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based on the finite difference lattice
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Abstract

A model of the lattice Boltzmann method for non-Newtonian fluids was
constructed. The shear stress of purely viscous but non-elastic non-Newtonian
fluid is a function of shear rate only. For the power-law model, only two constant
parameters can cover shear-thinning and shear-thickening fluids. Two power-law
models are introduced to the finite difference lattice Boltzmann method. One is a
model in which the collision parameter (the relaxation time) is determined as a
function of the shear rate, and then the viscosity changes point by point
according to the shear rate. For the other model, the effect of the variable
viscosity is introduced as an external force which is determined by the local
shear rate. Two-dimensional channel flow between two parallel plates was
calculated by using the above two models. Both models are shown to give
satisfactory results. However, some discontinuity appears in the calculation by
the former model that is due to instability of the calculation. For the latter model,
smooth velocity distributions are always obtained. The shear rate is estimated by
the second order and fourth order central finite difference scheme, but the
accuracy of the velocity distribution is to first order. A model in which the
normal stress can be introduced by the shear is being constructed in the same
manner. The normal stress was given by introducing the single mode Giesekus
constitutive model to the finite difference lattice Boltzmann method.

Keywords: finite difference lattice Boltzmann method (FDLBM), non-Newtonian
Sfluids, power-law model, Giesekus model.
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1 Introduction

The lattice Boltzmann method (LBM) is a computational tool to analyze a
thermal viscous fluid [1-4]. In particular, calculations of the flow within
complicated porous media and the multi-phase flow are effective [5]. Recently,
some models of LBM for purely viscous but non-elastic non-Newtonian fluid are
proposed. The flow between parallel plates and open cavity flow were analyzed
by Gabbanelli et al. [6] with the constructed LB model for the non-Newtonian
fluid, and the examination about the calculation accuracy of the model was
performed. Sullivan et al. [7] analyzed the detailed behaviour of the non-
Newtonian fluid in three-dimensional complicated porous media. Their LB
models gave the viscosity locally by determining the collision parameter (the
relaxation time). The collision parameter was determined according to the shear
rate. However, the relaxation time has a direct relation to the calculation
stability, and the stability of the calculation is not enough. Yoshino et al. [§]
presented the LB model for a non-Newtonian fluid using the Lattice Kinetic
Scheme (LKS), in order to improve the problem. They analyzed the Darcy law of
a two-dimensional porous media, and obtained the appropriate result.

In this paper, the non-Newtonian model of the finite difference lattice
Boltzmann method (FDLBM) is presented. The viscosity of the non-Newtonian
fluid was given using the relaxation time and the external force. The channel
flow between two parallel plates was calculated by using the constructed models.
Normal stress plays an important role in the non-Newtonian viscoelastic fluid.
The model which can generate the normal stress was also constructed in the
same manner using the external force.

2 Numerical method

The original two-dimensional and three-dimensional isothermal models (the
D2Q9 and D3Q15 model [9]) are presented briefly in section 2.1. The introduced
non-Newtonian model is presented in section 2.2. The power-law model is
introduced for the non-Newtonian purely viscous fluid. The power-law model
has only two constant parameters, and can cover shear-thinning and shear-
thickening fluids [10]. The single mode Giesekus constitutive model is used for
the viscoelastic fluid [11, 12]. The Giesekus model is a popular choice for
several flows [13, 14]. For example, it is known that the Giesekus model is
useful for describing processing flows of polymer solutions.

2.1 Finite difference lattice Boltzmann method (multi particle model)

A discrete BGK equation for the FDLBM is written as follows with the
distribution function fik (x,¢) having the particle velocity ¢,

k
%+cin[k = 1
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WIT Transactions on Modelling and Simulation, Vol 46, © 2007 WIT Press
www.witpress.com, ISSN 1743-355X (on-line)



Computational Methods and Experimental Measurements XIII 269

where @ is the collision parameter (the relaxation time) and fqu is the local

equilibrium distribution function chosen to satisfy the Navier-Stokes equation
(refer to [9]). Macroscopic variables on each lattice site are defined as

pk _ zf;k — Zf;eqk (2)

zpku = Zf[kci = foech[ 3)

for, respectively, the density, the momentum. For the finite difference lattice
Boltzmann method, the governing equation is discretized, so the corresponding
calculation procedures are given as follows. The time integration is performed by
the second-order Runge-Kutta method and the third-order upwind scheme is
employed for space dispersion of ¢, Vf;.

2.2 Non-Newtonian model

2.2.1 Power-law model
The constitutive equation of the viscosity of the power-law model is given as

4)

77:770‘7}

where 77, and 72 are the parameters of the power-law fluid. 7 =1 corresponds
to the Newtonian fluid in eqn. (4). Then, 7, is the coefficient of the Newtonian

viscosity. n>1 corresponds to the shear-thickening fluid. # <1 corresponds to
the shear-thinning fluid which decreases the viscosity coefficient when the shear

rate becomes larger. The shear rate ¥ has a relation to the symmetrical rate of
strain tensor D_ 5 8s follows

y:\lDaﬂDaﬁ (5)
D,, =L Yo, O 6)
>z Ox, ﬁxﬂ

where the subscript a and B represent the Descartes coordinates and follow the
summation convention. The velocity gradient ou, / Ox , was derived by using the

second order central difference scheme. The power-law model is introduced to
the collision parameter ¢ and the external force Fa""w"””“w as follows

¢=3n (D209), ¢=%77 (D3015) (7)
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Fpawer—law — _i n % + i n a ua (8)
“ ox, | ox, ) o G
xﬂ Xﬂ xﬂ x/,

7, is the original viscosity as the Newtonian fluid in eqn. (8). The above force is

introduced to the local equilibrium distribution function in eqn. (3) by replacing

> pu, > p" (u, +4F,) 9

2.2.2 Single mode Giesekus constitutive model
Here the viscoelastic fluid model proposed by Giesekus is shown briefly. The
constitutive equation is

v A
+/Iraﬂ+a77—z'azrlﬂ =21,D,, (10)
0

Ta/}

where 7, Tepresents the stress tensor. The non-linear term T, Top is a key role

in the Giesekus model. & is the mobility factor (0 <a< 1) . A is the relaxation

\4

time of the viscoelastc fluid. 7, , Tepresents the upper convected derivative as

TV :aT“ﬂ+ armﬂ—au"z' -7 Oy (D
e Foax, ox, T ox,

The above equations correspond to the Giesekus model with non-considering the
infinitesimal viscosity in the shear rate y — 0. The Giesekus stress is introduced

to the external force in the same manner with section 2.2.1. The total stress O
of the Giesekus fluid is O = —Pé‘aﬂ +7,,- Hence, the external force can be

written as follows:

_ oo
Fg}gzesekus — _a[_Pé‘aﬂ + 77] auaJ + _ap (12)

ox, Oxy ox,

3 Result and discussion

3.1 Channel flow between two parallel plates

The channel flow between two parallel plates was calculated by using the two
introduced power-law models. The exact solution of normalized velocity
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Figure 1: Normalized velocity profile near one of two parallel plates. The
power-law exponent of the fluid is n=0.50 (shear thinning). Full
symbols correspond to the external force (EF) model, and blank
symbols correspond to the collision parameter (CP) model not
giving the extrapolation of non-equilibrium distribution functions
on the plate boundary.

s

u, =u (x)/uem ean 18 Written in eqn. (13). u

exa exa

represents the mean

exa _mean

velocity between two plates.

B (13)

c o 2n+l ‘2
«=207 T

where L represents the distance between two parallel plates. The external force
model could give us the satisfactory velocity distribution, but the collision
parameter model made a discontinuity of the velocity distribution near boundary
in fig.1. The velocity discontinuity on boundary is the conventional characteristic
of the FDLBM. This problem is improved by the below-mentioned technique.
The distribution functions f*(x) on the plate boundary are given the

extrapolation of non-equilibrium distribution functions as
SE®) = £+ [ 21 (x+ Ax) = £ (x +24x) | (14)

The calculation result with the above technique agreed with the exact solution
even if using the collision parameter model (fig.2). The evaluation about the
external force model is described below. The satisfied velocity distribution was
obtained in the parameter # changed from 0.5 (shear-thinning fluid) to 1.5
(shear-thickening fluid) as shown in fig.3.
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Figure 2:  Normalized velocity profiles between two parallel plates. The
power-law exponent of the fluid is n=0.50 (shear thinning). Full
symbols correspond to the external force (EF) model, and blank
symbols correspond to the collision parameter (CP) model. The
distribution functions on the plate boundary are given the
extrapolation of non-equilibrium distribution functions.

The accuracy of the velocity distribution was checked. The error norm in the
steady flow (the velocity fluctuation become smaller than 10™) was defined as

) Z u*(x)—u:m (x)‘
error = z u:m (x)‘

X

x100 [%] (15

where " ( x) is the velocity normalized by the mean velocity. The shear rate is

estimated by the second order and also fourth order central finite difference
scheme. The error norm in the highest resolution of lattice was about 0.02%, but
the accuracy of the velocity distribution is the first order as shown in fig.4.

3.2 Shear flow of two component fluids on gravity field

The shear flow with the free surface is simulated by using the introduced
Giesekus model. The moderate diffusion scheme proposed by Latva-Kokko and
Rothman [15, 16] was introduced to the FDLBM in order to simulate the
behaviour of two immiscible phases. The governing equation (1) becomes

k
2/ +e Vi = L

R VYA NV B

WIT Transactions on Modelling and Simulation, Vol 46, © 2007 WIT Press
www.witpress.com, ISSN 1743-355X (on-line)



Computational Methods and Experimental Measurements XIII 273

3]

O
T ALARGY

—
T

exact solutions
n=0.50
n=0.75
n=1.00
n=1.50

Ooowro

Normalized Velocity u/u, e,

02 04 06 08 7
Normalized Distance x/L

Figure 3:  Normalized velocity profiles between parallel plates for different
power indices by the external force model of the power-law fluid.
The solid lines represent exact solutions.
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Figure 4: Error norms of the channel flow between parallel plates with
Ax=1/20, 1/40, 1/80 by the external force model. A represent
results of the 2™ order central finite difference scheme for
estimating the shear rate. ® represent results of the 4™ order central
finite difference scheme. The grey solid lines indicate inclines of
the order.
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where f[’k is the re- distribution function as follows:

G _ PePy eqG(0) | feaN(0) _

/ pG+pN (f o ) (pG+pN)2 (fl +fl ) I 7)
N Ps Py eqG(0) | £egN(0)

/ PG+PN(f . ) (pG+pN)2(f’ i )

where subscript N and G represent the components of the fluid. The parameter
controls the thickness of interface. f*(' is the zero-vector local equilibrium

distribution function. ¢ represents the angle between the particle direction and
normal direction of the interface. The angle was determined as follows:

G-c
[G]-[c,] Icl

Zc [ (x+¢,)-p (x+c[)] (19)

(18)

c0s¢)|

Fig.5 shows the three-dimensional calculation domain. The calculation grid was
9x31x31. The periodic boundary was employed in the x-direction, and the other
boundaries were non-slip condition. The right side boundary in fig.5 moved at
the velocity Uy=0.05. Fig.6(a) is the pressure profile at the parameter a=1.0 and
A=10000. It is shown that the pressure near a right-hand side boundary becomes
large by the normal stress produced by the shear. Such pressure distribution in
the Newtonian fluid is not seen (fig.6(b)). When the calculation time passed, the
calculation became unstable.

4 Conclusion

The model of the finite difference lattice Boltzmann method for non-Newtonian
fluids was presented. For purely viscous fluids, the power-law model is
introduced to the collision parameter and the external force. Some discontinuity
of velocity distributions appeared by using the collision parameter model in the
two-dimensional channel flow between parallel plates. The stability of
calculation was not enough. The external force model allowed us to obtain
smooth velocity distributions. The single mode Giesekus constitutive model for
viscoelastic fluids was also introduced in the same manner as the external force
model. The normal stress appeared in the shear flow on the gravity field.
However, the calculation was unstable. In the future work, the infinitesimal
viscosity of the Giesekus model will have to be considered for improving the
stability of calculation.
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Figure 5: Calculation domain (grid number 9x31x31). The boundary
condition of x-direction is the periodic. The other boundaries are
non-slip solid walls. The velocity Uy=0.05. The Giesekus fluid is
given the gravity force g=0.0001.
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Figure 6: Comparison of the pressure fields between the Giesekus fluid and

the Newtonian fluid. The parameter a=1.0, A=10000.
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