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ABSTRACT

As software system have become more complex, the need for better ab-
straction mechanisms has led to the widespread use of abstract data types
(ADT’s). A measure of ADT design complexity is an important factor in
describing, explaining, evaluating, and predicting key aspects of the devel-
opment and maintenance of software systems that use them. This paper
discusses a novel method for measuring the design complexity of an ADT
through the process of proving its correctness. Then, the relative design
complexity of ADT’s is expressed in terms of the relative complexity of
abstract-to-concrete representation mappings. Comparisons among the re-
sults of the developed complexity measure and the results of an experimental
study conducted to investigate this issue are given.

INTRODUCTION

Over the past two decades, several program complexity metrics have been
proposed [6]. Those that are widely known are software science [2], control
flow complexity metrics (7, 1], and data flow complexity metrics [3, 8]. None
of these complexity metrics have considered the complexity induced by the
choice of different data structures, such as arrays and linked lists, and the ef-
fect of using various ADT’s, such as stacks and trees, on the program design
complexity. Motivated by the need for the software metrics that can model
the complexity caused by the choice of different data structures, this paper
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discusses a novel method for measuring the design complexity of ADT’s .
This new method is based on a proof of correctness of the implementation
of a data abstraction. Intuitively, a data abstraction correctness proof is
the process of reasoning about the implementation of an ADT with respect
to its specification.

In order to verify that an ADT implementation is correct, we must prove
that the representation of this type in terms of data structures of other
types is correct with respect to its specification. The relationship between
the ADT and its concrete representation in terms of data structures can
be expressed by a function called representation mapping function. Actu-
ally, this function captures the amount of knowledge needed to understand
programs using the given data structure. Because of this, we argue that
the effect of data structures on the design complexity of ADT’s is primar-
ily due to the complezity of the mapping between the data structures used
in the program and their corresponding ADT’s. As we shall see later, the
design complexity of an ADT increases with the increase in the complexity
of the mapping between the intended ADT and its data structure represen-
tation. In other words, the design complexity of an ADT can be measured
by estimating the complexity of the representation mapping function.

THE CONCEPT OF DATA ABSTRACTION

Data abstraction is the conceptual approach of combining a data type with
a set of operations on that data type. Just as procedural abstraction en-
ables us to focus on what a procedure does without worrying about how
it does it, data abstraction enables us to consider the data objects needed
and the operations that must be performed on those objects without being
concerned with unnecessary details.

In order to reason about programs using ADT’s, it is necessary to under-
stand the characteristics of ADT. The essence of ADT can be captured by
the diagram of Figure 1 showing the relationship between the concrete do-
main objects manipulated by a conventional program procedures and the
abstract domain objects that the program designer chooses to think about
instead of the more detailed program objects. A mapping must be defined
between the values of concrete objects and the values of the correspond-
ing abstract objects. We call this the representation mapping function and
denote it Rep,,,, for some data type.

An data type implementation is correct if its data objects are manipulated
in such a way that the abstract objects to which they correspond appear
to be transformed according to the abstract operations. That is, correct
data type implementation uses the concrete data structures and procedures,
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Opabs
(abstract objects ) ~ abstract objects

Repiype Repiype

™~ O .
(concrete objects) Peon ~ concrete objects)

Opaps:  abstract operations used in abstract domain
Dcon:  concrete operations used in concrete domain
Repiype: representation mapping function

L

Figure 1: Relation between abstract and concrete domains

but in a way that properly mirrors the abstraction. In order to decide if
this implementation is correct, we must show that the diagram in Figure 1
commutes. We say that the diagram commutes if and only if beginning in
the lower left corner and passing in both possible directions gives the same
result whenever the abstract data is defined, that is,

Reptype o Opaba g Opcon ° Reptype (1)

where the symbol “o” stands for functional composition.
DESIGN COMPLEXITY OF DATA REPRESENTATION

From the proof technique stated in Hoare’s notable paper on correctness
of data representations [4], we know that in order to prove that the data
representation is correct, we must establish a representation mapping func-
tion between the abstract domain in which the abstract program is written
and the domain of the concrete representation of data structure. In other
words, the representation mapping is the most crucial part in proving a data
representation.

In general, the proof of data representation requires more effort as the rep-
resentation mapping functions become more complicated; and the represen-
tation mapping functions become more complex as the complexity of the
relationship between the physical data structures used in the program and
their corresponding ADT’s increases. Since the relative proof difficulty im-
plies relative design complexity, we argue that the effect of data structures
on the design complexity of ADT’s is primarily due to the complexity of the
representation mapping between the data structures used in the program
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and their corresponding ADT’s. The design complexity of a data represen-
tation increases with the increase in the complexity of the mapping between
the intended ADT and its data structure representation. In other words, the
design complexity of a data representation can be measured by estimating
the complezity of the representation mapping function.

Now we wish to estimate the design complexity of data representation di-
rectly from the representation mapping functions. For this purpose, we need
to make the following assumptions. Since the mapping functions of scalar
types such as integer, real, boolean can be defined by Rep,.,;..(z) = z, any
representation mapping function is identity on scalar types. In this case,
proving of such representation mapping functions is trivial. Therefore, in
order to measure the complexity of this representation, we could assume
the weight of || Rep,.4i0-|| to be one unit where || || stands for the relative
complexity of some representation mapping function.

Considering the effort needed for proving array of scalar type, record of
scalar type, and pointer of scalar type respectively, we have observed that
in general the representation mapping of pointer of scalar type is more
intellectually difficult than that of array of scalar type because the alias
problem occurs while constructing the representation mappings of pointer
type; and the amount of effort required to reason about the representation
mappings of array of scalar type and record of scalar type are roughly the
same since they both use the selector (or subscripting) operators. Therefore,
the following relation

”chscalar” S ”Reparray” ’—\"”Reprecord" S “Reppointer” (2)

holds.

Since the weight of ||Rep,..1..l| is equal to one unit, it is possible that
|Reparrayll and || Rep,copqll carry the same weight, which is 2 units. Based
on these assumptions, we might pick 3 units as the weight for || Rep,pinte, |-
These weights are very reasonable because they not only satisfy the relation
given in (2) but also match the relative difficulty of explaining (or com-
prehending) the representation mappings associated with these elementary
data types.

In simple cases such as the above elementary data types, it may be relatively
easy to come up with a representation mapping function directly, but this
will not always be the case. In general, the representation mapping functions
become more complicated as the complexity of the relationship between the
physical data structures used in the program and their corresponding ADT’s
increases.
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Opabs

abstract objects abstract objects

Opcon

concrete objects concrete objects

Rep, o Rep,0---0 Rep, o Op,,, C OPcon © Rep, 0 Repyo -0 Rep,,
Figure 2: Extended commutative diagram for multilevel mapping

In order to cope with more complicated data types, we need to extend the
current measure. The new method is based on the ability to organize the
data into a multilevel data abstraction, in which representation mapping
functions are used to characterize abstract data of one level in terms of ab-
stract data at a lower level [10], so as to provide an efficient measure of the
complexity of data representation. This new method, called multilevel rep-
resentation mapping, formally constructs a representation mapping function
in terms of levels of abstraction — each level of which can be represented
by a single scalar or elementary data type.

In other words, a representation mapping function can be entirely refined
into a natural hierarchy of elementary data types. Then, the complexity of
a representation mapping can be computed by combining the complexity
of elementary type at each level of abstraction. For example, in Figure 2
Rep,,,. may be characterized by a certain number of levels of abstraction,
that is,

Rep,,,. = Rep, o Rep,0---0 Rep,,

where Rep; is a representation mapping function of elementary data type
and 1 <7 < n. Hence, the complexity of data representation of Rep,,,. will
be the estimates of the composing mapping functions combined. Now, let
us consider the following data type:

CLASS = array[1..60] of record
id: Integer;
score: Integer
end;
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its representation mapping function is expressed as

Repinteyer o Reprecord o Reparray

and the design complexity of its data representation can be calculated as

”Reparray“ X ”Reprecord“ X ”Repinteger”

Finally, the complexity of data representation, Pyyy., for each abstract data
type is defined as:

1 if type = scalar type;
2 X (Psubtype) if type = array [n..m] of subtype;

2 X (X% Psubtype,) if type = record
field listy: subtypey;
ptype =
field list,,: subtype,,
end;
where subtype; # subtype;
for 1 <j,k<nandj#k.

3 X (Psubtype) if type = T subtype;

For the sake of simplicity, we would like to relate the model of measuring
data representation given above to a special kind of graph model called data
type tree. A data type tree is an ordered, directed tree such that each node
of the tree is associated with a data type and each node is presented in the
form of O, ¥/, A, or < depending on the data type “stored” at the node.
The following table gives a description of these symbols:

Data type
scalar [ array I record I pointer
Symbol | O \V4 A <
Weight 1 2 2 3

Suppose that there exists a node O such that
noded € {(O, ¥, A, O}
Then, the elementary data types can be illustrated by Figure 3.

Let 7 be a data type tree with designated root vy and nodes labeled vy, v,
-++, v,. Then, the value of node v;, p(v;), is defined recursively as follows:
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scalar array record pointer

© V¥

T € {scalar, array, record, pointer},

node€{®,W,A,®}

Figure 3: Tree diagrams for elementary data types

1. If node v; is not a leaf of 7 and nodes Uy, Uz, , Uy, are the children
of node v;, then the value of node v; 1s

p(v7) = afv:) x ( ip(u» ) 3)

where a(v;) is the weight associated with node ;.

2. If node v; is a leaf of T, then the value of node v; is

p(vi) =1 (4)

Since node v; has no children and the leaf must be a scalar type node
with one unit weight, the value of node v; is defined as 1.

Therefore, the complexity of data representation, P,,,., for each abstract
data type can be defined as:

Prype = p(vo) (5)

where vy is the root of 7.

Example 1 Consider the following data type.

CLASS1 = array(1..60] of
record
name: array[1..20] of Char;
id: Integer;
testl, test2, test3: Real
end;
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type CLASS1: v

/\
Voo O
®

Figure 4: Tree diagram for data type “CLASS1”

Then, from the data tree illustrated in Figure 4, we have

array
Peiasst :2X[2X(2X 1+ \\1/ -{—\1//)]:16
array integer real
record

DESIGN COMPLEXITY OF OPERATION’S IMPLEMENTATION

Since we usually implement the operations for an abstract data type in the
form of procedures or functions, we can use any popular software metric
for estimating program complexity to measure complexity estimation for
implementation of operation. In this paper, we choose to use the complexity
metric described in our earlier study [5] as the measure of the complexity
of operation implementation.

Thus, the design complexity of operation implementation, P,,, can be com-
puted as
Pop = Pint + Pe.z‘t (6)

where

o P, is the internal complezity which reflects the complexity of the
individual program modules, disregarding their interactions with other
program modules; and

o P, is the external complexity which reflects the complexity of the
communications and interactions among the program modules.

To form P;,; and P, we are searching for a combination of primitive soft-
ware design complexity metrics which are useful, predictive, and objective.
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More specifically,
Pin =) P (7
k=0

where

- %I( ) (w(skﬁ) X [(6(sky) x £(sk,)) + 1])

J=1 V statement
Skj; n node Uk

8};1‘ €T

) ( (1 = &(s,)) x ﬂ(sk,.))> 8)

V statement
Sk;; in node Uk}
3, € T

and

cwhile =4 if s € {WHILE B DO S}

(s) = | @=2 ifse{IF BTHENS,
Wi = IF B THEN S1 ELSE 52}
Ceeq =1  otherwise

where the constants cypie, Cify and Gseq € N,

1 if s € {IF B THEN &,
IF B THEN S1 ELSE 52,
5(s) = WHILE B DO S}

0 otherwise

{(s) = nesting level of statement s, and

B(s) = the number of binary/unary operators in statement s.

Note that cunile, cif, and Cseq are the associated weights for WHILE-DO
statement, IF-THEN-ELSE statement, and SEQUENCE statement, re-
spectively, and are determined by the amount of effort required to explaining
the formal proof of these statements,

And Peg; (as proposed by Oviedo [9]) is defined by

Pe= (X 'gu(zkﬁ) )) ©)

k=0 \ j=1

where u(z;) represents the number of available definitions of variable x;
in the set of variable definitions that reach node v;, and U; is the set of
variables whose uses are locally exposed in node v;.
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OVERALL MEASURE OF ADT’S COMPLEXITY

From the discussion carried out in the previous sections, we know that the
overall design complexity of ADT’s, P4, is composed of two parts:

Piype the design complexity induced by the choice of different representa-
tions of the ADT in terms of data structures of other types.

P.p the design complexity caused by the implementation of each operation.

Thus,
Padt = Z Ptype + E Pop (10)

V type Vv op

EXAMPLE AND EVALUATION

In this section, we apply the developed complexity measure to a set of
programs used in Bastani’s experimental study. These programs implemen-
tation a stack Push operation presented in three procedures each using a
different data structure (i.e. array, linked list, and combination of array and
linked list). After analyzing the ADT’s complexity of these programs, we
will then evaluate our measure of relative complexity of ADT by comparing
the results with the experimental results from other Bastani’s study.

Example 2 In this ezample, the abstract data type STACK tis represented
by the array data structure.

const Max = 100;
type STACK = record
top: Integer;
elements: array[1..Max] of Real
end;
procedure Push (var S: STACK; x: Real);
node # 1 begin
if (S.top >= Max) then
Error(‘stack is full’)
else
begin
S.top := S.top + 1;
S.elements[S.top] := x
end

» W N

5 end;
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By using the developed metric, the complezity of this data type is:
Piype = 6

and, the internal design complezity is:
P =10

Then, the external design complezity of Push is

Pert =

Mo

de
1

~
« 5

Hence, using Fquation 6, the complezity of operation Push is
pop = Pint + Pe:r:t = 13

Therefore, the design complexity of abstract data type STACK using the
array data structure is calculated as:

Put = Pupe + P = 19

Example 3 In this ezample, we consider the abstract data type STACK
represented by the linked-list data structure.

type STACK = “Stack_Node;
Stack_Node = record

data: Real;
next: STACK
end;

procedure Push (var S: STACK; x: Real);
var temp: STACK;

node # 1 begin
2 new(temp) ;
temp~.data := x;
temp”.next := S;
S := temp
3 end;

Similarly, the relative complezity of data representation for this abstract
data type STACK is:

Ptype = 12

The internal design complexity is

Pint =6
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and, the external complexity of Push is

3
Pezt = Zdu,
j=1
= 2
Hence, the complezity of operation Push is
pop = Piu+Pey = 8

Therefore, the design complexity of abstract data type STACK using the
linked-list data structure is calculated as:

Padt = ptype""Pop = 20

Example 4 In this ezample, the abstract data type STACK is represented
by the combination of array and linked-list data structures.

const Size = 10;
type STACK = “Node;
Node = record
top.index: Integer;
item: array[1..Size] of Real;
next: STACK
end;
procedure Push (var S: STACK; x: Real);
var temp: STACK;

node # 1 begin
2 if (S".top_index >= Size) then
3 begin
new(temp);
temp”.next := S;
S := temp;
S”.top_index := 0
end;
4 S”.top_.index := S”.top_index + 1;
S~.item[S”.top.index] := x
5 end;

Likewise, the relative complezity of data representation for the abstract data
type STACK is
ptype - 24

And,

Pint = 13
Pezt = 6
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Hence, the complezity of operation Push is
Pop = Pint + Pezt =19

Finally, the design complezity of abstract data type STACK using the array
and linked-list data structures can be computed as:

Padt = Ptype+Pop = 43

COMPARISON WITH THE EXPERIMENTAL RESULTS

In this section we describe the experiment conducted by Iyengar and Bas-
tani to determine the effect of data structures on the logical complexity of
program and then compare our results with theirs. Their hypothesis tested
in the experiment was that the representation of advanced data structures
in terms of simpler data structures can increase the complexity of a program
if the mapping relationship between the two data structures is obscure.

A group of graduate students in computer science from the University of
Houston and Louisiana State University were selected as subjects in the
experiment. Then, these students were given a set of programs which are
identical to the programs used in Example 2 - Example 4.

In order to estimate the relative complexity of the ADT’s, Iyengar and
Bastani tested for comprehension by requiring the students to find and mark
up to two embedded errors in each program. This is a reasonable criterion
since it is usually the first step in program maintenance. The students
were also asked to noted the time (in minutes) taken by them to detect the
errors in the program. Following the experiment, the tests were scored to
determine how many errors were correctly detected by each student. For
the purpose of the study, they were scored 0, 1, or 2, as being the number
of correct answers. Table 1 summarizes the results of the experiment.

From the experiment, Iyengar and Bastani conclude that the stacks repre-
sented by the combination of array and linked-list data structures is signifi-
cantly more difficult to comprehend than either the array representation of
stacks or the linked-list representation of stacks; and the linked-list repre-
sentation of stacks is more difficult than the array representation of stacks,
but the difference between them does not reach significance.

Recall from the previous example, the relative complexities of abstract data
type STACK implemented by the array, linked-list, and combination of
array and linked-list data structures are 19, 20, and 43 respectively. It is
easy to observe that the results produced by our measure highly correlate
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Test site

University of Houston Louisiana State University

Scores Time Scores Time
Data
structure | Mean | Std | Mean | Std | Mean | Std | Mean | Std
Array 1.310 | 0.891 | 3.828 | 1.311 | 1.889 | 0.333 | 3.664 | 1.144
Linked list | 1.103 | 0.939 | 2.103 | 0.860 | 2.000 | 0.000 | 5.500 | 1.936
Array and | 1.034 | 0.865 | 5.414 | 2.113 | 1.333 | 0.866 | 16.278 | 4.711
linked list

Table 1: Results of the experiment for the stack Push operation

with the results produced by the experiment. At this point, we feel very
confident that the techniques we have developed yield a reasonable measure
of relative complexity of ADT’s.

CONCLUSIONS

On the basis of our discussion carried out in this paper, we conclude that
the relative complexity of an abstract data type can be measured by esti-
mating the complexity of the representation mapping. We have developed
the method, based on the multilevel representation mappings, for measuring
design complexity of abstract data types. In addition, the data represen-
tation can be express in the data type tree model from which the relative
complexity of the data type can be determined directly. And, in order to
detect these aspects of design complexity, a complexity metric based on a
program flow graph scheme with an intellectual difficulty model is developed
to express software design complexity in terms of program control flow and
data flow. We also evaluated the developed complexity measure by com-
paring the results of the measure with the results of an experimental study
conducted to investigate this issue.
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