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Abstract

The motion of neutrally-buoyant viscous drop in pressure-driven flow through a sinusoidally
constricted capillary is examined at low Reynolds number. In the absence of inertial effects,
the boundary integral formulation is used to determine the shape of the drop at various axial
positions within the capillary. The position-dependent drop speed and the extra pressure loss
due to the presence of the drop are also calculated, and the results for small to moderate drop
sizes are reported. The effects of the amplitude of corrugation of the capillary wall on the
mobility of the drop and the extra pressure loss are also presented.

1 Introduction

The motion of drops and bubbles through capillaries is of interest in a va-
riety ol industrial and technical applications. Much of the earlier interest
in this subject was motivated by the suggested analogy between the drop
motion and the motion of blood cells in the capillaries. These flow systems
also arise in many polvimer processing operations (e.g. fiber spinning, film
blowing. injection molding). We are interested in this problem as a pore
scale model of two-phase flow in porous materials (ef. Olbricht [1]). Early
mathematical models of the flow through tortuous channels of a porous
medium involved modeling the porous medium as a bundle of capillary
tubes.  Although a straight cylindrical capillary is a gross oversimplifi-
cation of the true pore geometry in a porous material, it has served to
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identify the important parameters affecting the mobility of the dispersed
phase in flow through porous media. An improved pore-scale model can
be obtained by considering capillaries with variable cross-sectional area,
in which lagrangian unsteady motion of drops and bubbles can occur (e.g.
Westhborg & Hassager [2], Gauglitz & Radke [3], Tsai & Miksis [1]). In
particular, a capillary whose cross-sectional arca varies periodically in the
axial direction presents an improvement over the straight cylindrical capil-
lary model because of its inherent converging/diverging configuration that
reproduces some of the essential features of the flow kinematics associated
with flow through real pore spaces. Aside from a few exceptions (Olbricht
& Leal [5]. Martinez & Udell [6], Borhan et al. [7, 8]), previous studies
of flow through periodically constricted capillaries have been restricted to
single-phase flow. A summary of the results of these studies is provided
elsewhere (cf. Hemmat & Borhan [9]).

In this paper, we examine the motion of a neutrally-buoyant drop in
pressurc-driven flow through a sinusoidally constricted capillary under low
Reynolds number conditions. We use the boundary integral method, in
conjunction with the detailed velocity and pressure distributions obtained
carlier for single-phase flow through the capillary (cf. Hemmat & Borhan
[9]), in order to compute the velocity and shape of the drop as a function
of the axial position of the drop within the capillary. We also determine
the extra pressure loss due to the presence of the drop. xperimental ob-
servations of Olbricht and Leal [5]. and Hemmat and Borhan [10], indicate
that a liquid drop or gas bubble moving through a periodically constricted
capillary can experience substantial uniaxial extension and biaxial expan-
sion. Thus, the pressure drop requirement for constant flow rate can vary
substantially as the drop moves through such a capillary. The prediction
of the pressure drop requirement as a function of the position and shape of
the drop is significant. from a practical point of view, since it can indicate
the possibility of drop entrapment within an equivalent porous structure
when a constant applied pressure gradient drives the flow (as encountered
in flow through real pore structures), i.e. capillaries which require a large
pressure gradient (relative to that imposed) to squeeze the drop through
the constrictions could lead to the retention of the drop upstream of those
locations.

2 Problem Statement

Consider the axisvmmetric motion of a neutrally buovant drop of radius
# Ry in pressure-driven flow of another liquid within a periodically con-
stricted capillary whose dimensionless radius varies in the axial direction,
=, according to

R(z)= 1+ Asin(2xz/L)  0< A<, ()
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where 4 and L vepresent the dimensionless amplitude and wavelength of
corrugation, respectively, and all lengths are made dimensionless with re-
spect to the average capillary radius. Ry, The exterior and interior bulk
phases, denoted by Q2 and €', respectively, are incompressible (with density
p) and Newtonian with corresponding viscositics jo and Ay, and the entire
svstem is assumed to be isothermal. The surface of the drop is represented
by Sy with its unit normal vector n directed into Q. In what follows. all
velocitios are made dimensionless with Vg = Q /7 B2, where @ is the spec-
ificd volumetric flow rate through the capillary. all stresses with p3o/ Ro,
and the time with Ry /Vo.

When the Reynolds number is small so that inertial effects can be
neglected. the flow fields in the two phases are governed by the continnity
and Stokes equations, which. in dimensionless form can be written as

Yu=0 : Yu=Vp Q. (2)

TVu' =0 ; AW =Vp in . (3)

with u and p representing the velocity and pressure fields in the suspend-
ing fhiid. respectively, and all quantities with primes referring to those
associated with the drop phase. The periodic nature of drop deformations
observed experimentally (ef. Olbricht & Leal [5]. Henimat [11]) suggest the
assumption of a quasi-steady drop shape at each axial location. =y, within
a time scale smaller than the convective time scale. Thus, relative to a
reference frame fixed at the center of mass of the dvop and travslating
with its position-dependent velocity, U7(z). the boundary conditions can
be written as

u=u(r.z)—U{z)e- x €85 or S, . (1)
u=—"(e. X € 5. (5)
u(x) = u'(x) X € Sy, (6)
) )
n-u'(x) = 11-(2) x € Si. (1)
di
|
n(IT - I1') = Tnvs'n X € S5y, (8)
2

where e is the unit vector in the axial divection. and - is the radial distance
from the capillary centerline. Also. IT and II' represent the Newtonian
stress fensors in 2 and Q. respectively, and V, = (I—nn)-V is the surface
gradient operator. The capillary number, (‘o = ply /0. is a measure of
the ratio of viscous forces tending to deform the drop to interfacial tension
forces resisting deformation. with @ denoting the interfacial tension at the
sutface of the drop. The periodic single-phase flow field w(r. ) appearing
in boundary condition (1) was obtained in [9]. The boundary conditions



@ Transactions on Modelling and Simulation vol 17, © 1997 WIT Press, www.witpress.com, ISSN 1743-355X

278 Moving Boundaries IV

on the surface of the drop include the continuity of velocity, the kinematic
condition, and the stress halance, respectively. Conditions (6) (8) on the
surface of the drop do not overspecify the problem, since the quasi-steady
shape of the drop is unknown @ priori and must be determined as part of
the solution.

3 Numerical Solution

The bonndary integral method takes advantage of the linearity of the
Stokes equations to yield the following integral relations (¢[. Tanzosh et al.

[12]. Pozrikidis [13]):

u(x) for x € Q
/ u.K.ndS(y) — / I ndsS(y) =4 lu(x) for x €0
S0 S 0  for x € 5,8

(9)

Au'(x) for x € ¥
/ J. I . ndS(y) — / MK . ndS(y) = su'(x) for x € Sy,
0 for x ¢5,,8
(10)
where x is a fixed point, y is a variable point on the domain of integration,
and

:Lw 1 <y~mw~m}_K:-My—mw—mw—x>
87 |y — x| ly = xJ? ' 5 :

irly —x

The integration domain, d92, consists of the surface of the drop, S, inflow
and outfllow planes, S; and S,, respectively, and the section ol the tube
wall bounded by those planes, S;. The inflow and outflow planes are
placed sulliciently far upstream and downstream of the drop, respectively,
to satisfy boundary condition (4). It is clear from equations (9) and (10)
that the velocity at any point can be obtained from a knowledge of the
surface velocity and force distributions on d§2 by evaluating the requisite
surface integrals. Combining equations (9) and (10), and using the stress
condition (8), leads to the following set of coupled integral equations for
the unknown surface velocity and force distributions on 9§

/ (. K.n — J.£)dS(y) + (1 = A) / u.K.n ds(y)
JS 45,45, ;

JSq

I L———llf;’\ u(x) for x €5,

—o- [ 3.V nasty) = . an
R Lu(x) for x €58
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where the surface force f is defined as f = IT-n. In addition, an overall
force balance on € leads to

fdS(y)=0. (12)
50

Equations (11) and (12) comprise a set of vector equations for the unknown
surface velocity and force distributions on 9. Since we are only consider-
ing axisvimmetric drop shapes, the surface integrals in these cquations can
be reduced to line integrals by performing the azimuthal integrations (in a
evlindrical coordinate system) analvtically. Thus, given a drop shape, the
solution to the flow problem is reduced to one of determining the surface
velocity and force distributions on @€ by solving these equations.

A standard boundary collocation technique was used to solve the above
equations.  All integrals in Eq. (11) were approximated using an open
Romberg algorithin with (uadratic variations of u and f over each element.
For a given drop shape, the unit normal n and the curvature Von in
Lig. (11) were calculated from their corresponding expressions in cylindrical
coordinates using the cubic spline representations » = r(s) and z = z(s)
for the drop profile, where s is the normalized arclength (0 < s < 1) in the
meridional plane along the generating curve of S;. Although the kernels J
and K are singular when y = x, the singularities are integrable in the sense
of a Cauchy principal value. Hence, the integrals over singular elements
were evaluated by subtracting the immediate neighborhood of the singular
points from the integration domain, integrating the kernels analytically
in that region, and then adding the result to the numerically computed
integral over the remainder of the domain. These procedures are similar
to those used in other studies of free surface flows using the boundary
integral method (e.g. Borhan & Mao [14], Pozrikidis [13]).

Starting with initial guesses for the drop shape, drop speed, and the
pressure loss between S; and S, integral equation (11) was solved for the
unknown surface velocity and force distributions. Typically, a spherical
drop shape and the pressure loss for single-phase flow, or the converged
solution from a previous computation, were used to initiate the compu-
tations. Subsequently, the overall force balance (15, (12)) was used to
corvect the pressure drop Ap between S; and S,. and the kinematic con-
dition (I5q. (7)) was integrated using the explicit Euler method to update
the drop shape. Finally, the drop speed was corrected according to the
axial displacement of the center of mass of the drop. The iterations were
continued until the normal velocity, and its relative change beween two
successive iterations, dropped below a specified tolerance (lypically 107?)
at all nodes on the surface of the drop.
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4 Results and Discussion

We consider the effects of drop size and amplitude of corrugation on the
deformation of the drop, the instantaneous drop speed, U/, and the extra
pressure loss due to the presence of the drop, Ap*. defined as the difference
between the computed pressure drop and that obtained earlier (Hemmat
& Borhan [10]) {or single-phase flow. In these computations, the values of
the capillary number, viscosily ratio, and corrugation wavelength remain
fixed at C'e = 0.1, A = 1.0, and I, = 4.0, respectively. Figure 1 demon-
strates the drop profiles at various axial positions within a sinusoidally
constricted capillary for two different drop sizes and corrugation ampli-
tudes. In the capillary with A = 0.1, small drops (k = 0.5) experience
slight deformations from their original spherical shape, while larger drops
(k= 0.7) assume a more ovoidal shape. In both cases, the deformation
seems to be more pronounced as the leading end of the drop enters, or
its trailing end leaves, the constriction. A simple comparison between the
drop shapes at similar axial positions within the capillaries with different
amplitudes of corrugation (A = 0.1 and A = 0.3) demonstrates the sub-
stantial effect of corrugation amplitude on the shape evolution of the drop.
When the center of mass of the drop approaches the diverging cross-section
of the capillary, its leading end is influenced by the velocity field in the
expansion region, which is characterized by smaller axial velocities near
the capillary centerline thau those in the constriction. Hence, the motion
of the leading interface is retarded substantially, resulting in a reduction
of the curvature of the leading meniscus. At the same time, the large axial
velocities within the constriction increase the mobility of the trailing end of
the drop, leading to the flattening of the trailing interface. For both drop
sizes, the stronger radial component of the velocity field in the diverging
cross-section tends to expand the drops in the radial direction, resulting
in shorter drops. On the other hand, when the center of mass of the drop
approaches the converging cross-section of the capillary, the leading end of
the drop is rapidly carried along by the high-velocity fluid clements near
the constriction centerline, while its trailing portion still moves with the
low-velocity fluid elements in the expansion. This leads to substantial elon-
gation of the drop within the constriction, with high curvatures developing
at its leading interface.

Variations of the extra pressure loss along a wavelength of corrugation
are presented in Figure 2 as a function of the axial position of the center
of mass of the drop for x = 0.5. The value of Apt increases as the drop
enters the expansion, and reaches its maximum when the center of mass
of the drop reaches the converging cross-section. The large values of Ap*t
persist until the center of mass of the drop passes through the constriction,
due to substantial blockage of the capillary as the drop moves into the
constriction. Subsequently, the extra pressure loss decreases substantially
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as the drop approaches the diverging cross-section, and finally achieves
its minimum value when the center of mass of the drop passes through
the diverging cross-section. This behavior is qualitatively different from
that reported by Martinez and Udell [6] for larger drops. Increasing the
amplitude of corrugation seems to affect the magnitude, as well as the
location, of the maximum Ap*. while the magnitude and location of the
minimum remains nearly unchanged.

The instantaneous velocity of the drop is also shown in Figure 2 as a
function of the axial position of the center of mass of the drop. The veloc-
ity of the drop atl cach axial position is affected by the axial velocity of the
suspending fluid elements in the vicinity of the capillary axis, as well as
the magnitude of the local drag force exerted by the capillary wall on the
surface of the drop. For the small to intermediate drop sizes considered
here, the dominant effect of the mean axial velocity of the suspending fuid
tends to contribute to larger drop speeds as the drop enters the converging
cross-scection, before the large retarding effect of the capillary wall in the
constriction eventually causes a reduction in drop speed. Similarly, as the
drop leaves the constriction, the substantial reduction in the mean axial
velocity of the suspending fluid further retards the motion of the drop
until the minimum drop speed is achieved in the diverging cross-section.
As was shown in the single-phase analysis of Hemimat and Borhan [10],
increasing the amplitude of corrugation results in a substantial increase in
the axial velocity of the centerline fluid elements within the constriction,
while causing a slight decrease in the centerline velocity in the expansion.
The same trend 1s observed here for the velocity of the drop as it enters
the constriction or leaves the expansion region, which confirms our carlier
statement about the dominant effect of the mean velocity of the suspending
fluid compared to the retarding effect of the wall for the small drop sizes
considered here. It is not difficult to see from Iigure 2 that the average
drop speed through the capillary is an increasing function of the corru-
gation amplitude. This is consistent with our experimental observations
(c¢f. Hemmat [11]) of an enhancement in the average drop mobility with
increasing amplitude of corrugation.
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Figure 1. Profiles of a viscous drop at different axial positions in
a sinusoidally constricted capillary ;
(a)A=0.1,x=05;(b)A=0.1,x=0.7;(c)A=03,«x=0.5



@ Transactions on Modelling and Simulation vol 17, © 1997 WIT Press, www.witpress.com, ISSN 1743-355X

284 Moving Boundaries IV

4.0

20 r

1.0

12.0

8.0

Ap*

0.0 | 1 [
-0.5 0.0 0.5 1.0 1.5

z[/L

Figure 2. Effect of corrugation amplitude on the drop speed U, and
the extra pressure loss Ap*, for a viscous drop of size x = 0.5.



