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Abstract

Symbolic computation has proved to be an effective tool for handling large
mathematical expressions which are too complex for calculation by hand.
Especially in the field of nonlinear control the use of computer algebra pro-
grams is unavoidable. Since the memory requirements are over polynomial
with respect to the problem size, it is important to develop algorithms that
optimally fit the symbolic treatment of these problems. Hence, the develop-
ers of algorithms in computer algebra programs must free themselves from
the well known numerical solutions and they have to take care of the spe-
cial features of computer algebra. In this sense the present contribution
presents some selected algorithms for the analysis and design of a special
class of nonlinear systems, the so called affine input systems.

1 Introduction

During the last years there have been some significant advances in the area
of nonlinear control system design. The reason for the research effort on
nonlinear control is the more demanding performance required in practi-
cal applications and, however, most of the physical systems are nonlinear
in nature. Moreover, only according to the increasing availability of low
cost digital signal processors and the increasing power of computer algebra
programs for the symbolic computation the practical use of these nonlinear
control strategies is made possible.
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256 Software for Electrical Engineering Analysis and Design

Throughout the subsequent considerations we study nonlinear control sys-
tems with a state space representation of the form

d T"
—x = f(x) + Y^9i(x)ui . y = h(x) (1)

?:=i

where x 6 jR"' denotes the state, u G R™' the plant input and y G $ the
plant output. We assume that /, <ft, .... #„,. and h are smooth in their
arguments, i.e. all entries of eqn (1) are real-valued functions of x with
continuous partial derivatives of any order. Since the control input ?/ only
appears affine on the right hand side of eqn (1). this type of nonlinear sys-
tems is known as the so called AI-(Affine Input) systems, see e.g., Isidori\
Nijmeijer & Van cler Schaft^. Al-systems have the special properties that
the structure of an AI— system is preserved under the action of certain non-
linear changes of coordinates and that the serial connection, the parallel
connection and the feedback of AI— systems again lead to a nonlinear sys-
tem with A r structure. Thus, taking a diffeomorphism (smooth and smooth
invertible mapping) of the form z — t(x). we obtain the system eqn (1) in
the new coordinates c

1=1
(2)

and this is in fact an Al-system.
The paper is organized as follows. In Section 2 the necessary differential
geometric fundamentals for Al-systems are briefly summarized. Section 3
is devoted to the special features that must be taken into consideration if
algorithms are implemented in a computer algebra program like MapleV.
Here, the major problem with computer algebra is the overpoly normal in-
crease of calculation time and memory (see e.g., Davenport et al.'̂ ) and it is
a matter of fact that the investigations of nonlinear systems require a great
amount of symbolic operations. Therefore, it is near at hand that de Jager*
asked the question, whether symbolic computation is a viable approach for
nonlinear systems or not. We definitely say yes to this question but it must
be taken into account that the algorithms presented in literature are not
suitable for computer algebra implementation in a straight forward manner.
As it is shown by Kugi et al.̂  for the symbolic calculation of large electric
circuits, computer algebra implementation requires new algorithms that are
not based on the corresponding numerical ones. In Section 3 some of the
ideas for the efficient implementation of the algorithms for nonlinear systems
will be discussed. The interested reader is also referred to other contribu-
tions to the use of symbolic computation in nonlinear control, like e.g., the
research works of Rothfufi et al.̂  or de Jager et al/ Section 4 presents some
selected algorithms and a nontrivial application example is investigated in
Section 5. The last section. Section 6. contains some conclusions.
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Software for Electrical Engineering Analysis and Design 257

2 Differential Geometric Fundamentals

The smooth mappings /. g\. . .., (/„, of eqn (1) assign each point x element
of a manifold M a tangent vector in the tangent space T%j\A which is why
they are mostly referred to as smooth vector fields of T^M or with regard
to the Maple V implementation they are also called contravariant tensors of
first order. Subsequently, we also need the dual objects of the vector fields.
the so called covector fields, 1 -forms or in MapleV covariant tensors of first
order. These elements are defined in the cotangent space T*J\A (dual space
of T,r,M) and they form the space of all linear functions from T^M to R
(see e.g., Boothby*). A covector or a 1-form of special interest is the exact
differential d// (;r) = (ĵ h) (%) of a real-valued scalar function h (x).

2.1 Lie Derivatives

For the algorithms three different Lie derivatives are of importance.
(A) The Lie derivative (Lfh) (x) of a real-valued scalar function h (x) along
the integral curve of a vector field / (x) is defined as

A repeated use of this operation leads to the recursion

(L*fh)(x)=(-^L'i-*hf\(x) with (L°fh) (x) = h (x) . (4)

(B) The second type of operation, the so called Lie-bracket, involves two
vector fields / and v and it constructs a new smooth vector field of the form

(LfV) (x) = \L i'} (•%•) = l—vf - —fv\ (x) . (5)

The Lie-bracket is skew-commutative, bilinear and it satisfies the Jacobi
identity (see e.g., Boothby*. Isidori^). Here, also a recursive version can be
obtained, where for the simplification of notation a new symbol is introduced

ad) lA (z) = |/. ad)'' i,l (:r) with (ad% u) (z) = i, (z) . (6)

(C) The third operation is the Lie derivative (LfV*) (x) of a covector field
i'* along the integral curve of the vector field /. For the sake of convenience
covector fields are represented as row vectors and hence (LfV*) (x) is defined
as

+V~f. (7)
ox
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258 Software for Electrical Engineering Analysis and Design

2.2 Distribution and Codistribution

The smooth vector fields v\, % .. ., VK spanning at a fixed point x of the
manifold M a vector space

A (x) = span {u, (.7;) ̂ U2 (x) ,..., û  (x)} ̂  (8)

which is clearly a subspace of TxM, is called smooth distribution with the
dimension dim (A (x)). In the same manner we may also define a smooth
codistribution which is given as a subspace of the cotangent space T*M
spanned by the smooth covectors v\, v^ ..., v£

A' (x) = span H (.1;), u,̂  (x) ,..., û  (x)} . (9)

A special codistribution is the annihilator A^ (x) of a certain distribution
A (x) which consists of covectors annihilating all vectors in A (x)

A-L (x) = span{v* E ?̂ A4| u" ((;) (x) = 0 for all t; (x) G A (x)} . (10)

2.3 Involutive and /-invariant Distribution

A distribution A (x) = span {U] (x) , v% (x),... , v^ (x)} is said to be involu-
tive, iff the Lie bracket of any pair [i>-i,Vj] (x) belongs to A(.T). Now, the
involutivity of a distribution A (x) on the manifold M is directly connected
with the existence of an integral manifold of A (x) by the famous Frobenius
Theorem (see e.g., Boothby*, Isidori^, Nijmeijer & Van der Schaft̂ )

Theorem 1. A regular distribution A (x) on .A/1 is completely locally inte-
grabJe, i.e. the annihilator A"- (x) is spanned by exact differentials, if and
only if A (x) is involutive.

A distribution, which is the smallest involutive distribution containing A (x),
is called the involutive closure of A (x) and is denoted by inv (A (x)).
A distribution A (x) = span {v^ (x) .v% (x) ,. .. ,Vk (x)} is invariant under a
vector field / (x), or short A (x) is /-invariant, iff the Lie brackets [vi,f] (x),
7 = 1,... , A- belong to A (x). A similar definition can be given for a codistri-
bution, that is, a codistribution A* (x) = span {v^ (x) , v% (x),..., u£ (x)} is
invariant under a vector field / (x), if (LfV*} (x) £ A* (x) for all i — 1,.. . , k.
The /-invariance of a smooth distribution A (x) implies the /-invariance
of the annihilator A^- (x) and vice versa.

3 Features of the Computer Algebra Implementation

Most of the algorithms for the analysis and design of nonlinear control
systems are based on the recursive setting up of distributions and codis-
tributions using the various Lie derivatives and the symbolic calculation of
their dimensions at a generic point x.
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Software for Electrical Engineering Analysis and Design 259

3.1 Check of the Linear Dependence of Vector Fields

Here, one of the most time consuming parts is the check of the linear de-
pendence of some vector or covector fields. If this task is performed by
means of the MapleV function linalg[rank] then with larger mathemat-
ical models one immediately gets problems with the calculation time and
memory. This is why we implemented a different strategy which optimally
fits the recursive nature of the algorithms. From theory we know that
for vectors v\, . ... Vk G V and 1-forms v\, .... v^ G V* an alternating
product, the so called wedge product or exterior product, is defined in the
form Ui A %2 A ... A %&• G A& (V) or u^ A Ug A ... A u^ G A&" (V) and the
products are called -̂vectors or /c-forms, respectively. The wedge prod-
uct is skew-commutative, bilinear and distributive (see e.g., Burke~. von
Westenholz**). Now, the vectors uj, .... v^ G V are linearly dependent if
and only if v\ A v% A ... A v^ = 0. If V is an ??-dimensional vector space and
the nonzero element vol G A" (V*) is a volume form then this condition is
equivalent to Vi\ (v>2\ (. • -j (î Ĵ o/))) = 0, where v\u is the interior product
of a form u; by a vector field v. This operation J is also referred to as con-
traction of uj by v and it maps the Ai-form w into a (A' — l)-form (see e.g.,
von Westenholz* *).

3.2 Simplification of Large Symbolic Expressions

In order to make the decision whether a symbolic expression is zero or not.
it is absolutely necessary to simplify this expression. However, the simpli-
fication of large symbolic expressions may arise great problems with the
memory needed and hence often defines the limits of the usefulness of the
algorithms. The result of many investigations is that a "cure-all simplifier"
does not exist, on the contrary, every problem needs its own specific simpli-
fication. Therefore, the algorithms are implemented in such a way that they
all use a predefined simplifier which can be easily adjusted to each problem.
This predefined simplifier consists of four parts, namely (A) simplification
based on side-equations (e.g., {sin (x)~ = 1 — cos (,?;) }), (B) simplification
based on assumptions (e.g.. {x\ = TT. x<2 — 0}), (C) simplification based
on the MapleV command simplify (e.g. simplify(expr, trig)) and (D)
simplification based on other MapleV procedures (e.g., expand (expr)).

3.3 Avoidance of Redundancy

The computation time can be significantly decreased if redundant opera-
tions are avoided as it is guaranteed by the above mentioned check of the
linear dependence of vector fields. For example, if we know that the vectors
U], .. ., u/r are linearly independent, hence w — Vi\ (v-2\ (- - -j (t'/Ĵ o/))) ̂  0,
and we want to determine if V}?+i is linearly independent of t'i, .. ., i>/-, we
just have to check the condition ̂ /r-ijw ̂  0. In contrast to the MapleV
linalg[rank] command, where the rank (span {vi, .... i>/?4-i}) is checked.

                                                             Transactions on Engineering Sciences vol 22 © 1999 WIT Press, www.witpress.com, ISSN 1743-3533 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                           
 
 
                                                                                  
 
                                                                      
 
                                                                                  
 
 
 
 
 
 

                            
                                                                                  
                                                                                  
                                                                                  
 
 

 
                                                                                                                                         
                                                        

 
                   

 
 
 



260 Software for Electrical Engineering Analysis and Design

in our case the knowledge of the linear independency of v\, . . ., v^ is explic-
itly used, since this information is contained in the expression w. In this
manner many redundant operations are avoided in the recursive algorithms.
Additionally, all algorithms take advantage of the skew-commutativity of
the Lie-bracket operation and the wedge product.

4 Some Selected Algorithms

4.1 Strong Accessibility (Reachability)

Subsequently, (p (XQ, u. T) denotes the solution of eqn (1) for the initial con-
dition x (0) = .TO and plant inputs u (t) with 0 < t < T. Let 7^ (XQ, T) be
the set of all reachable points from XQ at time T > 0, where the trajectories
(f (:ro, u, T) remain in the neighborhood U. of XQ.

Definition 1. An AI -system eqn (1) is .said to be (locally) strongly acces-
sible from XQ. if for any neighborhood U of XQ. the set 1& (xo,T) contains
a non-empty set for any T > 0 sufficiently small (see Nijmeijer & Van der

The following algorithm constructs the so called reachability distribution
A# (z), where dim(A# (x)) corresponds to the dimension of the strongly
accessible (reachable) part of the Al-system eqn (1).

Algorithm: Calculation of the reachability distribution

vol. := d%] A d.T-2 A ...
&W :=̂  J( ... J((/2 J

Precondition: all g^s are linearly independent
new :— {u \ u — [^, gj] U -u = [/, gj], if u is linearly independent of all

elements of AO and of all constructed u/s so far. i, j ~ L ..., dim(Ao),

i<j};
vol :— Ui \vol, i — 1, ..., dim(neu');
rn := dim(Ao); n := dim(ne.w);
A^ = span {0i, g%, ..., g^ } U new.
while n > 0 do

A^ = span {vj, V2, •-., Vp} ;
new := {u \ u = [?;,-.. Vj] U u — [/, Vj\, if u is linearly independent of all
elements of A# and of all constructed w\s so far, i = 1, ..., dim(A#) — 1,
j — m -f 1, .... dim(Â ), i < j};
vol := Ui \vol. ?! = !,..., clim(??-ew;);
m :— clim(A&): u \— dim(new)',
A A := A^ U new\

end;

A similar algorithm can be found for the determination of the dimension of
the observable part of the AI system eqn (1).
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Software for Electrical Engineering Analysis and Design 261

4.2 Input/Output and Input/State Exact Linearization

The idea of exact linearization is to transform the nonlinear Al-system eqn
(1) by means of a nonlinear state feedback and a change of coordinates into
a linear system.

Definition 2. The Al-system eqn (1) with m = I is said to have a (vector)
relative degree r = [7*1 . . . . , r^} at a point XQ. if the following conditions

(1) .f̂ /? (z) = 0 for 1 < j < m. 1 < ?: < m, and A? < r, - 2.

(2) rank (<? (zo ) ) = m nitn ^^ = Z/^ . Z^ " * /? ,

are satisfied for all x in a neighborhood U of XQ. The (w x m) -matrix g is
often called the decoupling matrix and for the relative degree r the relation
r — ^] r, < n holds (see e.g.. IsidorP , Nijmeijer <£: Van der Schafi?).

Consider the Al-system eqn (1) with the output functions hi (#),..., h^ (x)
and the corresponding relative degree r — [?̂ ....,r̂ ]. Using the diffeo-

morphism z^ — \hi , . . . . L^ ~ *hi . . . . , /?.„, ..... L*f" ~*hm . t^-i . ....

obtain the system eqn (1) in the new coordinates z

(11)
for ?' — L . . . , in and dim ( ̂ 2) = n — d. By means of the nonlinear state
feedback

' (;)) « - [Ljh, (t~* (z)}.....L'fhn (r* (c))] (12)

the system eqn (11) results in

ii = Azi + Bu

:-2 = M*l,=2) + <M2l,*2)tt (13)
y = Czi .

where the linear subsystem zi is in Brunovsky canonical form with the new
input u. Moreover, if the distribution span {(/i (x) , . . . , g^. (x)} is involutive,
it is always possible to choose t^+i , . . . , t^ in such a way. that gz (~i , z^) — 0.
At this point it is worth to mention that this procedure only leads to a
stable closed loop system, if the unobservable subsystem 23, also called
zero dynamics, is stable. Therefore, it is quite natural to look for output
functions h\ (x) ,...,/?„, (.r) such that the dimension of the zero dynamics
becomes minimal or in the ideal case even zero.
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262 Software for Electrical Engineering Analysis and Design

Theorem 2. Tlie AI-system eqn (1) can be transformed to Brunovsky
canonical form eqn (13) with dim (02) — 0 in a neighborhood U ofxo. iff for

the distribution A.,- (x) — span < ad^ #j, 0 < A' < ?', 1 < j < rn} the following

conditions

(1) dim(Ao(.ro)) =???.

(2) dim (A,; (.TO)) is constant for i = 0, . . . . ??. — 1.

(.3) dim(An_] (#o)) = •/?- and

(4) A; (:r) is invo/utive for i — 0, ...,??. — 2

for a77 .r € ZY. Then the A f- system eqn (1) is said to be input/state
linearizable. Equivalently. iff the conditions (1) - (4) are true, then ra
real -valued scalar output functions /?, (x) can be found with relative degree
r — [r ],..., r-,n] and ^] r,- — n (see e.g.. Isidorfi . Nijmeijer & Van der

Algorithm: Check if the system is input/state li Realizable

Check dim (Ao) = m -> condition (I)
vol :— dxi A dx>2 A ... A dz^ ;
W := c/̂  J( ... J((/2 J(m Ĵ o/))):
Ao — span [gi, 9%, .... g^} ;
Check of involutivity of AQ -> condition (4)
if [vi. Vj] \vol / 0. ?", j — 1. ..., m. ?" < j then exit;
new := {u \ u = [/, ̂;], if 11 is linearly independent of all elements of AO

and of all constructed us so far, i— 1. .... rr?,};

i := 1;
while Ai is involutive do

Check of involutivity of A*.
for j from 1 to m do

for k from w + 1 to dim(A,) do
if [-Uj, Uju] ^ AJ then exit;

end
end
for j from m 4- 1 to dim (A,) — 1 do

for fc from j -h 1 to dim(A^) do
if [vj. UK] ̂  A,; then exit;

end
end
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Software for Electrical Engineering Analysis and Design 263

new : — \u \ u — [/, Vj], if u is linearly independent of all elements of
A, and of all constructed us so far. j — m -f 1. .... dim(Aj)};

vol :— Uj \voL J = 1, .... dim(new):

?? :— d\m(new):
?! :^z4-l;
if n > 0 then exit;

end
if dim(A^_i) ̂ n then exit; -> condition (3)
system is input/state linearizable if not exit has occurred

Mostly, a general Al-system eqn (1) is not input/state linearizable. For
this reason, in order to minimize the dimension of the zero dynamics, an
algorithm for the determination of the largest input/output linearizable
subsystem is also implemented (see Kugi').

5 Chemical Application Example: Stirrer Vessel

The stirrer vessel presented by Klatt et al.̂  is a benchmark example for
nonlinear control and it is described by the mathematical model

T7^ = 77- (c.4o - c 4 ) -cir i p
d V
T7<'B = -TT-CB 4- A-i ('#)dt \p

Pt P\ R

(14)
with CA and CQ as the concentrations of two chemical products A and B.
respectively, the temperature in the stirrer vessel $ and the temperature of
the coolant D^. The plant inputs are the input flow V/VR of the product
A with concentration CAQ and temperature r?o and the power of the heat
exchanger Q&. Here, k\ (̂ ). k̂ (d) and k^(i9) are nonlinear functions of
the temperature $ and they describe the reaction rates, AjF/#^, Af/p.̂
and L\HR^P denote the reaction enthalpy and p. Cp. VR, kw, AR, m^
and Cpx are system parameters. For a more detailed description of this
model the reader is referred to Klatt et al.̂  By means of the algorithms of
section 4 implemented in MapleV it can be shown in a few seconds that
the mathematical model eqn (14). which is an Al-system with two inputs
and two outputs, is strongly accessible, observable and is even input/state
linearizable.
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264 Software for Electrical Engineering Analysis and Design

6 Conclusion

In this contribution we presented some efficient algorithms for the symbolic
analysis and design of nonlinear AI—systems. The reader can get the latest
version of the corresponding MapleV library by sending an email request to
andi@regpro.mechatronik. uni-linz .ac .at.
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