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Abstract

The free vibration analysis of plates resting on a two-parameter elastic medium
is studied through a finite element procedure. The associated shape functions
are derived from the solution of a beam resting on the two-parameter medium.
A parametric study is conducted to identify the influence of various factors on
the mode shapes and natural frequencies.

1 Introduction

The study of free vibrations of plates resting on soils, is performed to ascertain
that displacements and stresses induced by cyclic loads, such as random loads
from earthquakes, in machine foundations, on highway and airport pavements
are within design specifications. To render the analysis simpler various
assumptions are made among which the most significant is that the supporting
soil is a Winkler medium. Studies by a number of researchers (Cheung and
Zienkiewiczi; Celep^; Alvappillai and Zaman^ Zaman et al/) have focused on
obtaining the desired governing differential equation (GDE) for the problem.
However, in the vibration of plates instead of the external forces there are
inertial body forces and the GDE has to be modified accordingly. In addition,
a complication arises, when the plates do not have their two opposite edges
supported, in which case trial displacement functions are utilized (AgrawaP).

In an attempt to refine the Winkler model the "two-parameter" model
has been suggested which permitted discretization of the problem into small
elements when using finite element-type solution technique and deriving
stiffness and mass matrices for each element (Alvappillai and Zaman̂ ). A
number of two parameter models are available in the literature; among these the
models proposed by Filonenko-BorodicrA Hetenyi\ Pasternak* and Vlasov-
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584 Earthquake Resistant Engineering Structures

Leontev * are some of the particularly notable ones (Alvappillai and Zaman̂ ).
In these models, except the Vlasov model, the shear interaction between the
individual membrane elements, elastic plate elements or elastic layers are
capable of undergoing pure shear deformation. The Vlasov model, on the other
hand, achieves the shear interaction by imposing restrictions on the distribution
of displacements and stresses in the elastic halfspace (Kerr'°).

In the present study, Bogner's" approach of using a cubic Hermite
polynomial is used to evaluate the desired stiffness and mass matrices for the
thin plate element. However, instead of using the Hermite polynomial to
represent displacements, the shape functions derived by Low'* are employed.
Low's functions were derived from the actual deflected shape of a beam resting
on the Vlazov and Leontiev's elastic two-parameter medium. The stiffness and
mass matrices are then used to develop a computer algorithm based on the finite
element method for the free vibration analysis of plates. A parametric study is
conducted to investigate the effect of various parameters on the natural
frequencies and mode shapes of plates.

2 Finite Element Algorithm

The free vibration analysis of a plate resting on a soil medium using
finite element method (FEM) requires formulation of stiffness and mass
matrices of the plate-soil system. Bogner" used a cubic Hermite polynomial
to model transverse displacement of a beam element (Desai and AbeP). In the
present study, the basic function for a beam is used to model the transverse
displacement of a plate. The plate is discretized by simple elements (Fig. 1) and
having the following degrees of freedom at each node: vertical displacement,
Wj rotation with respect to x-<jxis, 6%, = —; rotation with respect to y-axis, 0y,
= _J1; and torsion 0 ^ = ——, where i represents the node number.

6y 8x8y

This results in a total of sixteen degrees-of-freedom for a quadrilateral
element having four corner nodes. The Hermite polynomials that can be used
as shape functions to represent the displacement characteristics of a one-
dimensional beam in x and y directions can be expressesd as:

NX1 = l-3s*+2s*
NX2 = s*(3-2s)

s = x/a

V *iV (i)

8% a 8j;
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Earthquake Resistant Engineering Structures 585

(2)

where, a and b are the linear dimensions of a plate in x and y directions,
respectively.

By using these shape functions, the displacement field for a plate
bending element can be written as (Desai and AbeP)

NY1

NY3
NY4

= 1
— fof

= t*
= bt

(t-lf

VO

t = ylb
0 < t < 1

' a _ i a

dy b dt

7/70 6 6^ + 7V72 (3)

where Nl, N2,....N16 are functions of NX1, NX2,...NY4.

In the present study, instead of using NX1, NX2,... NY4 that are
applicable to a purely beam bending problem, a different set of shape functions
are utilized that reflect the actual response of a beam resting on a two-parameter
elastic medium and subjected to bending.

To this end, consider the GDE for bending of a beam supported on a
two-parameter elastic medium:

dx*
=0 (4)

where El is the flexural rigidity, w(x) the deflection at a point x, E the modulus
of elasticity (beam), and I the moment of inertia of the beam cross section.

The parameter k, called the moment foundation modulus, is a measure
of the transmissibility of an applied force to the neighboring elements. Also, the
parameter k^ called the Winkler or subgrade modulus, provides a measure of the
tendency of soil medium to deform under an applied compressive stress.

As shown by Selvadurai^ and LovF , by employing the method of
initial parameters, the general solution of Eq. (4) can be written as

(5)

where, A. =d) - <t>4 A = -
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586 Earthquake Resistant Engineering Structures

<J), = cos (aA,x) sinh (//Ax); (̂  = cos (odx) cosh GuAx);

*,
OA,x); $4 = sin (alx) sinh (/uA.x); A, =

4EI

for (k a <, 1; k^=——
sinh(2yH/s

= sin (aAx) cosh

for 0^ yU ̂

and

Here w^ 0o M,,, and NO are the deflection, slope, bending moment and transverse
shear force, respectively, at the left end of the beam (at x=o). Also, H is the
thickness of the soil layer and s is the half-width of the beam. As shown by
Low'", the shape functions for the beam element can be expressed as

N. = A+A-K+A.K.. (6a)

(6b)

(6c)

(6d)

These shape functions, called "basic functions", are used in this study to derive
the components in Eq. (3) for the displacement functions of a rectangular plate
element. Details of the formulation and definition of terms are given by
AgrawaP.

3 Stiffness Matrices

By considering the GDE for a plate resting on a two-parameter elastic medium,
the total strain energy of the element and its variation, the bending stiffness
matrices for the plate element [kp] can be expressed as
where [B]pis a transformation matrix, [Cp] is the constitutive relation matrix, h

a 6 (7)

                                                             Transactions on the Built Environment vol 20, © 1996 WIT Press, www.witpress.com, ISSN 1743-3509 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                           
 
 
                                                                                  
 
                                                                      
 
                                                                                  
 
 
 
 
 
 

                            
                                                                                  
                                                                                  
                                                                                  
 
 

 
                                                                                                                                         
                                                        

 
                   

 
 
 



Earthquake Resistant Engineering Structures 587

where [B]pis a transformation matrix, [Cp] is the constitutive relation matrix, h
is the plate thickness and T represents transpose. Likewise, the stiffness matrix
of the two-parameter foundation soil medium [k]f can be expressed as:

where,

^ [N] a b dxdy (9a)

k [B] a b dxdy (9b)

oy ay

Ctt (9c)

and other terms are given by AgrawaP.

4 Modeling Mass of the Plate

The mass of the foundation soil is neglected here, only the plate mass is used
in determining the element mass matrix. The consistent mass formulation is
used. Accordingly, the element mass matrix is given as

dv (10)

where p is the mass density of the plate material and V is the volume of the
plate element.
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588 Earthquake Resistant Engineering Structures

5 Modal Analysis

By applying the principle of virtual work and the variational principle, the
governing differential equation for a thin plate resting on two-parameter elastic
medium can be written in the form:

[K] (W\ + [M] (w) = 0 (11)

where [K] and [M] are the system stiffness and system mass matrices,
respectively, obtained by assembling the element stiffness and mass matrices.

The generalized eigenproblem for this case can be obtained as

[K] {$} = W) [M] {$} (12)

from which the eigenvector or the mode shapes (j) and the corresponding
eigenvalues w or the natural frequencies of the plate-elastic support system are
determined.

6 Numerical Results

In most numerical analyses only the first few natural frequencies of vibration
and the corresponding mode shapes are important from an engineering design
point of view. Therefore, natural frequencies and modes shapes are determined
here only for the first five modes of free vibration of a plate on a two-parameter
elastic medium. The first five frequencies represent the lowest five frequencies
of the plate. An extensive parametric study was conducted to investigate the
influence of various factors. Only selected results are presented here due to
space limitation. Figure 2 shows the variation of frequency parameter (Q) for
the first five modes of a plate resting on an elastic medium with all four edges
simply supported. The horizontal axis represents the flexibility index that
include variations of geometric properties of the plate, (namely, length, width,
thickness and flexural rigidity), as well as the modulus of elasticity (E) and
Poisson's ratio (//) of the elastic medium supporting the plate (see AgrawaP for
definition of Q and y). Figure 3 shows similar results for a plate resting on an
elastic medium but clamped at all four edges. It is observed that frequency
parameters (Q) for a clamped plate are consistently higher than that of a simply
supported plate, as expected. However, values of the flexibility index are lower
for all modes of vibration. A decrease in the value of the flexibility index can
be attributed to constraining of more degress of freedom in the clamped plate
as compared to the simply supported plate. Constraining the supports also
results in increased stiffness of the clamped plate which causes an increase in
the frequency parameters of the clamped plates. An increase in the frequency
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Earthquake Resistant Engineering Structures 589

parameters at higher modes is also expected.

7 Effect of Loss of Support

Due to the vibration of the plates, the loss of contact between plate and
supporting medium can occur, especially in the case of a small super-structure
supported by a plate resting on an elastic medium. To simulate this effect,
partially supported plates are analyzed and the resulting mode shapes are
compared with those for the fully unsupported plates.

The results for the mode shapes are compared for various values of p
(ratio of the supported length to the total length of plate) with the corresponding
mode shapes of a fully supported along with supports at all four edges. The first
mode of vibration of a fully unsupported plate (P = 0.0) in Fig 4 is compared
with a partially supported plate (P = 0.25) in Fig 5. Because of the elastic
medium support at quarter length of the plate near the right edge (Fig. 5), the
plate is stiffer than a fully unsupported plate which causes a decrease in the
normalized mode shape amplitude near the right edge of the partially supported
plate. Contours of normalized mode shape amplitude in Fig. 5 show a shift
toward the left edge because of the increased stiffness of the plate near the right
edge.

Conclusions

This study has demonstrated that the increase in the flexibility index of the plate
decreases its natural frequency and that such an increase is obtained by
increasing the length to width ratio of the plate. Also, loss of support has
profound effect on natural frequency and mode shapes.
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„ "'*

Figure 1: A Quadrilateral Plate Element With Four Degress of Freedom

FLEXIBILITY INDEX ( j

Figure 2: Variation of Flexibility Index Vs Frequency Parameter for a
Plate Simply Supported at all Four Edges [̂  = 0.45; (}> - 1.0]

100
FLEXB«JTY INDEX ( 7 )

Figure 3: Variation of Flexibility Index Vs Frequency Parameter for a
Plate Simply Supported at all Four Edges [a = 0.45; (J> = 2.0]
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592 Earthquake Resistant Engineering Structures

Figure 4: Mode Shape of Free Vibration of a plate Simply supported at
all Four Edges : 1st Mode [^ = .45; (f) - 1.5; p = 0.0]

Figure 5: Mode Shape of Free Vibration of a Plate Simply Supported
at all Four Edges : [^ = .45; $ = 1.5; p = 0.25]
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