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Abstract

This paper discusses Norton transmission line (TL) link models for the
simulation of reactive circuit components. These models follow the traditional
Thevenin transmission line modelling (TLM) approach and retain the obvious
physical concepts of the TL models. However the proposed Norton models
allow nodal analysis technique to used, overcoming the inherent difficulties in
system matrix formation using the Thevenin models. In this paper, the Norton
models are derived from the Thevenin models and validated by the simulation of
a high frequency switch mode power supply circuit. Details of the simulation
process are discussed step by step in a tutorial style.

1 Introduction

The TLM method was first used by Johns to solve field problems in the early
seventies (Johnsfl]). It has since been developed and generalised to solve circuit
problems. There are two basic modelling units in TLM, namely the stub and the
link. TL stub models were one-port models introduced to simulate circuit
components, such as capacitors, inductors, mutual inductances, diodes and
switches (Hui[2,3]). Link models were proposed as two-port models and are
particularly useful for the simulation of stiff reactive components and isolating
non-linear components from the remaining linear circuits. Link models decouple
complex electric circuits into smaller sub-circuits, allowing simpler formulation
of circuit equations and opening up the possibilities of parallel simulation
(Hui[4], Fung[5]). Because all these traditional TL models are based on the
Thevenin equivalent circuits, they restrict users to mesh analysis, which is not
always desirable. In a given circuit, mesh loops can be selected in different ways.
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106 Software for Electrical Engineering

This variation leads to difficulties in automating system equations formulation.
For computer aided circuit analysis, the nodal approach is usually preferred. It
allows easy, unambiguous formulation of circuit equations since the number of
nodes are fixed.

2 Thevenin transmission line models

The Thevenin stub and link models used to simulate reactive components are
briefly summarised below. Further details can be found in reference 2 to 5.

Consider a capacitor C with voltage nVc and current nlc shown in Fig. la. A
capacitor can be modelled as a TL stub with an open circuit termination, as
shown in Fig. Ib, where Zc is the characteristic impedance, nVc* is the incident
voltage and nW is the reflected voltage at time step n. Inside the transmission
line, it takes one time step T for a voltage pulse to travel from the left end to the
termination and then reflected back to the left end. The open circuit termination
means that a capacitor has a reflection coefficient of +1. The characteristic
impedance Zc is T/2C where C is the capacitance in Farads. The Thevenin stub
model for the capacitor is shown in Fig. Ic.

nlc

:f = =n Vc

Fig. la Capacitor

nVc
A

f
Zc o/c

Fig. Ib TL stub Fig. Ic Thevenin model

Similarly an inductor L shown in Fig. 2a can be modelled as a transmission line
stub with a short circuit termination as shown in Fig. 2b. Due to the short
circuit, an inductor stub has a reflective coefficient of -L It can be shown that
the characteristic impedance is 2L/T. Fig. 2c shows the Thevenin stub model for
the inductor.

< —
nVj"

ZL ;s/c

Fig. 2a Inductor Fig. 2b TL stub Fig. 2c Thevenin model
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Software for Electrical Engineering 107

Link models can be employed to simulate stiff reactive components often found
in power electronic circuits. Fig. 3a shows a capacitor that links two sub-circuits
with end voltages nVca and nVcb. This 'linking capacitor' can be considered as
a transmission line link as shown in Fig. 3b, where at time step n, the incident
voltage on side a is nVca% the reflected voltage is nVca'; the corresponding
incident voltage on side b is nVcb' and the reflected voltage is nVcb'. It takes
one time step T for a voltage pulse to travel from one end of the model to the
other. The transmission line characteristic impedance Zc is equal to T/C. Fig. 3c
shows the Thevenin link model for the capacitor.

nVca
•t

nlc

r

C nVcb nVcb

Fig. 3a Capacitor Fig. 3c Thevenin model

Similarly an inductor that links two sub-circuits shown in Fig. 4a can be
modelled by a transmission line shown in Fig. 4b with the respective incident and
reflected voltages. The characteristic impedance ZL of the transmission line is
L/T. Fig. 4c shows the Thenvenin link model for the inductor.

nL

m
L

nVta•t t
nVLb

Fig. 4a Inductor

nlta

4n\ia ZL

Fig. 4b TL link Fig. 4c Thevenin model

3 Norton transmission line models

3.1 Capacitor stub
If a capacitor is modelled by a transmission line stub in which the incident and
reflected currents are considered instead of incident and reflected voltages,
Norton TL models can be derived. It can be seen from Fig. 5a and Fig. 5b that at
time step n, the following relationship exists between the voltages and the
currents travelling within the transmission line.

nlc' = nVcVZc (1)
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108 Software for Electrical Engineering

mV = nVc7Zc (2)

In Fig. 5b, nlc' interacts with the rest of the circuit to produce a reflected current
nlc". Applying Kirchoff s current law,

nlc' = nlc + nlc' (3)

The reflected current nlc' travels towards the termination end. Since the
termination is open circuit, the reflection coefficient is +1 and therefore Ic'
equals Ic'. This new reflected current Ic' then travels back to become the new
incident current at the beginning of the next time step n+i. The length of the TL
stub is so chosen that it takes one time step T for a current or voltage pulse to
make a round trip. Assuming the transmission line is lossless,

n+ilc' = nl' (4)

nVc' Vc* nfci fcj
<— —> <— —^

nlc

nVcf Zc
1

o/c

— 1 —

nlc
> I— "1

Zc o/c

Fig. 5a Conventional TL stub Fig. 5b Norton TL stub

Using simple circuit analysis, the capacitor Thevenin stub model shown in Fig.
6a can be converted to an equivalent Norton form as shown in Fig 6b. Applying
equation (1) then gives the Norton model shown in Fig. 6c. It consists of a
current source connected in parallel with the input admittance Yc of the
capacitor, where Yc equals 1/Zc. The magnitude of the current source is equal
to twice the incident current nlc' at time step n.

nlc

nVct T : nVc Yc (t) . "^c:f NYC ©2nlci

Fig. 6a Thevenin Fig. 6b Norton form Fig. 6c Norton model

3.2 Inductor stub
An inductor shown in Fig. 7a can be considered as a transmission line stub with
a shorted termination as shown in Fig. 7b. The proposed Norton TL model is
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Software for Electrical Engineering 109

shown in Fig. 7c. The value of the input admittance YL is T/2L. Because of its
short circuit termination the transmission line stub has a reflection coefficient of
-1. To conform to standard convention, the current source is downwards.

nlL

t
YL js/c

Fig. 7a Inductor Fig. 7b TL stub Fig. 7c Norton model

3.3 Capacitor link model
The Norton TL link model for a link capacitor is shown in Fig. 8c. The
characteristic admittance Yc for the link model is equal to C/T, where C is the
capacitance and T is the time step chosen. It takes one time step for a current
pulse to travel from one end of the TL section to the other.

nlca nlcb

nVc4

nlca' nlcb' nlca nlcb

2nlcb

'"* ,M*T%V» '̂  lĉ  ̂"™

Fig. 8a Capacitor Fig. 8b TL link Fig. 8c Norton model

3.4 Inductor link model
Similarly, a smoothing inductor used in a circuit to filter out current ripples can
be regarded as an inductor link shown in Fig. 9a. The equivalent transmission
line link can be found in Fig. 9b. The Norton TL model is shown in Fig. 9c. This
inductor link model is again similar to the capacitor link model. The only
difference lies in the input admittance YL which is equal to T/L.

nlL
>

L
nVtt?

nlta nliJb

A A nVufl *|
nVta^ YL jnVtb '

Fig. 9a Inductor Fig. 9b TL link Fig. 9c Norton model
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110 Software for Electrical Engineering

4 Circuit Simulation

As an example, the Norton models proposed were used to simulate a switched
power supply fed by a capacitively smoothed rectifier circuit as shown in Fig. 10.
For illustration purposes, it was decided to simulate the source inductance Ls,
inductor L and capacitor C: as TL stubs, and Ci as a TL link. Inductor L has to
be simulated as a stub because it is connected in parallel and consequently does
not 'link' the two sides. For simplicity, diodes and switch are simulated as
switched resistances. When the switch or diode is conducting, it is represented
by a resistance of 1 Q. Otherwise it is modelled as a 10 K£2 resistor. The
equivalent circuit for the switched power supply can be found in Fig. 11 where
the four reactive components are marked in dotted boxes. The ac source Vs and
internal resistance Rs are replaced by a current source Vs*Gs, shunted by an

equivalent source conductance Gs.

SW D

Fig. 10 High Frequency Switch Mode Power Supply Circuit

2nIciA* Yof.; |_YL__ YcT" Inks'

Sub-circuit 1 Sub-circuit 2

Fig. 11 Equivalent circuit using Norton TL models
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Software for Electrical Engineering 111

Altogether 8 nodes can be identified. Take node 0 as reference, the voltages at
nodes 1 to 7 can be found by nodal analysis. Apply Ohm's law to each sub-
circuit.

Grs+Gd2+Gd3 -Grs 0 -Gd3

-Grs Grs+YLS -Yts 0

0 -YLS YLS+Gdi+Gd4 -Gdi

-Gd3 0

Yci+Gsw -Gsw

-Gdl Gdl+Gd3+Yci

pVi

V2

V3

V4

=

-Grs*Vs

(Grs*Vs

2*nIciA'

-Gsw

0

Gsw+Gd+YL -Gd

-Gd Gd+Yc2+GL

v

V6

V?

"2*

-2*nL'

2*nlc2'

Next all the model currents can be found by applying Kirchoff s current law,

nlLs = (V2-V3)*YLS+2*nlLs'

nlL = V6*YL+2*nIiJ

nlc2 =

For capacitor Ci,

nlciA = V4*Yci-2*nIciA'

nlcie = V5*Yci-2*nIciB'

By applying equation (3) and taking into account the reflection coefficients, the
reflected currents at the end of time step n can be found. These become the
incident currents at the beginning of the next time step.

n+iLs' = nits -

n+ilt' = nlL - nil'

n+ilc2* = nlc2 -f

Since capacitor Ci is modelled as a two port link, the reflected currents on side
A is (nlcA+nlcA) and the reflected current on side B is (nlcB+nlcB*). These
currents travel towards the opposite sides to become the incident currents at the
next time step. The transmission coefficient is +1.

* = nlcie + nlcm'
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1 12 Software for Electrical Engineering

B* = nlciA +

Since all incident currents at the beginning of the next time step are now known,
all current sources in the next time step in Fig. 11 are known. The above
procedure can proceed from one time step to the next.

Simulation was carried out for ten 50-Hz mains cycles using a time step of 1
jisec. The simulated wave forms of the steady state voltages and currents are
shown in Fig. 12 and 13. For generality, all initial incident currents are assumed
to be zero, though estimated initial values may yield outputs faster.

Circuit parameters used are:
Mains 42 volts at 50 Hz
Switching frequency at 25 KHz and duty cycle of 0.34
Diode on resistance = 1.2Q, Diode off resistance = 10 KQ
Switch on resistance = 1Q Switch off resistance = 10 KJQ
Source resistance Rs = IQ Load resistance RL = 23Q
Source inductance Ls = 5uH Inductance L = 630uH
Capacitor Cl=l OOOuF Capacitor C2 = 1 OOuF

Measured results are shown in Fig. 14 and 15. It can be seen that simulation and
measurement agree well with each other, thus confirming the validity of the
Norton TL models.

nVcl

Idl

Time (5 msec/div.)

Fig. 12 Simulated capacitor voltage of Cl and output current of rectifier i3
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Software for Electrical Engineering 113

nVc2

I load

Time (5 msec/div.)

Fig. 13 Simulated voltage of C2 and I Joad

Idl

- o

Time (5 msec/div.)

Fig. 14 Measured capacitor voltage of Cl and output current of rectifier i3

— o

Fig. 15 Measured voltage of C2 and I Joad
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114 Software for Electrical Engineering

5 Conclusion

Norton TL stub and link models for reactive components are introduced.
Previous models were based on Thevenin equivalent circuits, which use the
concepts of incident and reflected voltages. Although the Norton models are
complementary to the Thevenin models, their operations are based on incident
and reflected currents. These models retain the obvious physical characteristics
of the Thevenin TL models, yet allowing nodal analysis to be carried out using
the transmission line technique, making it easier to formulate system equations
automatically.
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