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Abstract

In this paper we design an algorithm using operational calculus methods and
Mathematica functional programming operators. The purpose of the algorithm
is the computation of power series solutions of n" order linear differential
equations in the case where the coefficients and the right hand side are
polynomials or generally functions having Taylor series expansions at the origin.
The algorithm performs very well, particularly when the high order derivatives
(n-1), (n-2), ..., in the differential equation are missing and the polynomial
coeflicients do not have low degree terms.

1 Introduction

The symbolic solution of differential equations is one of the most demanding
problems in Computer Algebra [1]. Operational Calculus [2, 3] provides tools
for solving some classes of differential equations [4]. If a closed form solution
is not possible then a series solution [5, 6, 7] is a good alternative. In this work
we use operational calculus methods and functional operators of Mathematica
[8] to design and implement a series solution algorithm for differential equations
of the form

Y4 p )y tp ()Y ()Y = f(x), n>] (1)
Y(0)=y,, ' (0)= y), -, y"P(0)= y "V

where the coefficients and right hand side are polynomials or generally functions
with Taylor series expansions at the origin.
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Let C be the set of all continuous functions f(x) on [0, ©) and K the set
of all functions k(x./), called kernels, continuous in ¢ x for 0<t <x. The
application (denoted by juxtaposition) of a kernel k(x,f) to a function f(x), is

defined by k(x,z)f(x):J'k(x,t)f(l)dt. The operator [I+k(x,1)]: C—>C, is
defined by [I+k(x.0)]f(x)= f(x)+ k(x,1)f(x). We define the generalized
convolution of two kernels &, k, € K as &, (x,t)*k,(x,1)= Ikl(x,ﬁ)kz & nde . 1t

t
can be shown that (k;(x,1)* k,(x,2)) f(x) =k (x,t)(k,(x,1) f(x)) and we can
use the notation £ = k", where k" f(x) denotes the function resulting from

applying the kernel £ iteratively n times. The following lemma supports our
main theorem [2, 4], which is the mathematical basis for our work.

Lemma. For any X > 0 there exists a number ® such that,

O"X"' O<r<x< X

N | PR 1
k (x,t)‘§—~—(n~l)!® (x—1) g(nil)!

Proof. Let X be any fixed value. We proceed by induction on n. For n =1
the inequality becomes [£(x,¢)] <O, which is true for some arbitrary but fixed

number O, since A(x,f) is continuous and hence bounded on the compact set

0<t<x<X. Assuming the inequality is true for n, we will prove the
inequality for »n +1.

| x
j k" (x Ok (E Y <

K, = k(e )™ k(e )| =

<Je

ﬁ®"< 5y et
1 n+l (x B Z‘)”

( 1)' © J( R e (1~1)!9 n

The last inequality ofthe lemma is clearly true since x-/ < X

1
— *®n¢l(x _ t)n
n!

Theorem. The operators [1+4(x.7)] form a group under the operation (denoted
by juxtaposition) [l+k J[1+k,]=[l+k+k,+ k*k,], k.k, €K. The inverse

with respect to this operation is given by [1+ k(x.0)] ' =[1+ D" (=1)" k" (x,0)].

n=1
Proof. It is easy to verify that the group axioms hold. The element [1+4, ][1+4,]
belongs in the group since k,+k,+k *k, belongs in K. The identity operator,
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1=[1+0(x,1)], is the group identity. The group operation is associative. This
can be shown by using Dirichlet's formula. For every operator [I+k(x,7)], the
inverse [1+k(x,/)]" exists, is unique and well defined. To show this we use the

Weierstrass M test for uniform convergence. In every interval 0<f <x <X,
by the above lemma, we have that,

*n

G)an]

D7k (e =|(-

1
-1)!

. ” 1
The series Z —e"X"=
n=1 (n 71)'

and converges to @eM  Therefore the series » (~1)"k™(x7) converges

n=1

uniformly to an element in K, and so the operator [I+k(x,7)]" is an element of

where AM=0@ X | has constant terms

>

the group. Furthermore the uniqueness of the inverse operator is easily proven
because if [I+k(x,/)]' had two inverses [l+k (x,1)] and [l+k,(x7)] then
k,(x.1)=k,(x,1), since they are both uniform limits. It is easy to see that
1+ k(e O] [1+kCe,0)] ' =[1+0(x,0)]=1 .

2 Series solution of linear ode's with polynomial coefficients

If L is the kernel k(x,7)=1 then its function application is Lf(x)= '[f(r)dr and
0

we can show that [ = 1 = ( 1)'(X — 1)V If in equation (1) we substitute
n—-1)!
v, VLV y“’ b with their Taylor series expansions,
y(x)= Z A7 X J'( 1)' y"(t)dt and similarly for the derivatives, then
=0 N

after rearranging terms the differential equation becomes,

YOG [RGeny " (0di = gx) = RO () =g (2)
where

k(x,0)= p,(x)L + p,(x)L*+-+p, (x)L" 3)
and
xnr 1 - )
£O= )P (0 L prlyer o o @)
X" \ no2;
~(ps (X)+ Xp ()t p (X)), T p (),
(n-2)!
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From equation (2), using the above theorem, we obtain y™(x) as the following
series.

YO+ k(e,D] g(x)= g(x)+ Zm: (=D& (x.0)g(x) &)

= 8(x)= k(x,1)g(x) + k(x,0)(k(x,1)g(x))
= k(e )(h(x 1)(k(x,)g (X))

In the Mathematica functions described below we use parameters, p for the
polynomial coefficients, f for the right hand side, y for the unknown function, x
for the dependent variable, ics for the initial conditions and » for the equation
order. If maxorder is the highest power of the series solution then we need only
to compute up to the m=maxorder - n power, since n integration operations
will be performed at the end. The following function is used for truncating
polynomial terms beyond some power m.

In[1]:= PolyTrunc|poly ,x ,m_]:= Module[{t=Collect[Expand|[poly],x]},
Iflm==0,t/. x->0,t/. x "~ (e_ /; e>m) -> 0]}

The expression g(x) in equation (4) can be thought as an initial
approximation to the series solution and basically it involves a series of inner
products of diminishing length vectors with one last inner product at the end
involving the initial conditions. This computation is done by the following
function.

Inf2]:= InitApprox|[p_,f ,ics_,n_,x ,m_]:=Module[{r,vx,vp,i},
vx=Table[x"(i-1)/(i-1)!, {i,;n}]; vp=p;
Poly Trunc|f-
Table[Drop|vx,-i+1] . Drop[vp,i-1],{i,n}] . Reverse[ics], x, m]]

We can clearly observe in equation (5) the iterative form of the calculation of
each new term of the series. It appears that the computation of the series is time
consuming, since the operators L,L*,...,L" of k(x,/) in equation (3) involve
integrations. However, in the case of polynomial coefficients the integration
steps are all easy to perform and explicit integration can be avoided. The initial
approximation g(x) in equation (4), and generally the expression to which the
kernel k(x,) is applied every time 1is a polynomial of the form

gx) = gux™ + g X ™ Lt gx + gy Using the definitions given, we can see
that the application of the kernel 4(x,7) to g(x) has the following form.

Kx0g()= 3 p, (0] %g(r)dt ©)
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Using the binomial expansion of (x-f)’", performing the integrations and
with some manipulation of terms, we can rewrite the summation in equation (6)
as follows.

" mo -l (7])/(
prx){z()(ko e il J S )

j=1 1=

We would like now to find a closed form expression for the inner most
summation which represents part of the coefficients of the polynomial g;(x) in

equation (7). Using Mathematica’s summation package we find:

In|3]:= <<Algebra’SymbolicSum"
In[4]:= Sum[(-1)"k / (k! (j-k-1)! (i+k+1)), {k,0,j-1}] /. Gammalj] -> (j-1)!
i!

Out[4]= --——----
@Gi+j)
and so we have }Z: ), . =— i!_ =— : : —  (3)
kG -k-DIG kD) G (D) +2) A1+ )
The kernel application k(x,#)g(x) in equation (6) therefore becomes,
k(x,1)g(x)= Zp]( ){Z—"g, }: > p,(x)q,(x) 9)

where the polynomials ¢, have the following form:

l (0+1) 1 (1+1) .. l (m+1)
707 80 05 RTINS e "
] 1 1
qn :go x((}+n) +g17 x(l n) gm x(m+n)
(0+1) {0+ n) (L1) {1+ 1) (m+1)~(m+n)

The structure of these polynomials is such that one can be computed from
the previous. The functional operators are very useful here. We can generate a
list with the ¢, polynomials using NestList, perform an inner product with the list
of the p, polynomials and thus compute the kernel application k(x,)g(x).
This is done by the ApplyKernel function. The pattern function MonPat
constructs the monomials of polynomial ¢, from the monomials of g,_, starting
from the expression g(x) to which the kernel is applied.
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In|5]:= ApplyKernel[g ,p ,n ,x ,m_]:=
PolyTrunc|[p . Rest[NestList{fMonPat[#,x]&,g,n]], x, m]|

In[6]:= MonPat[poly_,x_]:=
Collect|Expand[poly * x], x] /. ¢_.x"e_.->1/ecx"e

The computation of ¥ (x) in equation (5) involves repeated application of
the kernel k(x,¢) Eventually the application of the kernel will return zero, since
powers above some degree are not computed, and will not add any new terms
to the series solution of the differential equation. This of course suggest the use
of the FixedPoint function. Maplndexed is used to deal with the alternating
signs of the kernel applications in equation (5) and Flatten prepares the

resulting list of terms for summation. Having found y(") (x), we integrate n

times (done by the IntegrateMon function in the following code) and
considering also the initial conditions we find the series solution for y(x).

In[7]:= DESeries[p ,f ,ics_,n ,x_,m_]:= Module|{g,apkerlist,sersol},
g=InitApprox|p,f,ics,n,x,m|;
apkerlist=Flatten[MapIndexed|Times[#1,(-1)"(#2-1)] &,

Drop{FixedPointList[ApplyKernel[#,p,n,x,m]&, g],-2]]];
sersol=Collect[Expand|[Plus @@ apkerlist],x];
IntegrateMon|#1,x,n]& /@ sersol + Suml[ics{[i+1]}*x"i/i!,{i,0,n-1}]]

In[8]:= IntegrateMon[mon_,x ,n_|:=Module[{e,c},
e=Exponent[mon,x]; c=Coefficient{mon,x,e|;
1/Product|e+i,{i,1,n}] ¢ x"(e+n) ]

3 An Example

In the following session we give a small example. Intermediate results were
printed to show the initial approximation and the results of the kernel
applications. SeriesSolution is a driver function which basically reads the
differential equation, the initial conditions, the degree of the series solution,
converts the coefficients and right hand side to normal series (if they are not
polynomials) and calls the DFESeries function.

In[10]:=DEl=Dt[y[x], {x,5)}]-(x"5+6x™4)*y"' "' [x]+(11x"7-8x"5)*y' [x]

==y 3

5 7 4 5 (5) 3
outf{10]=(-8 x + 11 = ) y'[x] - (6 x + x ) y''[x]+ y [x] == x
In(ll]:= SeriesSolution|[DEl,vy,x,{1,0,1,0,1},25]

Initial Approximation g:
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7 8 10
3 4 5 © % 29 x 11 x
x +6x +x + 1l x + = - == - e
2 3 6
10 11 12 13
X 151 = 47 x 13 x
Kernel Application : ——-- + ———---— + —m—— + == +
20 840 840 80
14 15 16 17 18 1¢
47 x 8839 x 13 x 239531 x 11 % 2459 x
7777777 _— ——————— —_ _—————— —_ —_——— e e —— . ————— + T —
3024 110880 1008 6486480 6240 294840
17 18 19 20
x 1759 x 457 x 39029 x
Kernel Application : —-—-- 4 ————w——- + === + o ——
5720 3363360 2059200 110073600
There were 2 Kernel Applications
2 4 8 9 10 11 12
x b3 X % be % b
Oout[1l]= 1 + —= + —= 4+ ——=— + ———— 4 ———ur R it -
2 24 6720 2520 30240 5040 150080
13 15 16 17 18
29 x 107 x 151 x 47 x 13 =
———————————————— Fommmm e b mmm e

463320 21621600 440294400 623750400 82252800

19 20 21 22
47 x 8839 x 13 x 238397 x

4219568640 206290022400 2461415040 20497795718400

23 24 25
139 x 1110751 x 29029 % 26

452694802560 661683230208000 701785244160000

4 Conclusions

The purpose of this work, apart from the design of the algorithm, was to show
the power and flexibility of some of the functional operators in Marthematica
and their usefulness in writing rather compact code, avoiding explicit iteration
loops. As far as the behavior of the algorithm we observe the following.

If maxorder is the highest power of the series solution requested, then
computations should only be done up to the m = maxorder - n power since n
integrations will be performed at the end. An implementation of the algorithm
should truncate the polynomial coefficients p,(x),...,p,(x) and the right hand

side f(x) of the differential equation after the m? power. An analysis of the
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algorithm shows that in the worst case the time complexity is cubic in m,
assuming that maxorder >> n. However, from equation (9) we can see that the
lowest power of polynomial g(x) will be updated by a power which is the
min{ j + LowestPower(p (x))} for j=12,..n, p (x)#0, and the highest

power of the polynomial g(x) will be updated by a power which is the
max{ j + HighestPower(p,(x))} for j=12,..n, p (x)20. Therefore the

worst case for the algorithm is when the polynomial p,(x) is present in the

differential equation and contains the constant term, since in this case every
new kernel application will update the series solution by a power only one
higher than the previous kernel application. This means that if the initial
approximation g(x) also contains the constant term, the function ApplyKernel
will be called the maximum number of times, that is m. On the other hand the
algorithm performs very well for equations where the (n-1), (n-2),... ,
derivatives are missing and the existing polynomials p (x) do not have low

degree terms. If for example p,(x),....p,(x) are zero polynomials, it is clear

that the ApplyKernel function is applied fewer times since the degree of its
argument, starting from the initial approximation g(x), increases by
min{ j + LowestPower(p (x))} for j=k+l...n, p (x)#0, and therefore we

approach faster the maximum power of the series solution.
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