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Abstract

The paper presents a new approach on mixed Neumann/Dirichlet boundary
conditions in a finite element code for two- and three-dimensional flow simulations
in irregular domains based on the Projection-2-algorithm [1]. The new approach is
based on the following idea: In a first step the momentum equations are solved
neglecting all Dirichlet boundary conditions on the mixed boundary nodes.
Thereafter the velocities at the mixed boundaries are projected in the specified
direction. In a second solution of the momentum equations, these projected velocities
are now used as Dirichlet boundary conditions. Finally the projection of the
calculated velocities in the divergence free subspace is done. The verification of the
approach is shown as well as the problems of this method, which occurred at the
practical application. The results of the developed method are compared to the
results with other mixed boundary condition approaches. As a practical application,
the simulation of the flow processes in a rotating annular flume is presented.

1 Introduction

The simulation of viscous flow phenomena is based on the coupled
equations for mass conservation and the Navier-Stokes equations. In general
it is not very efficient to solve all equations simultaneously, instead it makes
sense to decouple the equations with an appropriate approach, such as it is
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634 Computer Methods in Water Resources XII

done with the projection algorithms [1]. Then a decoupled solution of the
three momentum equations and the pressure poisson equation is possible. In
general the momentum equations are specified in the three cartesian
coordinate directions. This causes problems, if the boundaries are not in the
cartesian coordinate directions and a slip flow boundary condition or a
logarithmic law of the wall shall be considered. In this case Dirichlet
boundary conditions have to be defined in the normal direction (v; = 0) and
Neumann boundary conditions are used for the tangential directions. Solving
the momentum equations in the coordinate directions then leads to mixed
Neumann/Dirichlet boundary conditions, which need special treatment in

the numerical approach.

2 The Mixed Boundary Condition Approach

2.1 Normal/Tangential Directions

The first problem is to define the correct normal/tangential directions at
each node of a finite element boundary. Engelman et al. [2] developed a
formulation for the normal and tangential direction based on the
introduction of the finite element shape functions in the mass continuity
equation. In three-dimensional space this leads to the following formulation

of the normal direction n

„,=-!-
' "J o j a j a

fO(pj
with n- - J ——j \ j rt\

VVn °*

where (p: is the shape function at the boundary node j and n is the modeling
domain.

If at a boundary node the type of the boundary condition is changing (for
example from a slip flow boundary to an open boundary), the normal
direction of this boundary node cannot be calculated by (I), but needs to be
evaluated only with respect to the neighboring elements. Also it has been
reported [3] that (1) does not work correctly, when quadratic shape
functions are used in three-dimensional space. In this case a geometric
approach for the determination of the normal directions is preferable. Then
the normal direction is calculated as a weighted average of the normal
directions of each neighboring boundary area:
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Computer Methods in Water Resources XII 635

where r is the number of neighboring boundary elements (at the node j) with

the element boundary area Fr, and njj is the component of the normal vector

at the node j in the cartesian direction i = x, y, z. A problem with this

approach exists on curved boundaries, the calculation of the vectors n^ and

the element boundary areas I~V has yet only been investigated on non-curved

grids. No matter which approach is used to determine the normal directions,
the tangential directions (in 2D one tangential direction, in 3D two
tangential directions) can be calculated by vector spate products.

2.2 Mixed Neumann/Dirichlet Boundary Conditions

Several approaches to solve the problem of mixed boundary conditions in
non-regular domains have been reported. Hutton [4] and Hutton & Smith [5]
used wall boundary elements with special shape functions, which should
model the logarithmic velocity profile in these elements. But as the elements
did not fulfill the mass continuity restriction and also caused stability
problems, no further work with this element type was carried out. Benim &
Zinser [6] and Ruprecht [7] avoid the mixed boundary conditions problem
by using Dirichlet boundary conditions also for the tangential directions.
The tangential velocity boundary conditions are thereby calculated from the
wall stresses of the last time step together with the logarithmic law of the
wall.

The new approach shown in this paper is implemented as follows in the time
loop with the time step At:

• Solve momentum equations only with Neumann boundary
conditions on the mixed boundary nodes.

9v| _ 3v- 3P 9^Vj
-— + v i — = - - + V — j- + f - (3)
9t ^9xj 9x, ax/

with Vj : non divergence free velocity, P: kinematic pressure,
v: kinematic viscosity, f\: body forces

• Projection of v- on mixed boundaries into the tangential directions
of the boundary nodes

v,,j=Vtj,j (4)

with vy: tangential velocities (j = 1 in 2D, j = 1,2 in 3D),

ty: tangential unity vectors (i: cartesian component of the vector)
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636 Computer Methods in Water Resources XII

Projection of Vt j on mixed boundaries into the cartesian directions

(5)v = v • t •i,new t,j i,j

Solve momentum equations only with Dirichlet boundary
conditions v- ̂  on the mixed boundary nodes

9V: 9V: 9P 3^V:
--1-+V. —+- = -- + V 7+f: (6)
at •* aX: ox- dX:

Projection of the calculated velocities v- on the divergence free
subspace by calculating the Lagrange operator (p

9 cp 9v;
"^ = ̂  » (7)

calculating the divergence free velocities
9cp

V- = V- — ,
dx-

and actualizing the pressure

Pnew =^old+^[,

(8)

(9)

Here the time loop continues. An iteration over the equations (3) to (9) is
possible but wasn't necessary in finding a solution.

3 Verification Examples

Several different verification examples were calculated with slip flow
boundary conditions in domains with edged or curved boundaries. Some of
the domains are shown in Figure 1.

Fig. 1: Discretizations of an edged (left) and a curved (right) domain.
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Computer Methods in Water Resources XII 637

At the inflow on the left hand side Dirichlet boundary conditions are

specified with constant velocities only in the x-direction, the outflow area is

specified as an open boundary. All other boundaries have slip flow in the
tangential direction and are treated as mixed Dirichlet/Neumann boundary
conditions with Dirichlet boundary condition Vn = 0 in normal direction and
Neumann boundary condition T = 0 in the tangential directions. Figure 2
shows the steady state velocity fields for the edged domain. It can be clearly
seen that the velocities at the walls are always tangential to the walls. Mass
control between inflow and outflow showed total mass conservation. In
general all tests showed this behavior, therefore the verification was
successful with one exception which is shown in Figure 3. In this test
example the domain was completely rotated in space, so that no wall was
tangential to any of the cartesian directions. In this test example the
projection of the first time step could not find any solution that makes sense,
as it is illustrated in Figure 3.

Fig. 2: Test examples velocity fields (left: horizontal cut, right: 3D-view)

Fig. 3: 3D-view of the calculated velocity field for the curved test example
rotated in space (after the projection of the first time step

No explanation for this behavior has yet been found. Especially irritating is
the fact, that the same constellation gives correct results, when the mixed
boundary condition wall is tangential to only one cartesian direction. From
the opinion of the authors this seems to be a problem of the used solver,
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638 Computer Methods in Water Resources XII

investigations of this problem are still going on. Anyhow, as the verification
for problems with walls tangential to at least one cartesian direction was
successful, an application of the algorithm to a real problem could be set up.

4 Numerical Simulation of an Annular Flume

The new mixed boundary condition approach was used in a large eddy
simulation of an annular flume (Fig. 4), which is used at our institute to
observe sedimentation and erosion and to determine their parameters. The
bottom and the side walls of the annular flume rotate clockwise, while the
top of the flume rotates counter clockwise. This leads to a flow behavior of
the Couette type, so that erosion and sedimentation processes can be
observed without disturbing pumping installations [10].

Fig. 4: Annular flume: photo and discretized area

The data of the simulated test are: Number of revolutions: bottom and side
walls [in 1/min]: -2,0; Top: 3,6. Flume geometry [in m]: depth: 0,175; inner
radius: 1,5; outer radius: 1,75. For the numerical simulations a large eddy
model was used [9] with the large eddy constant Cg=0,l and the filter width
calculated with an adjoint volume approach which has shown to be
consistent with the large eddy finite element formulation.

(10)

Vij: node related element volume, m;: number of related element volumes.

The following boundary conditions were chosen: at the top and bottom walls
we used the logarithmic law of the wall, at the side wall ,,slip flow"
boundary conditions were used, which led to mixed boundary conditions at
these walls. The outflow boundary was simulated as an open boundary and
for the inflow boundary periodic boundary conditions were chosen. To
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Computer Methods in Water Resources XII 639

avoid backward flow through the outflow boundary, the coordinate system
for the numerical simulation was of Lagrangian type and rotated together

with the bottom and side walls with -2,0 revolutions per minute. Therefore
also Coriolis and centrifugal forces had to be considered in the simulations.
Time step length was 0,02 s.

In general the simulations showed a good agreement with the measured flow
field. As one example Figure 5 shows the comparison of time averaged
secondary velocities in a vertical cross section, which are extremely
important for sedimentation and erosion behavior. The typical secondary
eddies are calculated, but differ more or less in their extension compared to
the measured values. Anyhow, these simulations gave much better results
than the simulations with ,,no slip" boundaries at the side walls, which were
carried out before.

Fig. 5: Comparison of secondary velocities in a vertical cross section (inner
wall on left side); left: measured values; right: simulation results

5 Conclusions and Outlook

An new approach for mixed Neumann/Dirichlet boundary conditions for
finite element flow simulations with projection algorithms in irregular
domains was developed and verified. The approach was used to simulate the
flow in an annular flume and showed a good agreement with the measured
velocity field. The approach shows some stability problems, especially if the
walls have no tangential direction parallel to a cartesian direction. More
investigations are necessary to overcome this problem. Also the use of
logarithmic law of the wall boundary conditions as a mixed boundary
condition has yet not been performed but will be investigated in near future.
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