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ABSTRACT

A numerical algorithm is proposed for the solution of the steady cavitating
flows around the arbitrary plane and axisymmetrical blunt-ended bodies
with the fixed separation point. The fluid is assumed as incompressible
and weightless, and the flow is assumed as potential. For a description of the
cavitational flow the Riabouchinsky cavitating scheme ("with the mirror")
was used and the length of the free streamline was chosen as a parame-
ter. Numerical results for the drag coefficients, the shape of cavities and
cavitation numbers are presented for cavitating flows behind the cones and
wedges with half-angle in range [10°, 120°]. These results are compared with
the data of other authors for the disk (90°) and the cones.

INTRODUCTION

The tasks of designing the high speed submarine apparatus and predicting
their performance have preoccupied engineers for many years. Although
there are only a small number of numerical axisymmetric fully cavitating
flows calculation methods. The numerical calculation of axisymmetrical
cavitating flows is based on two techniques:
- finite difference method proposed by Brennen [1]. The solutions are ob-
tained for cavities behind a disk and a sphere in different size of solid wall
tunnel. The same problem was also treated by Garabedian [2] who ap-
proached the axisymmetric case by successive corrections to the correspond-
ing planar flow, each correction involving the solution of a linear mixed
boundary-value problem.
- boundary integral equation methods in works of Amromin and Ivanov [3],
Gyzevsky [4] and Kojouro [5]. In these works the vortex surface distribu-
tion was used and resulting system of nonlinear algebraic equations solved
by the different numerical methods. In present work the new numerical
iterative algorithm based on direct boundary element method is proposed
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146 Free and Moving Boundary Problems

K

Figure 1. The sketch of the cavitational flow.

for the calculation of the cavitational flows.

PROBLEM DEFINITION

Cavitating flow around an axisymmetric body is generally a three-dimensional
problem. If the case is limited to zero angle of attack, this problem may be
described in the same manner as a two-dimensional problem.

The uniform stream with the velocity UQ flows round the blunt-ended
body shown in figure 1. Axis Oz is a line (plane) of a symmetry. The line
OA is a wetted surface of a body and AK is a free streamline. The line KQ
is a plane of symmetry of Riabouchinsky flow. The positions of the bound-
aries AK and KQ as well as the shape of the latter are initially unknown.

The governing equation for the plane and axisymmetric potential flows
in dimensionless variables is

where <j> is the disturbed velocity potential; the velocity in coordinate system
(r, zj is Vz = I + <^2, Vr = (j>,r • The boundary conditions can be described
in following way. The kinematic condition on wetted and free surfaces is

^ = _/(,,), (2)

where n is the unit outward normal vector. Equation (2) indicates that the
flow rate through the boundary is zero. Assuming uniform cavity pressure,
on free streamline is valid the dynamic condition

where Uc is a constant velocity on the free surface; s represents the curvi-
linear abscissae of the point on free streamline. On the line of symmetry KQ

                                                             Transactions on Modelling and Simulation vol 6, © 1993 WIT Press, www.witpress.com, ISSN 1743-355X 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                           
 
 
                                                                                  
 
                                                                      
 
                                                                                  
 
 
 
 
 
 

                            
                                                                                  
                                                                                  
                                                                                  
 
 

 
                                                                                                                                         
                                                        

 
                   

 
 
 



Free and Moving Boundary Problems 147

^ = 0. (4)

The equation (3) can be integrated over the free streamline with the condi-

tion (4) and it becomes

where s* is length of the free streamline.

For Riabouchinsky model, one parameter defines a unique solution: cav-

itation number, <r = 4^r = jft ~ ̂  where PO,PC are the remote upstream

and cavity pressures and p is the density of the fluid; or half-length of the
cavity ZL = ZK ~ ZA\ or length of the free streamline s*. The lengths of this
curve are chosen arbitrary as input data.

NUMERICAL METHOD

Let the initial location of the free surface be known. The boundary inte-
gral representation of solution of the equation (1) is [8]

^M = / [<WFMP - W - <HFMP,n - ̂,n)K<%, (6)
^ Js

where c = 0 for plane case and e = 1 for axisymmetric case; M(r, z] and
P(/?,C) are points on the boundary, L(r,2zK - z) is a point symmetric rel-
atively plane KQ; FMP = — ̂  InrMP is a fundamental solution for isotropic
2D medium; FMP — - / * K(l] is fundamental solution for ax-

*" 2 2
isymmetric case; 7^ = p̂̂ c-̂  > ̂ MP is the distance between points
M(r,z) and P(p, (). In axisymmetric case, the complete elliptic integrals
of the first A' (7) and second kinds may be approximated by polynomial ap-
proximations [7]. In this equation, the integrals are considered singularity
when P tends towards M.

The discretization of (1), which leads to the classic 'boundary element
method' technique (see, Brebbia and others [8]) described below. In the
boundary element method, the above integral equation is solved numeri-
cally by dividing the boundary S into N + L elements (TV intervals on the
free boundary and L intervals on the wetted surface of the body in this
case), in each of which (/> and (j>̂  are approximated by constants. We de-
note these values by fa and fa^^ i — 1, . . . TV + L; and apply equation (6) at
one nodal point M{ in each boundary element to obtain

N+L .
_<b= ^(^ / O.Wgp-^ / 0,P,n<%), (7)
/ J^ JS; J%
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148 Free and Moving Boundary Problems

where Sj denotes integration over the jth boundary element.In plane case
the coefficients of the linear system of equations (7) are integrated analytically
over intervals. In an axisymmetric case numerical integration is used over the
boundary element, parameterising this interval in an appropriate manner
and taking into account the singularity in the integrals when i = j.

Eliminating the fa from each element on the free surface and fa^
from each element on the wetted boundary by applying the correspond-
ing boundary condition in each nodal point, we thus obtain a system of
TV + L simultaneous linear algebraic equations with N + L + 1 unknowns (TV
unknowns fa^ on free surface, L unknowns fa on body surface and value of
the velocity on free boundary C/c). Additional equation for Uc we obtain by
equating value of the potential in the separation point, calculated in (5) and
value obtained by linear extrapolation by two points on the wetted surface

ZK — ZA — UcS* = 0AT+1 + (</>7V+i - </>AT+2)-T — , (8)

where Aj is the length of the jth boundary element. The system of ,
linear algebraic equations (7,8) was solved by the direct Gaussian elimina-
tion method.

In order to solve the problem of cavitating flow, the shape of the cavity
must be calculated by successive iterations. The new location of the free
surface has been calculated by integration

t̂ = (9)

(10)

withinitialconditionr(O) — R, z(0) = ZA- If the iteration process is coincided,
then formula (9) translates in kinematic condition (2). The iterative pro-
cedure is continued until a converge criterion is satisfied. Usually, 6 -r- 12
iterations demanded for the coincidence. On the cavity, the velocity com-
ponent normal to the cavity surface will be zero only at the convergence
of the iterative process. After finishing the iterative process, the cavitation
number a must be retained as a solution parameter.

NUMERICAL RESULTS

To demonstrate the numerical scheme developed above, we consider a plane
cavitational flow behind the wedges and plate. This problem has analytical
solution in complex variables (see, Riabouchinsky [7]). Comparison of nu-
merical results for plane flow (65 boundary elements) and analytical data
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Free and Moving Boundary Problems 149

Table 1. Comparison of numerical and analytical results for wedges

0?

90
90
90
45

a

0.45
0.30
0.10
0.30

#K/A
calc.
3.491
4.727
12.07
3.441

%/#
anal.
3.4847
4.7305
12.201
1454

Cd
calc.
1.2808
1.1470
0.9644
0.8360

Cd
anal.
1.2788
1.1451
0.9680
0.8361

W#
calc.
15.58
31.74
243.3
22.88

Z6/#
anal.

15.568
31.798
245.6
23.94

Table 2. Comparison of numerical Q with data of Gyzevsky [4] (<r = 0.25)

a"
Gyzevsky [4]
present work

90
0.223
0.2186

60
0.223
0.2198

30
0.224
0.2207

made in table 1. Here a is the half-angle of the wedge (a — 90° corresponds
by the plate).The differences between calculated and analytical values are
very small. For anaxisymmetric case numerical values c^ = Fd/^R^ for cones
compare with the numerical data of Gyzevsky [4] in table 2. Coincidence
between numerical data of Gyzevsky [4] and present work is close also.

The computed and experimentally observed (Brennen [1]) position free
streamline behind the disk are presented in figure 2 for cavity number
a = 0.2. The agreement of these data is very close. The pressure distri-
bution on the wetted surface of the disk for a — 0.24 has been presented
on the scale of the figure 3. There is close agreement with the experimental
data of Rouse and McNown from [1]. The dependencies of the drag coeffi-
cient c^and cavity radius RK of the half-angle of the cone are presented in
figure 4 for cavity number a — 0.1. Here the value a = 90° corresponds by
the disk.

CONCLUSIONS

The boundary element method has been presented in this paper for the
simulation of plane and axisymmetric cavitational flows in nonlinear for-
mulations. Comparisons with analytical, numerical and experimental data
suggests that the solutions obtained by the present numerical method are
quite accurate. The flow is partially well modelled in the case of the blunt
ended bodies with a fixed separation point, namely the disk.
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Figure 2. Comparison of theoretical and experimental cavity profiles for
disk (a = 0.2), # Brennen [1]
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Figure 3. Pressure distribution on the surface of the disk (a = 0.24), exper-
imental data • for a — 0.24 from [1].
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Figure 4. Variation of the drag coefficient and cavity radius with half-angle
of the cone for cr = 0.1.
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