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atmospheric (NĤ SO, particle

Sadataka Shibu^ Suguru Kato\ Yushi Hirata' & Shunsaku

Yagf

* Department of Chemical Science Engineering, Graduate

School of Osaka University, Toyonaka, Osaka 560-8531,

Japan

^Department of Industrial and Systems Engineering, Setsunan

University, Neyagawa, Osaka 572-8508, Japan

Email: yagi@ise.setsunan.ac.jp

Abstract

In order to investigate the acidification process of cloud drops (i.e., acid rain for-
mation) due to rainout (in cloud scavenging) of gaseous pollutants as 882 (g) and
NOx(g)> the non-steady characteristics of the growth of single cloud droplet by con-
densation of the atmospheric water vapor is simulated numerically with use of a
mathematical model. The mathematical model is constituted by the conservation
laws of water mass and heat energy and the state equation of ideal gas. The time
variation of droplet heat Qw is very fast compared with that of droplet mass m^.
Therefore, usually droplet temperature Ta can be treated as in quasi-steady state.
The equilibrium droplet size â  is approximately dependent on the 3/2 power of
the initial radius OgQ of cloud condensation nucleus (NĤ SĈ . Because for large
condensation nuclei it takes considerably long time compared with the lifetime of
cloud to grow up to its equilibrium radius, the conventional Kohler equation may
bring about not a little error in the estimation of cloud drop size.

1 Introduction

Acid rain is formed by rainout (in cloud scavenging) and washout (below
cloud scavenging) of such atmospheric pollutants as sulfur dioxide and ni-
trogen oxide. The scavenging process of washout is considerably made clear
(Shiba et al. [ 1 ] and [2]), but that of rainout is hardly made clear. One of the
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262 Development and Application of Computer Techniques to Environmental Studies

reasons for this is that both the space and the time scales for the process of
the washout can be defined easier compared with those of rainout. The acid-
ification of the cloud droplet by rainout occurs not only in the stages of gen-
eration and growth of cloud droplets but also in the grown-up stage. The rate

of acidification of droplet is supposed to vary with those stages of droplet
formation. Therefore, the phenomena in rainout should be evaluated micro-
scopically. The conventional treatment of the scavenging of the atmospheric
pollutatnts by a macroscopic scavenging coefficient cannot take account of
the time varying rate of droplet acidification in these stages. Then, by the
conventional method the quantitative contribution of the rainout to acid rain
formation cannot be estimated precisely. The contribution of rainout to acid

rain is supposed to be estimated more accurately by accounting the scaveng-
ing of the acidic pollutants during the generating and the growing periods of
cloud droplet formation in the atmosphere. Judging from the conventional
method, this procedure may be seems to be too microscopic to estimate the

rainwater quality on the ground. However, we consider that the mechanism
of acid rain formation is results of the integration of individual microscopic
phenomena and that it is necessary to analyze the cloud droplet formation to

investigate acidification of rain water by in cloud scavenging of the atmo-

spheric pollutats. Then, adopting (NĤ SĈ  particle as a cloud conden-
sation nuclei, the generation and the growth of a cloud droplet is simulated
with use of a mathematical model developed here for this purpose, based on
the physico-chemical phenomena.

2 Modeling of cloud droplet formation

2.1 Condensation of atmospheric water vapor

It is well known that in the atmosphere the excess of water vapor over the
saturated vapor pressure, which is dependent on the atmospheric temper-
ature, condenses into liquid water and forms droplets. Once a very small
water drop is generated, the flux of water vapor flows into the droplet, since
the vapor pressure of the atmosphere (supersaturated) is greater than that of
over the droplet surface (saturated). This process is a homogeneous nucle-
ation and has been studied well from a thermodynamic point of view (Prup-
pacher and Klett [3]). The equilibrium radius &e of the pure water droplet
is given by the Kelvin's equation as:

&e = -z= (1)

where, MW = molecular weight of water (-18 g/mol); a = surface tension
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Development and Application of Computer Techniques to Environmental Studies 263

of water against air (dyn/cm); % = universal gas constant (- 8.314 x l(f erg

/mol / ° K); T = temperature (° K); PW = density of water (g/cm̂ ); epure =
vapor pressure over curved surface of pure water (atm); and esat.pure = sat-
urated vapor pressure over plane surface of pure water (atm). However, if

there exists no cloud condensation nucleus in this process, it is shown using
the Kelvin's equation that the atmospheric water vapor requires to be con-

siderably supersaturated (epure/Csat.pure > 1)
On the other hand, if droplet contains such salt as (NĤ SĈ , H2SO4,

and NaCl, the vapor flux is enhanced to flow toward droplet, since the equi-
librium vapor pressure over an aqueous salt solution is less than that over
pure water (Raoult's Law) as (Atkins [4]):

e = epure • (1 -%s) (2)

where, e - vapor pressure over an aqueous salt solution (atm); and x$ = ratio
of moles of salts to moles of water (-). This means that the higher the salt

concentration (x$) becomes, the more the pressure (e) drops. (NĤ SĈ ,
whose usual size ranges from about 0.1/im to 1 .Ô m, is a typical secondary
atmospheric pollutant produced by the atmospheric chemical reaction of the

primary pollutant gases as NHg(g) and SO2(g) and is highly soluble in water.
(NĤ SÔ  is an adequate aerosol for a cloud condensation nucleus.

The equilibrium radius of cloud droplet due to the condensation of wa-

ter vapor on the nucleus (NĤ SĈ  is controlled by both the curveture and
the salt effects and is estimated by combining eqn (1) with eqn (2).

2.2 Governing equation of model

There are some usefull works for the modeling of the cloud droplet forma-
tion due to the condensation of the atmospheric water vapor (Kulmala et al.
[5], Korhonen et al. [6], Vesala et al. [7] and Mattila et al. [8]).

The governing equations for the droplet formation by the condensation
are composed of the equation of mass conservation, the equation of heat en-
ergy conservation and the equation of gas state. They are given as follows:

(pvoo - /̂ a) = jw (3)

(4)
dt

fti

where, a = radius of droplet (cm); t - time (sec); jw = mass flux of water
vapor (g/s); raw = mass of droplet (g); Dy - diffusion coefficient of water

                                                             Transactions on Ecology and the Environment vol 25, © 1998 WIT Press, www.witpress.com, ISSN 1743-3541 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                           
 
 
                                                                                  
 
                                                                      
 
                                                                                  
 
 
 
 
 
 

                            
                                                                                  
                                                                                  
                                                                                  
 
 

 
                                                                                                                                         
                                                        

 
                   

 
 
 



264 Development and Application of Computer Techniques to Environmental Studies

vapor (cm̂ /sec); £Vx = density of water vapor at TX (g/cm̂ ); Qw = heat of
droplet (cal); AV = thermal conductivity of water vapor (cal/sec/cm/ ° K); T^
= medium temperature (° K); Ta = surface temperature of droplet (° K); Le
= latent heat of phase change (cal/g); 6vx = water vapor pressure at TX (atm);
and T̂ i = universal gas constant (= 82 atm/cm^/mol/ ° K).

Considering the effects of the curvature variation, the temperature vari-
ation, and the salt concentration variation on the vapor pressure over the
drop surface, the mass flux of water vapor jw can be written as:

where, ggat.w - equilibrium water vapor pressure (atm); 5 = saturation ratio
of moist air with respect to a plane water surface (-); and 7^2 = universal

gas constant (-1.858 cal/mol/ ° K). Saturation ratio S and mole ratio x§ are
given as follows:

where, COG = water vapor pressure of surrounding air (atm); v - vant' Hoff
factor (-); n̂  - moles of salt (mol); and n̂  - moles of water (mol). In the
aqueous solution (NĤ SĈ  is dissociated almost completely as follows:

2NH+ + 80̂ - (9)

Therefore, it can be assumed that one mole of (NĤ SĈ  produces two
moles of NHJ" and one mole of SÔ " and that v - 3.

T?IW and Qw are obtained by integrating eqns (3) and (4) simultane-
ously. Once raw is obtained as a function of time t, the time varying radius
of cloud droplet a(t) can be estimated simply as:

In order to compare the rate of time variation of Qw with that of raw, the di-
mensionless times tm. and tq are defined. They characterize the time scales
of raw and Qw variations, respectively.

r t DV - t fcy , , , ,
— 2- i tQ=. _ .2 (11), (1%)CL
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Development and Application of Computer Techniques to Environmental Studies 265

where, Cpw = specific heat of liquid water at constant pressure (cal/g/ ° K).
The ratio of ( to tm is evaluated as:

P\v

A
= 2.40 x 10^ (13)

This shows that the rate of Q^ is overwhelmingly greater than that of raw
Therefore, as a matter of fact Qw is supposed to be in quasi-steady state

from considerably early stage compared with raw Then, approximating as

dQw/dt = 0, from eqn (4) the next relation can be taken:

In reality the value of T*(t} computed by rigorous eqn (4) and that by ap-
proximated eqn (14) are almost the same.

The equilibrium radius a^ can be obtained from eqn (6). As in equi-
librium state the growth of the droplet stops, j^ — 0 in eqn (6). And more,

it is evident that droplet temperature becomes equal to that of the surround-

ings in the equilibrium state, i.e., T& — T^ Therefore, from eqn (6), next
equation can be taken:

w ^
exp ;=— ; -- %s = 3 (15)

\7Z-3 Too Pw&e

The above equation can be rewritten as follow:

If Xs — 0, eqn (16) reduces to Kelvin's equation [eqn (1)]. Approximating
that In,? w S — 1 and substituting eqn (8) into eqn (15), Kohler equation
can be taken as:

S = i + w o- _ 3z/rasMw , ,

It is rather nuisance to solve the above cubic equation with respect to a^. If

the water vapor pressure over the droplet Cgat.w (saturated) can be approxi-
mated to be equal to that of surroundings e^ (supersaturated for condensa-

tion), i.e., S % 1, it is very simple to solve eqn (15) with respect to ae- As in
fact it is said that usually S < 1.01, this approximation is not so unreason-
able one. Substituting eqn (8) into eqn (15) under this approximation, a^ is
given as follows:
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266 Development and Application of Computer Techniques to Environmental Studies

where, nig = mass of salt in droplet (g); and MS = molecular weight of salt

[=132 g/mol for (NHjhSOj].
Initial radius of condensation nucleus is decided from eqn (19). Then,

if 5 ^ 1 , the relationship between the initial radius of nucleus and the equi-
librium radius of droplet can be given as:

, (20)

where, ô o = initial radius of condensation nucleus (cm). It can be seen that
the equilibrium radius of droplet &e is approximately proportional to the 3/2
power of initial radius of nucleus ago-

3 Numerical simulation of condensation

Integrating the governing equations [eqns (3) and (4)], the time variations
of the radius and the temperature of cloud droplet due to the condensation of
water vapor in the atmosphere can be simulated numerically. The variation

of the radius is considerably large, but that of the temperature (in ° K) from
the initial value is very small. Then, the dimensionless radius a(t) and the
temperature increment ATa(t) are defined as follows:

S(f) = - ; ATa(t)=Ta-Too (21), (22)
&e

Although usually the equilibrium radius &e is approximated value, a is ex-
pected to asymptote approximately to unity, because the saturation ratio S
is close to unity. As in this study it is assumed that 5 — 1 for simplicity, the
asymptotic value is exactly unity.

The physical properties used in this simulation are tabulated in Tables
1 and 2. As the variation of drop temperature T& is small, these values are
assumed to be constant in the simulation and are those at 0 ° C.

Table 1. Values of Physical Properties at 0 ° C (1)

(cnf/s)

0.251

fcv
(cal/s/cmr

6x10-

K)
5

Ps
(g/cnf)

1.769

(g/cm̂ )

1.0

a
(dyn/cm)

75.7

/< -> i\ o /•€ o Tf r*l\/\ /v/^ / V/j J—'v/ ^DW
(atm/cnr*/mol/° K) (cal/mol/" K) (erg/mol/° K) (cal/g) (cal/g/°

820 1.858 8314x10^ 597.3 L0~
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Development and Application of Computer Techniques to Environmental Studies 267

Table 2. Values of Physical Properties at 0 ° C (2)

~ê  T̂  5 MS MW Solubility of (NH4)2SO4

(atm) (°K) (-) (g/mol) (g/mol) (g-salt/lOOg-solution)

0.922 273.15 1.0 132 18 41.22

Numerical simulations were done about two initial radii ago of con-
densation nucleus (NĤ SÔ  i.e., 0.1 /mi(10~̂  cm) and 1 /̂ m(10~̂ cm).
Time variation of the dimensionless radius of cloud droplet a and that of the
increment of droplet temperature ATa are shown in Figure 1. Solid curves

are for a, and broken curves are for AT%.
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Figure 1. Time Variations of Dimensionless Radius of Droplet a
and Temperature Increment ATa

(Upper Fig.: t = 10~^ - 10~^ sec and Lower Fig.: t = 10"% - 10 sec).
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268 Development and Application of Computer Techniques to Environmental Studies

From the solid curves of Fig 1 for the initial radius of nucleus o^o —
10~5 cm it can be seen that a (i.e., cloud droplet size) is greatly increased
after about t - 10~^ sec and the increase continues until about t — 1
sec. Then, the increase is gradually weakened and ultimately the droplet
attains its equilibrium size a? at t ~ 25 sec. The droplet growth on larger
condensation nucleus (ô o = 10~* cm) is extraordinarily slow compared
with the growth on smaller condensation nucleus, and the equilibrium state
is attained at t ~ 2.5 x 10̂  sec (— 70 hr), although its equilibrium size

is much larger. Therefore, for the droplets condensed on large nuclei such
phenomena occur in next stage as collision, coalescence, evaporation, and
raining may take place before the droplets get their equilibrium size. In Ta-
ble 3 these equilibrium droplet sizes are tabulated with the time required to
reach the equilibrium state. The numerical results show that the mass flux
of water vapor condensed on (NĤ SÔ  (i.e., ĵ ) increases monotonously
from the begining of the condensation until it gets the maximum value. At

the time ĵ  gets the maximum solid-phase (NĤ Sd* disappears and ĵ
starts to diminishe gradually to zero. When jw gets the maximum value,
the increment of droplet temperature ATa also obtains the maximum. This
is because j^ is the driving force of the increase not only for droplet mass

but also for droplet heat, as can be seen from eqns (3) and (4).

The temperature increment ATa is not so large as seen from the bro-
ken curves in Figure 1. Their values are about 1.30 ° C for smaller nucleus
and 1.35 ° C for larger one, respectively. This suggests that the larger the
nucleus is, the higher the droplet temperature becomes. The maximum val-
ues of ATa for smaller nucleus and larger one (i.e., &so = 10~̂  cm and
&gO — 10"4 cm) are realized at the time t — 5 x 10""* sec and t — 5 x 10~̂
sec, respectively. These times are very short and it is hard to simulate nu-
merically the time variations of droplet temperatures in very early stage.
Anyway the temperature decrease from its maximum is drastically rapid es-
pecially in smaller nucleus. So the measuring of the time variation of droplet
temperature supposed to be considerably difficult.

Table 3. Equilibrium Droplet Radius &e and Maximum Increment
of Droplet Temperature ATa.max

Q'sO &e £().99e ATa.max t ATa. max
(cm) (cm) (sec) (°C) (sec)

10-5 7.765x10-5 -25 1.30 -5x10^

1Q-4 2.456 x ICr^ -2.5 x 10% 1.35 ~ 5 x ItT^

£o.99e - time required to attain 99 % of the equilibrium value ctg

£ ATa. max = time when the maximum value of ATa is realized.

                                                             Transactions on Ecology and the Environment vol 25, © 1998 WIT Press, www.witpress.com, ISSN 1743-3541 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                           
 
 
                                                                                  
 
                                                                      
 
                                                                                  
 
 
 
 
 
 

                            
                                                                                  
                                                                                  
                                                                                  
 
 

 
                                                                                                                                         
                                                        

 
                   

 
 
 



Development and Application of Computer Techniques to Environmental Studies 269

For small nucleus the time variation of radius of solid salt (as) in droplet is

shown in Figure 2. The initial radius of condensation nucleus (0,50) is 10~̂
cm. It takes about 6 x 10~~^ sec for the solid-phase nucleus to disappear

completely (o,g = 0) in the droplet. The large nucleus (â o — 10r̂  cm)
dissolves completely in about 6 x 10~̂  sec (the curve for the nucleus is
not shown in Figure 2). These times required for disappearance of solid salt

are nearly equal to the times when ATa becomes maximum, i.e., tATa.max
(see Table 3). ATa shown in Figure 1 rises monotonously until the maxi-
mum, although its increase is very gradual. It can be seen from the inspec-
tion of numerical results that the temperature continues to rise during the

solid (NĤ SOj exists in the droplet. In this period (NĤ SĈ  concentra-

tion in liquid-phase remains constant to the saturated concentration, because
there is the solid-phase (NĤ SĈ  in the droplet. The begining of the tem-
perature decrease corresponds to the complete vanishment of solid-phase

(NI-L̂ SOj from the droplet. It also corresponds to the start of the decrease
in liquid-phase (NKLĵ SĈ  concentration due to dilution by condensation
of liquid water. The decrease of ATa, which starts after the vanishiment of
solid (NĤ SOd, is very rapid compared with the increase. Ultimately the

droplet temperature Ta is lowered to the atmospheric temperature TOO-

10"
T1ME t (sec)

Figure 2. Time Variation of Radius of Solid

4 Conclusions

in Droplet

From the numerical simulation of the generation and growth process of cloud
droplet due to the condensation of atmospheric water vapor on (NĤ SĈ ,
it is supposed that the trasfers of the water mass and the heat enery into
droplets are greatly dependent on the salt concentration of droplets.
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270 Development and Application of Computer Techniques to Environmental Studies

It may be concluded that:

(1) Comparing the rate of temperature variation with that of mass variation
of droplet, the rate of temperature variation is very fast and in fact the tem-
perature can be approximated to be in quasi-steady state;
(2) The larger the initial condensation nucleus dgo is, the larger the equilib-
rium droplet radius o-e becomes;
(3) If the saturation ratio of the atmospheric vapor pressure is close to unity
(i.e., S ~ 1), &e is approximately proportional to the 3/2 power of a§o;
(4) For large nucleus (e.g., &so — 10~* cm), the time to get to the equilib-
rium state is considerably long (about 70 hr for 10""* cm) and then there may
exist error in the estimation of droplet radius by the Kohler equation; and
(5) When the solid portion of salt originated from the condensation nucleus

disappears and the liquid-phase salt concentration begins to dcrease from
the saturation, the droplet temperature also starts to dcrease.
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