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Abstract 

Microwave heating has been established in industry for many years. The 
temperature distribution within irradiated materials is obtained by determining 
the electric field distribution. For this reason, modelling the geometry under the 
plane wave illumination is useful. To determine the temperature distribution, the 
transmission line analogy for plane wave propagation and reflection for normal 
incidence angle is used. The heating pattern in a multilayered slab material 
exposed to a uniform plane wave is obtained. The lossy dielectric object is 
modelled as an infinitive number of cascaded transmission lines terminated with 
a metal plate and the inner electric field is calculated.  
Keywords: microwave heating, dielectric materials, transmission line model, 
plane wave. 

1 Introduction 

This work deals with microwave heating of dielectric lossy materials. 
Microwave heating has been established in industry for many years. Microwaves 
are currently used for cooking, baking, drying, melting, sterilising, pasteurising, 
polymerising, etc. [1-3]. The temperature distribution within irradiated materials 
is obtained by determining the electric field distribution.  

Jansen [4] investigated the reflection and transmission of a plane wave 
beamed under an angle to a lossy dielectric. Soriano et. al. [5] presented a two-
dimensional approach of finite element and finite difference formulation for 
microwave heating laminar material. A mathematical model for microwave 
heating of ceramic laminates developed by Pelesko and Kriegsmann [6]. The 
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transient heat transfer model for selective microwave heating of multilayer 
material systems was studied by Stern [7].  

Lossy dielectric materials have a finite amount of conductivity (σ  S/m). At 
microwave frequencies, this dissipative property is expressed in terms of the 
material’s dielectric loss tangent (tan δ). The complex permittivity ε is a function 
of angular frequency ω and can be written as  

ε=εo (ε′−j ε′′) = |ε| exp(-jδ)= εo (ε′−j σ/ωεo)   (1) 

where εo = 8.85418 10 -12 F/m is the dielectric permittivity of free space, ε′ and 
ε′′ are the real and imaginary parts of relative dielectric permittivity. The loss 
factor of the medium  ε′′ can be written as  

ε′′= ε′ tan δ    (2) 

where  δ  is the dielectric loss angle. The loss tangent is slightly affected by 
frequency and temperature variations [8].  
If the field distribution within the material is known, the heat input due to the 
microwaves is given as follows [1]  

P E Ei o i= =σ ωε ε
2 2"

    (3) 

Microwave dissipated power is the source of heat energy induced on the 
material. The temperature distribution in the material is given by heat transfer 
equation as 

),()),(.(),( trPtrT
t

trTC p +∇∇=
∂

∂
κρ   (4) 

where ρ is the density, Cp the specific heat at constant pressure, κ is the thermal 
conductivity. For a time harmonic electromagnetic wave, P is constant in time. 
The inner electric field Ei inside the object is different from the incident field Eoi, 
so it must be calculated by using numerical methods such as ray-optics, 
geometrical optics [9]-[10], time-domain physical optics (TDPO) [11], time-
domain integral equation (TDIE) [12], iterative or variational techniques, 
moment method [13]-[14], or finite difference time-domain (FDTD) technique 
[15]. Microwave heating process was studied in recent papers, [16]-[19].  

In this paper, to determine the temperature distribution, the transmission line 
analogy for plane wave propagation and reflection for normal incidence angle is 
used. If the field distribution within the material is known, the heat input due to 
the microwaves can be found easily by using various numerical methods. The 
heating pattern in a multilayered slab material exposed to uniform plane wave is 
obtained. 
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2 Numerical modelling of the lossy object 

The lossy dielectric object is modelled as an infinitive number of a cascaded 
transmission line terminated with a metal plate. Let us consider a uniform 
harmonic plane wave, which illuminates a lossy dielectric object as shown in 
Figure 1. The permeability of the lossy object is assumed as in free space, i.e. 
µ=µo=4π 10-7 H/m. The object is terminated with a metal plane. The time factor 
is assumed as exp(+ j ω t ) and depressed.  

Figure 1: Plane wave illumination of the lossy dielectric object. 

     For the x-polarized +z travelling wave in an unbounded medium, the incident 
electric field Eoi has only an x component, 

Eoi  = ex E o  exp(- j k r )    (5) 

where Eo  is a constant, k is the propagation vector in free space, 

k = ez k o = ez (2π /λ )    (6) 

ko is the wave number, λ is the wavelength in free space, and r is the vector of 
spatial coordinates. Then, the electric field is expressed as 

Eoi =  ex Eo exp(- j k o z)    (7) 

It can easily be seen that, this equation satisfies ∇.E=0. The associated magnetic 
field is found according to [20] 

H = ey (E o /120π) exp(- j k o z)   (8) 

It is well known that, ratios of components of E to components of H have the 
dimensions of impedances and are called wave impedances, η= |E| / |H|.  

In this work, the lossy dielectric object is modelled as an infinitive number 
of cascaded transmission lines as shown in Figure 2.  
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Figure 2: Transmission line model of the lossy object. 

In the model we consider the number of lines is being limited as N and the 
last line is terminated by a perfect conducting metal plate. The total length of the 
line is L. Each transmission line has a different dielectric permittivity and 
different characteristic impedance. ηi denotes the characteristic impedance of i. -
line and is given as 

ηi  = |E i | / |H i |    = ηo / (εi )1/2      (9) 

where ηo≈120 π ≈ 377 Ω is free space intrinsic impedance. The propagation 
constant γi of i. –line is  

γi = j ω (µo  εi )1/2     (10) 

If we consider the N-layer situation depicted in Figure 2, the uniform plane wave 
in the free space (εo, µo) impinges normally at the plane boundary with layer-1 
(ε1, µo) at z=0. Layer–1 has a finite thickness and interfaces with layer-2 (ε2, µo) 
at z=d, and so on. Reflection occurs at z=0, z=d, z=2d, … etc. Assuming Eo =1, 
the total electric field intensity in free space can always be written as the sum of 
the incident component ex exp(- j k o z) and reflected component ex A1 exp( jk oz): 

)( 1
zjkzjk oo eAe += −

xo eE      (11) 

The magnetic field intensity vector Ho in free space that corresponds to the Eo in 
Equation (11) is 

)(1
1

zjkzjk

o

oo eAe −= −

ηyo eH    (12) 
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The electric and magnetic fields in layer-1 can also be represented by 
combinations of forward and backward waves: 

 

)( 11
32

zz eAeA γγ += −
x1 eE    (13) 

)(1
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32
1

zz eAeA γγ

η
−= −

y1 eH   (14) 

For N-th layer  

)( 122
z

N
z

N
NN eAeA γγ

+
− += xN eE    (15) 

)(1
122

z
N

z
N

N

NN eAeA γγ

η +
− −= yN eH   (16) 

On the right sides of Equations (11)-(16) there are a total of 2N+1 unknown 
amplitudes (A1, A2, ….. A2N+1). They can be determined by solving the boundary 
condition equations required by the continuity of the tangential components of 
the electric and magnetic fields. 

 

At  z=0,  Eo(0) = E1(0),  → 1+A1= A2 +A3 

  Ho(0) = H1(0), → (1/ηo) (1- A1)= (1/η1) (A2 - A3) 

At z=d,  E1(d) = E2(d),  → …………………………….. 

  H1(d) = H2(d), → …………………………….. 

……  …………   …………………………….. 

At z=L,  EN(L) = )( 122
L

N
L

N
NN eAeA γγ

+
− +xe = 0 

  HN(L) = )(1
122

L
N

L
N

N

NN eAeA γγ

η +
− −ye  

Arranging the equations in a matrix form, Ax = b where x denotes the vector of 
unknown amplitudes, x = [A1, A2, ….. A2N+1]T and b = [-1, -1/ηo, 0, 0, …..0]T. 
The superscript T shows the transpose of a column vector, A is a 2N+1x2N+1 
matrix  
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A is a band matrix and invertible. Then, x can be found as 

x = A-1 b     (17) 

and the inner electric field obtained by using these amplitudes for each layer. The 
input impedance of a transmission line of length L terminated with a ZL load is 
given as [21] 

)tanh(
)tanh(

LZ
LZZ

L

L
in γη

γη
η

+
+

=    (18) 

The reflection coefficient at any point of the structure can be given by 

η
η

+
−

=Γ
in

in

Z
Z     (19) 

The voltage standing wave ratio SWR is defined as  

Γ−
Γ+

==
1
1

min

max

E
E

SWR    (20) 

If the reflection coefficient is small at the surface, in the region external to the 
material the standing waves will not be observed clearly. The electric fields 
inside the object will be decreased towards the metal plate. The peaks of the 
internal standing waves will cause the temperature increase. Temperature 
increase in the i-th layer is  

∆T =  ε i ′′ |E i | 2     (21) 
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3 Numerical results 

The inner electric field for the selected object is found by using a multi-layer 
modeling of the material. The lossy dielectric object has a decreasing complex 
permittivity as shown in Figure 3. Each slab has a different dielectric permittivity 
and different characteristic impedance. Applied frequency is 2.45 GHz, and the 
number of transmission lines is N=500. The length of the material L is chosen as 
15 cm, ε is chosen as ε=5.4-j0.00162 (permittivity of Mica (Ruby) at T=20 oC 
[8]). Figure 4 shows the normalized electric field distribution and the 
temperature distribution of the object. The magnitude of the total reflection 
coefficient is calculated and found as Γ=0.65.  

Figure 3: Complex permittivity change of the object. 

     Figure 5 shows that the corresponding results for Teflon. In this case, ε=2.1-
j0.000315. The total reflection coefficient is found as Γ=0.15. For Mica, the 
temperature distribution reaches the maximum value near the surface and 
decreases rapidly as it approaches the metal. Five hot spots are observed. In 
Figure 5 three hot spots are observed. The peak closer to the surface has a higher 
magnitude.  

 
Figure 4: Normalized electric field and temperature distribution for Mica. 
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Figure 5: Normalized electric field and temperature distribution for Teflon. 

4 Conclusions 

In the present work, the temperature distributions are presented for different 
objects. The obtained results show us if the reflection coefficient is small at the 
surface, in the region external to the material the standing waves will not be 
observed clearly. The electric fields inside the object will be decreased towards 
the metal plate. The peaks of the internal standing waves will cause the 
temperature increase. The temperature distribution in each layer is found and 
presented via transmission line method.  
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