l 00.4~0.7 £[2 i 0.44 00.4~0.7
3 =0.8~10 3 A +08~1.0
g oM 1 A ER——— £8 0 — [} A TS
wlo 16 2 w2 12 2
= "le=02 e=02 = "le=02 / e=02
12 // 1.64 e < 1.6 L
/ wg o 457 Y 7
o e / 12 ki im o o= 1.2 wsgh
of . 0.84 » i . 4] P'ﬁu 0.8 : e s
uy oaf ABE 04af B
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Figure 7: Accuracy of estimated peak collision force.
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