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ABSTRACT 
We present the further development of the multi-fluid model of suspension filtration in porous media. 
The model is derived from conservation laws in the multi-fluid approach, where the three phases, 
namely the carrier fluid, the suspended particles, and the particles trapped in pores, are treated as three 
different continua described by hydrodynamic variables. Fluid fluxes through large pores of the porous 
medium and through narrow pores of the packed bed of deposited particles are explicitly taken into 
account by introducing two permeabilities. These are the key novel features which distinguish it from 
the classical deep bed filtration model. The model predictions are compared with laboratory data sets 
on the contamination of core samples. The most recent progress in the model development is mainly in 
taking into account particle mobilization and compressibility of the fluid. Applications of the model are 
primarily in the oil and gas industry: drilling mud invasion and cleanup in the near-wellbore zone, 
suspension filtration in propped hydraulic fractures, as well as permeability damage and recovery in the 
near-wellbore zone of injection wells, which are used to maintain reservoir pressure. 
Keywords: suspension, fines migration, filtration, trapping, mobilization, critical velocity. 

1  INTRODUCTION 
Filtration of suspensions and particle transport in porous media are widely encountered in 
various natural and technological processes including a number of oilfield applications: the 
permeability dynamics of a near-wellbore zone during drilling and well cleanup; filtration of 
particle-laden fluid during hydraulic fracture cleanup and the operation of an injection well. 
The last one is used to increase the oil recovery in a nearby production wells by injecting a 
low-viscosity fluid into formation thus maintaining high reservoir pressure. During the 
filtration of a particle-laden fluid injected into a formation, fine particles can deposit on pore 
walls and plug the pore throats, which leads to a reduction in the rock permeability [1]. The 
study of particle capture and entrainment into a flow allows one to minimize the reduction in 
the well injection rate due to contamination of the surrounding porous medium and optimize 
the operation of the injection well. 
     There is a number of models developed earlier for suspension filtration in a porous 
medium. The most frequently used model is a so-called deep-bed filtration model [2]–[4]. In 
the framework of this approach, three-continua description of a particle-laden filtration flow 
is used. The continua are carrier fluid, suspended and trapped particles. The rate of particle 
trapping is assumed to be proportional to suspended particle concentration, flow velocity and 
a certain function of trapped particle concentration. An overview of different expressions for 
the particle trapping rate obtained theoretically and experimentally are presented in [5]. The 
number of tuning parameters is typically in the range from one to five. While the particles 
are trapped or deposited in the porous medium, the permeability is altered, which for  
non-colloidal particles can be described by the power law [4]. 
     The deep-bed filtration model was developed further by Gruesbeck and Collins [6]. The 
key novel concept is a parallel-pathway approach. The porous medium is represented as  
the collection of pathways of two types. In pathways of the first type (with small pore radius), 
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the particles can only be plugged, while in the pathways of the second type (with large pore 
size), the particles can deposit on pore walls and can be entrained (or mobilized) into the 
flow. The expression for the particle mobilization rate was proposed. It was obtained 
experimentally that there exists a critical velocity of mobilization, below which the 
mobilization of particles does not occur. Above this velocity, the rate of mobilization is found 
to be proportional to the concentration of trapped particles and flow velocity [2], [6]. The 
expressions for particle trapping and mobilization rates contain four tuning parameters, 
which are proposed to be determined experimentally. 
     In Rajagopalan and Tien [7], the analytical expression for particle trapping coefficient ߣ 
is obtained by considering the Happel’s cell approach to a porous medium (a spherical 
collector). It is found that the formula is valid only for sufficiently small particles with the 
diameter not larger than 0.18 times the diameter of the grains forming the porous medium. 
     For non-colloidal (i.e. larger than 1 m) particles, the criteria of particle capture and 
sticking were proposed in Herzig et al. [2]. These expressions can be used for calculation of 
probability of particle trapping, but not for determination of the trapping coefficient. 
     Existing models for filtration of suspensions containing non-colloidal fines involve two 
tuning parameters for description of the particle mobilization rate and minimum two tuning 
parameters involved into the expression for the trapping rate. 
     The aim of the present study is to decrease a number of tuning parameters in expressions 
for rate of particle trapping and mobilization by taking into account the effect of a finite 
porosity and permeability of a packed bed formed by the trapped particles. 

2  FORMULATION OF THE PROBLEM 
The multiphase filtration of particle-laden fluids in a porous medium is considered [8]. The 
new element of our approach is that the trapped fines inside a porous medium form a packed 
bed through which the carrier fluid is filtered (Fig. 1). A porous medium is represented by 
two classes of channels: large pore channels and small pore channels. The large channels are 
formed by the porous matrix with exclusion of trapped particles and a void space between 
them. The small channels are formed by the gaps between the trapped particles. Fluid can 
flow both in large and small pore channels, while the suspended particles can be transported 
in large pore channels only. In order to describe this effect, we introduce two porosities: ߮௖ 
describing the volume fraction of large pore channels, and ߮௧ describing the total volume 
fraction of large and small pore channels: 

߮௖ ൌ ߮଴ െ
ఙ

஼೘ೌೣ
, ߮௧ ൌ ߮଴ െ  (1)                                           ߪ

Here, ߮଴ is the initial porosity, ܥ௠௔௫ is the maximum volume concentration of random close 
packing and ߪ is the volume concentration of trapped particles. 
 

 

Figure 1:  The sketch of the suspension filtration in a porous medium. 
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The multiphase filtration of suspension is described using the three-continua approach with 
different continua being a carrier fluid (with density ߩఊ

௙ and filtration velocity ݑ
௙), suspended 

particles (with volume concentration ܥ and filtration velocity ݑ
௣) and trapped particles (with 

volume concentration ߪ).  Mass balance equations for the continua are shown in eqns (2), 
(3) and (4): 

డ

డ௧
ఊߩൣ

௙ݏఊሺ߮௧ െ ௖ሻ൧߮ܥ ൅
డ

డ௫
൫ߩఊ

௙ݑఊ
௙൯ ൌ 0, ߛ ൌ 1,2     (2) 

డ

డ௧
ൣ߮௖ݏఊܥ൧ ൅

డ

డ௫
ఊݑ
௣ ൌ െݍఊ, ߛ ൌ 1,2       (3) 

డఙ

డ௧
ൌ ,ఊݍ ߛ ൌ 1,2      (4) 

Here, ݏఊ is the phase saturation and ݍఊ is the rate of particle trapping and mobilization. 

     Filtration velocities ݑ
௙ and ݑ

௣ of the carrier fluid and particles are expressed in terms of 
the suspension filtration velocity in large pore channels ݑఊ and carrier fluid filtration velocity 
in small pore channels ݑ௦ by taking into account the volume fraction of suspended particles 
 :as shown in eqns (5) and (6) ܥ
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ఊݑ
௣ ൌ ,ఊݑܥ ఊݑ

௙ ൌ ሺ1 െ ఊݑሻܥ ൅  ௦      (6)ݑ

Here, ݇ is the permeability of the porous medium, ݇ఊ is the relative permeability, ߤఊ is the 
suspension viscosity, ߤఊ,଴ is the carrier fluid viscosity, ݌ is the fluid pressure. 
     The permeability of small pore channels in the case of total trapping ݇௦,଴ is defined after 
[9]: 

݇௦,଴ ൌ
ሺଵି஼೘ೌೣሻௗ೛

మ

ଵ଼଴஼೘ೌೣ
మ .      (7) 

Here, ݀௣ଶ is particle diameter. 
     The permeabilities of large and small pore channels are defined as functions of trapped 
particle concentration after [3], [4]: 

݇ ൌ ݇଴ ቀ1 െ
ఙ

ఝబ஼೘ೌೣ
ቁ
ଷ
, ݇௦ ൌ ݇௦଴ ቀ

ఙ

ఝబ஼೘ೌೣ
ቁ
ଷ
.  (8) 

     The suspension viscosity is defined as the function of concentration of suspended particles 
 :[10] ܥ

ఊߤ ൌ ఊ,଴ߤ ቀ1 െ
஼

஼೘ೌೣ
ቁ
ିଵ,଼ଽ

.   (9) 

     In the present study, we consider trapping of fines only due to their plugging in pore 
channels. We neglect the dependence of the particle trapping ݍ௧,ఊ on the concentration of 
trapped particles, so that the expression contains a single tuning parameter ߣ: 

௧,ఊݍ ൌ  (10)                                                       .ߣఊݑܥ
The rate of particle mobilization in a porous medium ݍ௠,ఊ is described after [6]: 

௠,ఊݍ ൌ ఊݑሺߪߙ െ ఊݑ௖௥௜௧,ఊሻΘሺݑ െ  ௖௥௜௧,ఊሻ.                                 (11)ݑ
Here, ߙ is the mobilization coefficient, which is to be tuned against the experimental data, 
 .௖௥௜௧,ఊ is the critical velocity of mobilization, which can be determined theoreticallyݑ

2.1  Critical velocity of mobilization 

For determination of critical velocity of mobilization, we consider the problem of 
entrainment of a spherical particle from the plane surface into a laminar flow. Forces acting 
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on the particle are as follows: the buoyancy force ܨ௕, the adhesion ܨ௔ [11], the friction ܨ௙ and 
the drag ܨௗ [12], [13]: 

௕ܨ ൌ 	
గ

଺
Δ݀݃ߩ௣ଷ.                                                      (12) 

௔ܨ ൌ ܿଵ݀௣,		ܿଵ ൌ ܱሺ10ିହሻ.                                              (13) 

ௗܨ ൌ 1.7	 ∙ ௣݀ߤߨ6
ଶ ௨ം
ோ

.                                                 (14) 

Here, ܴ is the tube radius. We assume that the friction force is proportional to the net vertical 
force acting on a particle so that following relation holds: 

௙ܨ ൌ ௔ܨሺߢ ൅ ௕ሻܨ ൌ ሺܿଵ݀௣ߢ ൅
గ

଺
Δ݀݃ߩ௣ଷሻ.                                  (15) 

     In what follows we assume that ߢ ൌ 1. The critical velocity of particle mobilization is 
determined according to the force balance: 

ௗܨ ൌ  ௙.                                                            (16)ܨ

௖௥௜௧ݑ ൌ
ோ

଺∙ଵ.଻ఓ
൬
௖భ
గ

ଵ

ௗ೛
൅

୼ఘ௚

଺
݀௣൰.                                         (17) 

3  NUMERICAL IMPLEMENTATION AND VALIDATION 
The numerical solution is carried out using a finite-difference approach and a uniform 
staggered grid. Details of the numerical algorithm can be found in Boronin et al. [8]. 
     For validation of the expressions for the critical velocity (17), we calculated the value of 
critical velocity for the flow conditions of experiment described in Gruesbeck and Collins 
[6]. The particle-free fluid was injected into contaminated porous sample and the 
concentration of suspended particles in the effluent is measured. We obtained a good 
agreement between the value of mobilization velocity determined via expression (17) and the 
experimental value reported in Gruesbeck and Collins [6] (0.448 cm/s and 0.58 cm/s, 
respectively). We carried out numerical simulations of the experiment [6]. Good agreement 
between the numerical results and the experimental data, is obtained when both trapping and 
mobilization of fines are taken into account. At the first stage of the filtration, the velocity of 
 is maintained and the trapping and mobilization coefficients were tuned by ݏ/݉ܿ	0.75
minimization of the discrepancy between the numerical results and the experiment. Then the 
second stage of the filtration is simulated with the same tuning parameters and good 
agreement between the simulations and the experimental data is obtained (Fig. 2). 
 
 

 
Figure 2:    The concentration of suspended particles in the effluent (10଺) against the number 

of pore volumes injected. Black curve – experiment, green curve – numerical 
simulations with fitted tuning parameters, red curve – numerical simulations 
with the same values of tuning parameters and the mobilization velocity. 
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     In order to compare the novel model against the classical one [2]–[5], the numerical 
simulations of experiments [14] are carried out. In these experiments, the suspension was 
injected into different “clean” porous samples and the profiles of trapped particle 
concentration was measured. The trapping coefficient ߣ was tuned by minimization of the 
square-route deviation between the experimental and numerical particle concentration 
profiles. It was obtained that the new model provides better description of the trapped particle 
concentration in zones of a large particle accumulation close to a maximum value ߪ ൌ
 .௠௔௫߮଴ (Fig. 3)ܥ

4  RESULTS AND DISCUSSION 

In the framework of novel model (1)–(6), we carried out numerical simulations of suspension 
filtration in a porous medium representing the rock formation surrounding an injection well. 
The length of the porous medium is 1000	݉, the permeability is ݇ ൌ 10	݉ܦ, the porosity is 
߮଴ ൌ 0 . 1 . The results of simulations of contamination and cleanup of the porous medium 
is shown in Fig. 4(a). At the first stage, the flow of suspension is from left to right 
(injection) and particles can only be trapped. At the second stage, the flow is reversed from 
right to left (cleanup) and the particle-free fluid mobilizes the trapped particles. In Fig. 4(b) 
we show a simulation of the similar sequence, but with the velocity decreased from 1	to 0.1	
and the trapping coefficient increased from 1 t ݏ/݉ o  10	݉ିଵ. The profile of trapped 
particle concentration and permeability for these two cases are similar, while the 
penetration distances are different (5 and 0.5	 ݉, respectively). It is found that in both 
filtration conditions the permeability is almost completely restored, while the period of 
cleanup is significantly smaller than that of the injection. 
     We also simulated the injection and cleanup process taking into account both particle 
trapping and mobilization (Fig. 5). It is found that while the time of injection and production 
are the same, the permeability is not restored to its initial value. The study will be continued 
after the proper values of free parameters describing trapping and mobilization rates are 
found by tuning against proper experimental data. 

6  CONCLUSIONS 

The model of multiphase filtration of particle-laden fluids in porous media is developed. The 
number of tuning parameters of the model is decreased from four (typical to classical deep-
bed filtration model reported in the open literature) to two. The expression for critical 
mobilization velocity is established by considering the balance of forces acting on a single 
particle attached to the plane wall. The numerical solution of governing equations is carried 
out using a finite-difference approach. 
     The model is validated against a number of lab tests on contamination and cleanup of rock 
cores. It was obtained that the novel model provides better description of zones with large 
accumulation of trapped particles as compared to that obtained using the classical model with 
the same number of tuning parameters. 
     Numerical simulations of cyclic injection/cleanup regimes in a rock formation 
representing the surroundings of an injection well are carried out. The effects of particle 
trapping and mobilization on the dynamics of the rock permeability is preliminary studied. 
Further study requires the tuning of the suspension filtration model against the experimental 
data. 
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Figure 3:    The concentration of trapped particles corresponding to the experiments of the 
injection of suspension in Bentheimer (a) and Castlegate (b) samples. Curve 1 – 
the experiment, 2 – simulations using new model, 3 – classical model. 

  

Figure 4:    Profiles of trapped particle concentration (solid lines) and permeability (dashed 
lines) as a function of coordinate. Stage 1 is contamination with ߣ ൌ 1	݉ିଵ,	
ݐ ൌ ߙ stage 2 is clean up with ,ݏ	60 ൌ 0.1	݉ିଵ, ݐ ൌ  stage 1 is ;(a) ݏ	30
contamination with ߣ ൌ 10	݉ିଵ, ݐ ൌ   stage 2 is clean up with , ݏ	60
ߙ ൌ 1	݉ିଵ, ݐ ൌ  .(b) ݏ	20

 

Figure 5:    The trapped particle concentration (solid lines) and permeability (dashed lines) 
as a function of coordinate. Stage 1 – ߣ ൌ 100	݉ିଵ, ߙ ൌ 10	݉ିଵ, ݐ ൌ  ,(a) ݏ	10
ߣ ൌ 10	݉ିଵ, ߙ ൌ 10	݉ିଵ, ݐ ൌ ߣ – stage 2 ,(b) ݏ	600 ൌ 100	݉ିଵ,	
ߙ ൌ 10	݉ିଵ, ݐ ൌ ߣ ,(a)	ݏ	10 ൌ 10	݉ିଵ, ߙ ൌ 10	݉ିଵ, ݐ ൌ  .(b)	ݏ	600
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