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Abstract

The method of moving asymptotes (MMA) represents a family of convex
approximation methods suitable for structural optimization problems. Its
efficiency depends strongly on asymptote and move limit locations. Second
order information can be successfully employed for asymptote location but it is
too expensive computationally. In this article, two strategies of approximating
second order derivatives are derived and implemented in a new algorithm. A
selection strategy for move limits to prevent oscillation in the presence of
strongly coupled constraints is also described. Computational results for some
typical problems are included.

1 Introduction

An important consideration in algorithms for structural optimization is to reduce
the number of structural analyses required for objective and constraint function
evaluations. To this end, convex approximation methods have been shown to
be efficient, 1-4 in part due to extensive function monotonicities in common
problem formulations, see, e.g., Nguyen, Strodiot and Fleury.5

Several convex approximation methods exist, the first one proposed being
the sequential linearization method, see, e.g., Perdersen.* Objective and
constraint functions are linearized with respect to primary design variables to
obtain an approximate LP problem. Another method, proposed by Fleury and
Breibant,! is the COnvex Linearization method (CONLIN). If the first
derivative with respect to a design variable is positive (negative), the function is
linearized with respect to the (reciprocal) design variable. Inaccurate
approximations cause numerical difficulties. Conservative approximations lead
to slow convergence and aggressive ones to oscillation.

The Method of Moving Asymptotes (MMA), developed by Svanberg,̂  uses
upper and lower moving asymptotes to adjust the curvature of the approximate
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76 Structural Optimization

functions. Selection of the moving asymptotes is largely heuristic. Smaoui,
Fleury and Schmit^ proposed a selection method using accurate second order
information, hereafter referred to as the Second Order Method of Moving
Asymptotes (SOMMA). Fleury* also proposed a diagonal sequential quadratic
programming method. Both methods need accurate second order derivatives.

In this article, a new method for selecting tuning parameters such as
asymptotes and move limits in MMA is proposed. In most iterations of the new
method, only first derivatives are used to approximate the second order
derivatives. Two such approximation strategies are derived that can be
combined to address different situations in the choice of asymptotes. A selection
strategy for move limits is also proposed that can partially overcome design
variable coupling. The resulting algorithm will be referred to as First Order
Method of Moving Asymptotes (FOMMA). As in other MMA implementations,
the approximate problems are convex and separable. Examples solved by both
first and second order methods indicate the efficiency of FOMMA in terms of
function calls is higher than SOMMA for most problems, especially for larger
problems with strongly coupled constraint functions. An empirical comparison
with sequential quadratic programming (SQP) results is included.^

2 Convex approximation methods

A mathematical model for structural optimization problems can be written in the
following general (negative null) form:

Minimize fq(x)
subject to fj(x) < 0 j = 1, 2, . . . , m
and LB;<Xj< UB- i = 1, 2, . . . , n (1)

where x=(xi,...,x,jT is a vector of design variables, fo(x) is an objective
function, typically the structural weight, fj(x) < 0 are behavior constraints,
typically limitations on stresses, displacements and buckling, and LB; and UBj

are given lower and upper bounds on the design variables.
Convex approximation methods generate and solve a sequence of explicit

approximate problems until the optimal solution of the original problem is
reached. The approximation functions for point x% at the k-th iteration in the
approximate problems of the MMA algorithm^ are defined by

ff(x) =r (2)

w h e r e p - - j ' i f d ,
where p:.- ^ dfj(x k)/3x;< 0 ^ '

if 3f(x*)/3x> 0

if afj(xk)/9xj<0

(2c)

(2d)
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Structural Optimization 77

Tuning parameters L^ and U;% are lower and upper moving asymptotes, and a-

and $ are lower and upper move limits respectively. The approximate problem

is solved by a dual method. First and second derivatives of the approximate
functions are

if 9f(xk)/axi>o

if 9fj(xk)/9xi> 0

if 9f(

i = 0 if i#l

Note that f̂ (x%) is a first order approximation of fj(x̂ ) at x%, because

fj'(xk) = fj(xk) and 9fj"(xk)/9xi = 9fj(xk)/9x̂  (5)

The moving asymptotes L^ and uf for the design variable x- can adjust the

curvature of the approximate functions. If asymptotes are selected to provide
tight or loose bounds on the variables, the method becomes conservative and

slow or aggressive and possibly oscillatory, respectively. For L- — > - °o and

UJ^ -> + oo for all i, the algorithm becomes sequential linear programming

(SLP),G while for L* = 0 and uf =+ oo for all i, it becomes CONLIN.*

In SOMMA, the moving asymptotes are determined so that

)/9xj2, 0] (6)

where d̂ (x̂ )/dx-̂  (d̂ (x̂ )/dx̂ ) are the second order derivatives of

approximate (original) functions at point x%. For i such that 3̂ fj(x̂ )/9x̂  > 0,

the asymptotes are given by
if afx^ > o

] if 9fj(xk)/9xi < 0 (7)

This concludes the presentation of introductory concepts and nomenclature.

3 Two strategies for approximating second order information

The original MMA is a first order method, a feature desirable to preserve while
attempting to increase approximation accuracy. MMA guarantees that both
function and derivative values of the approximate and original functions are
equal at the approximation point x.%

Strategy 1 involves making the first derivatives of the approximate functions
equal the derivatives of the original functions at x% and x%-i at the kth iteration.̂
From Eqn(3), the moving asymptotes are then determined so that

if 9fj(xk)/9xi>0

The right hand side are the derivatives of the approximate functions at
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78 Structural Optimization

Substitution of P/ and 0̂  from Eqn(2) into Eqn(8) yields

U*j = xj" + (\ - x|"b / ( ̂ -1) and L*[ = xj" + (x|" - x!"') / (̂ -1) (9)

where Cji =[3fj(x*)/9x*] / [df̂ )/dx̂ ] (10)

Strategy 2 computes approximate second derivatives instead of accurate
second derivatives using quasi-Newton updates. The difference of the
derivatives between the k and k-1 iteration points can be used. The approximate
second derivatives of fj(x%) at x% are then

Moving asymptotes are computed from Eqn(7) using H^ instead of

] / H| if

/H*; if afj(xk)/3xi<0 (12)

The asymptotes now depend not only on the corresponding variables x; but also
on the objective and constraint functions. A line search is now required to
compute the dual objective function, a disadvantage of this approach.

Tuning of the MMA algorithm requires use of a different strategy at each
iteration depending on whether the resulting approximate problem is desired to

be conservative or aggressive. Since both L. and U» in Eqn(9) and (12) are of
u

similar form, for simplicity only IL will be used to illustrate the situation. Also,
for clarity, since the approximation problem is separable, only the one
dimensional case will be examined. For Strategy 2,

H% = [8fj(xk)/axi-8fj(xk-i)/axi] / (xf - xf-i) (13)

and Eqn(9) and Eqn(12) are rewritten as

Strategy 1: UJ; = x̂ Ĉ - x̂ ) (14)

Strategy 2: Û  = x̂ fx!"- x̂ ) (15)

where Q = I/ (ĉ - 1 ) and €2 = 2cji /(ĉ -1) (16)
The coefficients Cj and €2 determine how far the moving asymptotes are from
x% and how conservative or aggressive the approximations are. The larger they
are, the farther the moving asymptotes are placed, and the more aggressive is
the method. As illustrated in Figure 1, when Cjj is bigger than one Strategy 2 is
more aggressive than Strategy 1, the opposite being true when Cjj is less than
one. To stabilize the algorithm, a conservative decision should be made, i.e.,
for Cji > 1 Strategy 1 is used, and for c^ < I Strategy 2 is used. From Eqn(lO),
when Cjj > 1 the absolute value of the first derivative at the current iteration
point increases, and when Cji < 1 it decreases. Since the approximate functions
are monotonic with respect to Xj and the problem is in negative null form, when

the absolute values of the first derivatives at iteration points increase, future
points will tend to become infeasible. Similarly, when the absolute values
decrease, future points will tend to be feasible. Strategy 1 is used in the first
case and Strategy 2 in the second.
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Structural Optimization 79
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Figure 1: Coefficients
moving asymptotes.

of

0 and U»

Since the approximate
functions are monotonic
and the FOMMA algorithm
needs derivatives at the
previous point to
approximate the second
order derivatives at the
current point, there are
some special cases which
need to be dealt with. First,
if the first derivative of the
original function at a point
is zero, a convex approximation method cannot approximate this point because
the approximate problem is monotonic. From Eqn(lO) and Eqn(14)-(16), if

) -> 0 then C^ 0 and uj -> xf. If afj(xk)/3x*-> 0, then €%->

|\ In this case, the algorithm fails to find a new point x>+* To

remedy this, a linear approximation can be used to select the moving

asymptotes, i.e., UJj is set equal to a big number.

In general, the derivatives of the objective and active constraint functions at
an optimum will not be zero, unless an unconstrained optimum and/or
degenerate activity exists. Optima in engineering problems are usually on the
boundary of the feasible domain.? However, because the approximate functions
are monotonic, the MMA algorithms fail to solve unconstrained problems. If the
derivative of the constraint function at an optimum is zero, either the feasible
domain in this dimension is a point instead of a set or this point is an inflection
point. These cases seldom happen in engineering problems. Should such a case
occur, linear approximations can be used as mentioned previously.

Second, if the sign of a first order derivative with respect to a design
variable changes between two consecutive iteration points, the function is not
monotonic in that segment with respect to the design variable or the function is
coupled among the design variables. Strategy 1 cannot be used as it will violate
the square root definition in Eqn(9). Only Strategy 2 can be used in this case.

Third, the approximate problem should be convex, otherwise a dual gap will
exist and the dual solution may not be the solution to the primal approximate

problem. This happens if the approximate second order derivative Hj. i s

negative. In order to guarantee convexity of approximation functions, a linear
k

approximation can be used, setting Uj- to a big number.
k

Fourth, a design variable may not vary after an iteration, i.e., x-

case happens often when the optimum is at a variable bound. From Eqn(l 1), if

x*= x*~* then H*= 0, but actually at this point the function probably is not

linear. In this case, the previous moving asymptotes U-.~ are used for the kth

iteration.
Finally, since at the first iteration the above strategies cannot be used, the

k-1
x. This
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80 Structural Optimization

second derivatives are calculated using the finite difference method.

4 Selection of move limits

Move limits are essentially tuning parameters for global convergence. The
strategies of the previous section balance conservative and aggressive decisions
and more accurately approximate objective and constraint functions, so it is not
necessary to select move limits close to x.% Move limits can be usually selected
as

of = Max{BUi, 0.99UJJ + 0.0 Ixf I UJj < xf}

pf = Min{BLj, 0.99U|+0.01xf I UJj > xf } (17)

and will change as the asymptotes move.
As mentioned previously, a difficulty arises when an active constraint is not

monotonic with respect to a design variable or coupled among design variables.
The derivative of the constraint function with respect to such a design variable
may change sign at each consecutive iteration. MM A cannot give a good
approximation in this case and iterations will oscillate. The algorithm becomes
extremely slow. To address this situation, if the derivative sign of a function
with respect to X; changes at the kth iteration, move limits are added at the

lc Ic 1
middle point between x- and x-," i.e.,

Â  = (x̂ x̂ )/2 if x̂ x!"'

B* = (x|Vx*"V2 if x*<xj^ (18)

Although this is not an accurate selection, it was found to work well in practice.

5 Algorithm for moving asymptotes location

The strategies described above for determining the asymptotes are now
i,

stated more formally for the IL values. At the kth iteration, for i = 1,..., n and

j= 1,..., m, the algorthm proceed as follows.

(0) Select parameters ei. 62,63, M.

(1) At k = 0, let HJ| =32fj(x*)/3xf; if H£ < 0 then set H* = 6% and go to Step 7.

(2) At k > 0, if lx% - x%-i| < £2 go to Step 10; otherwise continue.

(3) Compute H£ from Eqn(l 1); if H£ < 0 then set H» = EI and go to Step 7.

(4) If 3fj(xk)/3x; 3fj(xk-i)/3x; < 0 compute A* and B* from Eqn(18); otherwise

set Â (B̂ ) to a large negative (positive) number and go to Step 7.

(5) If I3fj(x*)/3xil < I3fj(xk-i)/3xi I go to Step 7; otherwise continue.

(6) [Strategy 1] Compute asymptotes from Eqn(9). Go to 8.

(7) [Strategy 2] Compute asymptotes from Eqn(12).

(8) If 3fj(xk)/3x; > 0 and U^-xf < Egxf or U»-xf> Mxf then set u£=xf+Mxf.

(9) If 3fj(xk)/3xi < 0 and U»-xf > -Egx^or U»-xf< -Mxf, then set u]̂ =xf-
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Structural Optimization 81

(10) Set of = max{BLi, A*,0.99U*+0.01x* IU*<xf)}

Pf = min{BUi. B* 0.99U*+0.01x* I uj > xf}

Some remarks on the above steps would be useful. For Step 0, the numbers
EI =10-12, £2=10-12, £3 = 10-2, M = 103 usually work well. They are used to

scale the approximate problem. At Step 1, the first iteration, accurate second
derivatives are used. If one of them is non-positive, the function is locally linear
or concave with respect to the design variable. In this case, a small value is

assigned to H^ , and U* will be far from x- and a linearization is effected. Step

2 means that if a variable does not vary at an iteration, the asymptotes at that
iteration are not changed. Step 3 uses Strategy 2 and indicates again a
linarization. Step 4 indicates the heuristic used when signs of the first
derivatives of the original functions change after an iteration, and move limits

are posed at the mid point of (x|\ x*" *). In Step 5 the derivatives decrease, and

Strategy 2 will be used. Step 8 is executed, if the derivative of an original

function is greater then zero, u£ > xf. Then U* - xf < EgX^ means that 3fj(x*-

i))/3x*~* is close to zero in Strategy 1 or 3fj(x̂ )/3xf is close to zero in Strategy

2. The asymptotes will be very close to x* in either case and linear

approximations are used, Mxĵ  being a big number compared to x-. Similarly,

U» - x* > Mxf means that the asymptotes are too far from x^. If Ujj -»<*>, then

The dual objective function of the approximation problem will go to infinit.

Therefore, U» - x^ is limited to less than MX*. A similar situation but with

negative derivative is addressed in Step 9. Step 10 determines move limits
basedonEqn(17)and(18).

6 Test examples

In this section, two test examples are presented. In order to compare the
function calls among FOMMA, SOMMA, original MMA and SQP, it is
assumed that all methods use the finite difference method to compute first and
second derivatives. Both FOMMA and MMA require one objective and
constraint function call and one first order derivative in each iteration. SOMMA,
in addition, requires one second order derivative in each iteration. Function calls
for SQP vary among different iterations.

6.1 Cantilever beam problem*
The weight of a cantilever beam (Figure 2) built from five square box beam
elements with uniform pre-arranged wall thicknesses is minimized subject to a
constraint on the vertical tip displacement under a vertical load applied at the tip.
Design variables are the sizes of the five square boxes. Objective values at each
iteration and total function calls (last row) are tabulated in Table 1. The results
of the best original MMA come from Svanberg? (based on empirical selection of
moving asymptotes values). SQP required most iterations and function calls.
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82 Structural Optimization
_
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Figure 2: Cantilever beam.

Table 1 The iteration history of
the cantilever beam problem

Iterations FOMMA SOMMA MMA SQP

0
1
2
3
4
5
6
7
8
9
10

f.calls ;

.560

.378

.347

.338

.340

19

1.560
1.378
1.342
1.340

33

1.560
1.309
1.335
1.340

18

1.560
1.552
1.511
1.348
1.393
1.364
1.319
1.338
1.346
1.344
1.340
66 Figure 3: 39 bar problem.

6.2 39-bar tower problem™
The cantilever bean problem is too simple to test efficiency. A 39-bar tower
(Figure 3) is tested. Weight is minimized subject to stress, buckling and a
single deflection constraints under three loads applied at nodes 13, 14 and 15 in
the positive y-direction. There are six configuration and five size variables
(areas of the five groups of elements). The configuration variables are distances
between different levels of the tower and distances from the central point to the
three corner points of the tower at different levels.

Two cases are solved. In Case I, a single deflection constraint at node 14 or
15 in the positive y-direction and 26 stress constraints are considered. The
initial point is feasible. In Case II, buckling constraints are added to all
elements. Total number of constraints is 53. Initial point is the optimum of Case
I, and it is infeasible.

Table 2 The iterations of 39-bar problem

Case I Case II

FOMMA SOMMA SQP FOMMA SOMMA SQP

Iterations 17 26 233 12 21 101

Iterations numbers are shown in Table 2. In Case I, up to the thirteenth
iteration, SOMMA converges faster than FOMMA with respect to the number of
iterations, since FOMMA employs conservative approximations. Close to the
optimum FOMMA converges faster as it uses information at two points instead
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Structural Optimization 83

of one to approximate the functions. The more "global" approximation in
FOMMA will tend to avoid oscillation near the optimum. SQP requires many
more iterations and function calls than both FOMMA and SOMMA. Results for
Case II present the same trends as Case I.

7 Conclusion

The proposed MMA variant uses two strategies to approximate second order
derivatives and modulate how agressive the search may be. The algorithm is
easy to use since all tuning parameters are automatically chosen. Test examples
confirm that the algorithm is expected to be more efficient than both SOMMA
and SQP, especially for larger problems.
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