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Abstract

We consider the implied volatility surface to characterise agents belief of the future
evolution of stock price returns. However, today’s market prices do not provide us
with the right future anticipations of the stock price process. This is because the
implied volatility surface is neither stationary nor Markovian. It is therefore natural
to model the evolution of the implied volatility surface directly.

Our goal is to model the implied volatility surface with general dynamics by
relating its future evolution to an observable stochastic process and by adding
noises. We choose to link the stock price process to the implied volatility which
implies that the volatility surface is dynamically modified according to stock price
realisations.

We model the stock price process discretely and using conditional expectations
we define its joint distributions. We calibrate the transition matrices to historical
data augmenting our filtration set by adding past vanilla option prices. To satisfy
the absence of arbitrage opportunities, we will impose that future smile surfaces
are compatible with today’s prices of calls and puts. Also, defining a determin-
istic smile surface means defining a future deterministic density for stock pro-
cess. Therefore, a natural condition would be to impose that the future density is
actually a conditional density. That is what we will formalise as the Kolmogorov-
compatibility condition.

We then apply our approach to the pricing of forward start and cliquet options
and show that the forward volatility has to be higher than the spot volatility because
of the risk attached to such products which is not taken into account in today’s
information.
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1 Forward start call option pricing

In this section, we provide the implied volatility surface with general dynamics.
It means that we no longer consider the future implied volatility surface static i.e.
a function of today’s one. We link the future implied volatility to an observable
stochastic process. A natural idea is to have the surface depends on the stock price
process. Strong of this result we derive the consequences of such an hypothesis
on European forward start call option and cliquet pricing. The problem with pric-
ing such derivatives is actually that today’s market prices do not provide us with
the future anticipations of the stock price processes. This is because the implied
volatility surface is neither stationary nor Markovian. Basically, it means that if we
denote by ¢( today’s date and ¢; and to two future dates with to > ¢ > ¢, market
prices do not directly give us the probability density function (pdf) ®(St,|Fz, )
where F;, can be considered all available information at time ¢;. Yet the knowl-
edge of this function is of fundamental importance if we want to price forward
start call options.

Rebonato [8] explains that if no arbitrage violation is to be allowed there is an
infinity of solutions for the future conditional deterministic density, which means
that the future is unknown and cannot be derived from today’s information. There-
fore, in the rest of the article we will look at a general form of smile dynamics and
deduce implications on its pdf form.

We place ourselves in a perfect market where there is a riskfree investment
opportunity with constant interest rate » and where an underlying stock and plain-
vanilla calls of all maturities and strikes are traded. The strikes span a continuum
of values, whereas the maturities of plain-vanilla calls and put belong to a set
{ti}i=0,...,~v The model is set up in a probability space (€2, (F;)i>0, Q). Q is the
martingale measure under which discounted price process are martingales.

1.1 Pricing

Let’s denote C¥'(to,t1, k,T) the value a time ¢y of forward start call starting at
time ¢, with risky strike £S;, and maturity 7. The No Arbitrage conditions lead to

C(to,t1,k,T) = e "TE (S — kSy,)T| F, )

if we look at forward start call option with pay-off (St — kS, )*.
By conditioning the forward start option with information available at time ¢;
i.e. by Fy, we get

CF(to,t1,k,T) = e " TR (E ((Sp — kS, " | Fuy) | Fro)

We now consider a general form of implied volatility surfaces. We assume that
the implied volatility is stationary in time once it has been related to the stock
price process. It means that the implied volatility surface is only driven by the
stock process S and time to maturity 7" — .

(H) VT Vt<T, VK Su(K,T)=3%(S;K,T—1). (1.1)
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Recall that the implied volatility for a given strike and maturity is the number
that plugged in Black and Scholes formula fit the European call market prices.
So, our assumption may be rewritten

(HVTVt<T, VK C(t5:, K, T—1t)=Cps(St, K, T —t,%(S:, K, T — 1))
(1.2)
Note that this hypothesis implies that European call prices are not time-
dependent i.e. do not depend on current time but are stock dependent.
As there exists a one-to-one relation between the implied volatility surface X
and the pdf ¢ with respect to the Lebesgue measure ) , defined as the function
such that for any set S the probability that S;, € S at ¢ given Sy, at ¢ is

/ ¢(St1 yt1, Sto ) to)dstl
S

the current stock evolution directly influences its future increment pdf, which
means that economic agent anticipations are dynamic. Linking stock prices and
smile is to say that the smile effect, which characterizes agent beliefs for future
evolution of the stock, is dynamically modified according to stock realisations.
This is a way of modelling dynamic, i.e. rational anticipations.

A consequence of such an hypothesis (1.1) is that call prices are all determined
by stock level and consequently that the stock process S holds the whole mar-
ket risk. Basically, the o-algebra F;, which is a priori the o-algebra engendered
by {nu,u < t} where n, = {S, U U 7 C(u, Sy, K,T — u)} coincides with
o(Sy, u < t) for , is fully determined by Sy, :F; = o{n,,u < t}

Therefore CF (tg, t1,k,T) = e " Tt E (E ((Sp — kSt )| St, ) | St, ). Intro-
ducing the pdf ¢ we get

CF(to,t1,k,T) = e "I'~10) /]E((ST —kS1,) | Sty = 21)@(w1, t1, Sy, to)dary

(1.3)
Now, E ((St — kx1)T| St, = 1) = [(wp—kx1) T d(xr, T, 1, t1)dzr. As we
linked the implied volatility surface X to the stock level S; and the time to maturity
T —t and as there exists a one-to-one relation between the implied volatility surface
Y and the pdf ¢, we can consider ¢ a function ¢(., T, St, t) of stock level and time
to maturity. It actually means that, given Sy, , ¢(., T, St,, t1) is known.
We can now compute the quantity E ((Sy — kxz1)™| S, = z1) for any money-
ness k. Speaking in Black and Scholes words, we have:

E((S7—kx1)T| Sy, = 1) = er(Tftl)C’BS(ml; kxy, T—ty;r, X(xr; ke, T—t1))
Therefore we can rewrite Equation (1.3)
CF(to,t1,k,T) = e "(ti—to) /C’Bs(xl; kx1,T —ty;r, X(x1;kxr, T — t1))
X ¢(x1,t1, S, to)dr1

= e T IR[Cpg(Sy,: kS, T — t1;7, (St 3 kSy,, T — t1))]
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which implies that the forward start call option price is given by the discounted
expectancy under pricing measure QQ of future European calls prices starting at 1
and fixing at T". Note that these products do not exist and cannot be priced today
unless we make assumptions on future anticipations. This is actually what we are
doing here.

Remark 1.1 In a Black and Scholes world, we assume that the increments of pro-
cesses In(S) are stationary and independent. Therefore, classic call and forward
start call with same time to maturity and same moneyness have same value.

1.2 Point on Kolmogorov-compatibility

To avoid arbitrage opportunities, it is natural to impose that future smile surfaces
are compatible with today’s prices of calls and puts. Since defining a determin-
istic smile surface o (¢, T, K, S;) means defining a future deterministic density ¢
for stock process, we would impose that the future pdf is actually a conditional
density. Without doing any assumptions apart from that of no arbitrage oppor-
tunity, using the relation between prices and pdf we have C(t, K, t1 — to) =
Eir(tlito)(ﬁ([(7 t1, Stm to)

By definition C(t, K, t1 — tg) = Cps(Sty; K, t1 — to; 7, B(Sty; K, t1 — to)) we
have

0?°C _ 9°Cps | 9°Cps 0% [0°Cps | 9°Cps 0% 8_§3+8035822
OK?2  OK? OKOY OK OK oY% 0K? 0K | 0K 9y 9K2

For the sake of clarity we denote by © the right-hand-side operator.
We will say that if a future deterministic conditional density (or smile surface)
defined as

@(SO;K7T_tO;r7U(tO7T> K7 Sto)) = /G(SO7K7t1 _tO;r7U(tO7t17K7 Stg))

xO(Se; K, T —ty;7,0(t1, T, K, St,))dSy, (1.4)

is satisfied, then it is a Kolmogorov-compatible density. Therefore, given a current
admissible smile surface, if the future smile surface is Kolmogorov-compatible no
model-independent strategy can generate arbitrage profits.

There is in general an infinity of solutions for ©(S;,; K, T — t1;r, o) such that
Equation (1.4) is satisfied. Therefore, even if we require the smile surface to be
deterministic, there still exists an infinity of future smile surfaces compatible with
today’s prices of calls and puts. From the constraint previously defined, the condi-
tional density should be chosen so has to be consistent with its historical level.

2 Statistical dynamics

In this section, we model the implied volatility > with dynamics based on a sta-
tistical analysis of its behavior through time. We first need to infer a shape from
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the volatility surface in accordance with market observable data. A natural choice
would be to do a Taylor expansion up to the second order of the implied volatility
surface around the money forward level.

However, we consider the shape defined below for the smile with strikes
between 25% and 150%

2
Ft,T—t,X,Y,Z; K) = X,—Y; 1In <%T(t)> +7, <ln <%T(t)>> 2.5)
t t

where X, Y; and Z; denote respectively the vol ATM, the skew and the curvature
of the smile. Of course, the smile needs to be caped in the lowest and highest
strikes in order to avoid any arbitrage opportunity.

We need now to provide these parameters with dynamics. The fundamental idea
is to say that these three parameters are led by the spot process S;, for the spot
process holds the whole market risk. We then need to infer a shape for the three
functions X (S;), Y'(Sy) and Z(Sy).

Plotting X, Y; and Z; against S, leads to consider the following models:

X: = exp(ay + bS5t +¢7),
Y, = exp(ay +bySt +€f),
Zy = explay+b,S: +¢€7).

where €7, £} and €7 are error processes.

At this point we would need to estimate the model parameters. The ordinary
least squares (OLS) means that we suppose that the error processes are white
noises and then that an exogen perturbation of the stock has no consequence on
the future option values. All the generalized Durbin-Watson tests performed on
the data reject the hypothesis for white noise. So we introduce dynamics on the
errors in order to capture this effect. We now consider the generic model:

log(&) = a5+b55t+5§7
L R B

uj ~ WAN(0,(0%)?)

where the notation u; ~ WA (0, £2) indicates that u; is a white noise.

To estimate the parameters of the model we initially fit an high-order model with
many autoregressive lags and then sequentially we remove autoregressive parame-
ters until all remaining autoregressive parameters have significant ¢-fests. To fit the
model an exact maximum likelihood method is used. This method is based on the
hypothesis that the white noises are normally distributed, which is in accordance
with the Kolmogorov test for normality. Of course, at time ¢, sfj_ ho sz:_ ;, and 5tZ+ h
are not observable. So at time ¢ we cannot observe Xyyp, Y4, and Z;qp. Sup-
posed that we observe implied volatility from time O to time ¢ and that we want
to compute the smile at time ¢ + h. As S is an exogenous variable, the model val-

ues will be computed as log (ft+h) = E (log (&+n) | (Sk)o<k<t+hs (Er)o<i<t)
whence IOg(ét-'rh) = ag + by Siqn + ]E(Eerh‘ F).
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Table 1: Results of calibration for the Vol ATM with(MLE) and without(OLS)
autoregressive error.

Vol ATM Skew Curve
OLS | MLE OLS | MLE | OLS | MLE
Total R? | 0.9316 | 0.985 | 0.9258 | 0.9738 | 0.429 | 0.671

Table 2: Results of calibration with autoregressive error for the period 2002/08/1 -
2002/12/30.

Vol ATM Skew Curve
Estimate | Std Error | Estimate | Std Error | Estimate | Std Error
@ -0.2209 0.0306 -8.7075 0.1232 | 6.99E-08 | 4.62E-08
-0.000368 | 0.0000118 | -0.000336 | 0.0000461 | -4.60E-12 | 1.81E-11
0 -0.1733 0.00595 -0.593 0.0321 | -5.15E-08 | 6.53E-09
p1 -0.8879 0.0366 -0.5455 0.0324
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Figure 1: Results of calibration for the Vol ATM with(AutoReg) and without(Reg)
autoregressive error for 1 year call options on Eurostoxx 50 between
2002/06/04 and 2002/12/30.

3 Application to forward start call
In section 1 we derived the calculation of forward start call option prices from the

No Arbitrage theory, making the assumption that the smile surface was a deter-
ministic function of the stock price process. In section 2 we suggested a shape
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for the smile surface using a statistical method. The link between these two parts
is actually not obvious since the pdf ¢ we dealt with in section 1 was relative to
the pricing or risk-neutral probability measure Q. Basically the implied volatility
surface we submitted in previous section characterises the pdf of the spot process
under Q measure but is a function of the spot process under the historical prob-
ability or objective probability that we denote P. We do need to link ¥ with the
risk-neutral pdf.

We assume that under the measure P the underlying stock S can be represented
as a stochastic volatility log-normal Brownian motion

dS, = pS,dt + 0,8, dW,
where o is an (F;)¢>o-adapted stochastic process that we call the instantaneous
volatility and W is a P-Brownian motion.
Under the probability measure Q, the stock price S has the following diffusion
dSt = ’I"Stdt + O'tStth
where W is a Q-Brownian motion.

3.1 Forward start call pricing

Recall that, if A denotes the Lebesgue measure, ¢, is the function defined by:
Q(Stl € S| St(J) = fS ¢T(St1 b1, Sto s to)dstl and that

CF(to, t1, k7 T) = B_T(T_to) /]EQ((ST — kst1)+| St1 :$1)¢($17t17 St07 to)dl’l

for any S in the o-field of Borel sets. So, if we denote S* the process such that
under measure P, dS} = rS;dt + 0,5y dW; with S§ = S}, we have

CF(to,t1,k,T) = e " T~ Ep (Ep ((S§ — kS;) | S;) 1S,)

— ¢~ "(T—t0) //(a:*T — k)T or(ak, T, o5, 1) ok (x5, 1, St to)dxrday
Notice that ¢* = ¢, A-a.e. and that S; = (=) (~%)S* Denote ¢, the pdf
under measure IP of S. We need now to compute the expression of ¢,. We have

easily ¢, (v) = e~ (W= l1t0) g, (pe=(H=m)(tr—t0) 4, |G, ' #). Now to price a for-
ward start call option we will compute

CP(to, 1,k ) =T [ [ (g e 0Ty

X ¢Z (l‘;, T7 x1, t1)¢u(m17 t17 Sto7 t0>dx1de
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Figure 2: Price and smile for forward start call option on Eurostoxx50 starting in
1Y with maturity 1Y.
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Figure 3: Evolution in time of the 1 Year Forward Implied Volatility surface.

3.2 Calibration

The sole unknown parameter of our model is the drift u of the process S under
the historical probability PP. To satisfy the Kolmogorov probability, the model
must fit European call prices observed at time ty. This constraint leads to com-
pute the unknown parameter p. We choose to fit exactly the at-the-money calls.
As we have a consistent deterministic implied volatility model which is calibrated
to the volatility surface evolution we must fit with a good accuracy the prices for
other strike. Of course, we cannot assure that we have an exact fit. To be sure that
we satisfy Kolmogorov-Compatibility conditions we have to perturb the estimated
parameters while staying in confidence intervals.

3.3 Numerical results

The numerical results (c.f. Figure 2) illustrate the fact that the forward smile we
obtain using our approach is quite high compared to the spot smile but it is the only
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forward smile which derived from our model will allow to fit the prices of Euro-
pean call options. Practically, the forward smile does not become flat, moreover
the at-the-money volatility tends to increase with time characterizing the increas-
ing risk of owning longer term forward start options, while the skew level remains
persistent.

We are now going to explain the reasons why the forward smile is so high.
By definition, the Dupire’s model is the only model with volatility a deterministic
function of time and stock price which presume to know the forward volatility
from today’s implied volatility surface. It is a model where the volatility surface
is assumed Markovian and stationary and which gives a unique solution to the
forward volatility. However, empirical tests by Fleming et al (c.f. [1]) showed that
deterministic volatility models have highly unstable parameters through time. It
strongly suggest that this type of models can not explain the time-series variation in
option prices. Moreover, the prices of forward start call options given by Dupire’s
model are lower than the ones observed in the market.

In order to get higher forward smile, practitioners either add a stochastic pro-
cess to the local volatility or combine the local volatility with a jump process. It
means that there is a risk premium attached to a forward start option which is not
taken into account in today’s information. The problem with Dupire’s model is
that, while assuming the evolution of the volatility surface to be Markovian and
considering an infinity of fixing dates, one cannot control its evolution between
the current date and the start date of the forward start option. However, when the
number of fixing dates is finite, we have seen that there was an infinity of condi-
tional densities. In our approach, we satisfy this infinity of solution by giving the
forward smile a shape consistent with its historical evolution.

4 Conclusion

Our goal was to model implied volatility with dynamics in such a way that vanilla
options are priced accurately through time. Observing that market anticipations
keep on being adjusted over time according to stock price realisations, we related
implied volatility to the stock price process. In a Markov model, the future distri-
butions are conditional on the evolution of the Markov state variable. In order to
gain control over such an evolution, we relaxed constraints on the dynamic of the
stock price process making it discrete. We chose to calibrate the transition matrices
to historical data augmenting our filtration by adding past vanilla option prices.

Consequently, the forward volatility we obtained is much higher than the spot
one confirming the fact that market forward start options are underpriced since the
risk of a random strike is not taken into account.
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