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Abstract

Functions, which permit us to determine stresses and displacements at an
arbitrary point in infinite anisotropic elastic medium due to different three-
dimensional (3D) stress or displacement discontinuities that are distributed on
flat infinite band-type boundary elements, are presented. In case of
transversely isotropic medium the formulae represent the closed form of the
solutions for arbitrary oriented boundary elements. The analytical functions
can be used in the Indirect Boundary Element Method (IBEM) and the
Displacement Discontinuity Method (DDM) computer codes to solve the
generalized plane strain problems with 3D boundary conditions, and elastic
homogeneous medium with arbitrary anisotropy may be considered.

1 Introduction

One of the main steps for creating the IBEM or the DDM computer codes is the
integration of concentrated forces or dipoles on boundary elements. Because
the solution for a concentrated force or a dipole has a singularity at the point of
application, usually the numerical integration of concentrated forces or dipoles
on boundary elements leads to non satisfactory results near boundaries. It is
possible to improve results by using the analytical integration that was carried
out in the papers [2-7] and in the books [1,8, 14] for different types of stress
and displacement discontinuity elements. These analytical influence functions
produce distinct advantages over most other approaches employing numerical
integration (the analytical influence functions are exact while unknown errors
occur during numerical integration; storage requirement is lowed and
computation speed is raised; analytical influence functions can be examined
exactly). The result of the study herein is a generalization of the solutions
mentioned above. The new analytical functions can be used to solve the
generalized plane strain problems with 3D boundary conditions, and elastic
homogeneous medium with arbitrary anisotropy may be considered. The
functions are based on S.G.Lekhnitskii's [12] analytical solution, and they can
be used in the IBEM and the DDM computer codes for geomechanics, for
mechanics of composite materials, for optimal structural design, etc.
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194 Boundary Element Technology

2 Single concentrated force

Let us consider homogeneous, infinite, linear elastic, anisotropic medium
without body forces and infinite straight line L in this medium. The line L is
parallel to the axis Oz of the Cartesian system of coordinates Oxyz. (Figure 1
(a)). The line L is loaded by 3-dimensional force f { f,. , f ̂ , f % } that,
being evenly distributed along the line L, does not depend on the coordinate
z. Here f is the force acting at every part of such a line L with the unit
length; f ̂  , f „ , f ̂ are projections of the vector f on axes Ox , Oy and Oz,
respectively. Since for prearranged conditions any plane xy, perpendicular to
axis Oz , is at the same state, it is possible to consider the plane Oxy only.
In this case we can call the force f as a concentrated force applied at an
arbitrary point C(x̂ , ŷ ) of the continuous infinite plane Oxy (Figure 1 (b)).
The infinite line L mentioned above contains the point C.

The known formulae [9, 12, 13] can be used for determining stresses and
displacements at an arbitrary point W(x̂ , y^ ) of the anisotropic plane Oxy
(Figure 1 (b)) due to the concentrated force f{f^,fy,f^} applied at an
arbitrary point C(x̂ , yc)'-

«2Re[2 i

(1)

Here Re[] means real part of the complex number between brackets;

2y are complex functions

and

(2)

Figure 1: Calculation scheme: (a) isometric view and (b) points C and W.
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Boundary Element Technology 195

Coefficients A, are the solution of the following system of linear equations
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[ri 7"2 T3 -/i -/i -% J [4j [0

where i is imaginary unit; Ji=3.14...; the bar denotes the complex conjugate.

In the formulae (1), all parameters with the exception roots \ij of the sixth

order equation can be defined analytically [9, 12, 13]. Parameters \ij can be
calculated by using known numerical methods when a medium with an
arbitrary anisotropy is considered. In case of a transversely isotropic medium,
the formulae represent the closed form of the solutions for an arbitrary oriented
lineL.

3 Displacement discontinuity point cells

In the paper, any element looks like an infinite flat band that is parallel to the
axis Oz (Figure 2 (a)). The loads g or the displacement discontinuities D
being distributed on the band do not depend on the coordinate z. The straight
segment A B belongs to both the band and the plane Oxy. Further in the paper
we will call the segment AB as an element, however, keeping in mind that the
loads g or displacement discontinuities D are distributed on the infinite band.

To construct point displacement discontinuity cells we can use the same
method as in the paper [5]. Let us distinguish 3 such cells: the first one
provides the displacement discontinuity D^ (D^ = 0, D^ = 0) at the point C
of the cell action on the element AB (Figure 2 (b)); the second one provides
the displacement discontinuity ZJU (D^ = 0, D% = 0 ) and the last provides the
displacement discontinuity D% (Dt - 0, D* = 0 ).

W

Figure 2: An isometric view on the infinite band (a) and the element AB on
the plane Oxy (b).
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196 Boundary Element Technology

Omitting some intermediate steps we can write down the final expressions

for the complex functions n#/ and Ẑ /. These functions after substituting

them into eqns (1) instead of Hj and Z/ allow the definition of stresses and
displacements at an arbitrary point W due to the point displacement
discontinuity (DD) cells actions at the point C on the element AB

IIn,= •A, (4)

Coefficients Baj and
(3), where values (% , L

; + M.y3fc (« = £ ̂  ^;y = 1, 2, 3).

are defined from the solutions of the system
f% are substituted by Q , Q and

Qjcyct' Qjc*a» Qz*a> respectively (a = !=, r|, z). The last values are defined as
the solutions of the following systems of linear equations.

Point -DD cell. D̂ = =D% =0 in the expression (4).

I Pi 2 022 024 025 026J

J014 024 044 045 046̂ %̂ ^

015 025 045 055 056 I Ĝ |

[016 026 046 056 066J

(5)

Point r]-DD cell. D̂ -D̂ , D̂  -D̂  =0 in the expression (4).

[0ii 012 014 015 0i6l [&*J [ sin^0 }

1012 022 024 025 0261 G,̂  CO«^

'014 024 044 045 046 \' Qzy,T\ " ^

la—I I o

14 24 44 45 46

015 025 045 055 056

[016 026 046 056 066J I Gj

(6)

~2sin0cos6

(7)

Point z-DD cell. D(%=D% , D̂  =D̂  =0 in the expression (4).

[011 012 014 015 0161 [Gc*J f 0 ]

1012 022 024 025 $26\ Qyyz | 0

014 024 044 045 046 ' Qzy;z " i ™sQ

015 025 045 055 056 I G^z I I-Sm61

[016 026 046 056 066J [Qxyz] [ ® I

Here 6 is the angle between the axes Ox and T] (Figure 2 (b));

0*7" *fy~ %̂ y3/433 (4 y = 1, 2, 4, 5, 6; â = ô ); values a%y are rigidity
coefficients from the generalized Hook's law.
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Boundary Element Technology 197

4 Stress discontinuity elements

The results presented in this Section were produced by integrating single
concentrated forces actions (ref. Section 2) on the elements. Some details of
the integration method and numerical examples can be found in the book [1]
and in the papers [10, 1 1]. In the paper, t is the distance between point A
and point C on the element (Figure 2 (b)), L^B is the length of the segment
A B and parameters co^ cû , co^, Ay, Qj are defined as it follows

<*>wj = •% + Vjlfo , WAJ = -*4 + VjVA > ™BJ = *B + Hy% , (8)

O%, - (On, (JÔ y - CD AJ
A _-J2 - g/. , Q ^2 - A/., (7=1,2,3),

- -

where .%, }̂ , x̂  ŷ  and x̂  % are coordinates of the points W, A
and B, respectively.

4.1 Polynomial!? Distributed Stress Discontinuities

The load g changes as polynomial function along the segment AB and at
point C on the element ,

m

8(0= ar(f/W\ fo-&{g**. g* gz*)= const, (9)

where t is the distance between point A and point C; constants g ** , g ^
and g z& (k = 0, 1,2, ... , m) are projections of the vectors g& on axes Ox,
Oy and 0z, respectively.

Complex functions IT, and Z/ in theeqns (1) are

•—-{InA.•+ InQ, + ln(a)D, - o),.j - Q,"*" ilnA.+ > i)» ,i J J PJ 4/ J J / ̂  i '
•H L ^ Mj

i ^ . r i i j. . sg Q-,' \ i\
1 .
J J

Coefficients Ajk = Aj (j= 1, 2, 3; Jt = 0, 1, ... , w) are defined from the
solutions of the system (3), where values f * , f y , f ̂  are substituted by
^^=^AB'8%^, fyk-LAB'gyi, f̂ - LAB'%̂  respectively (*=0, ... , m).

4.1.1 Constant Stress Discontinuity Element
In the formula (9) g(r) =go=8o {g%o » g^o , 8̂ 0)= const.

Complex functions Ily and Z/ in theeqns (1) are

ŷ1], 2 . ^— InA- .
-
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198 Boundary Element Technology

4.1.2 Linear Stress Discontinuity Element

In the formula (9) g(f) = (tl L̂ B)' Si > 81=81 { Sxi > 8yi > 8*1 > = const

Complex functions n/ and Z, in the eqns (1) are

4.1.3 Parabolic Stress Discontinuity Element

In the formula (9) g(f) = (tl L^ - ̂  » 82 = 82 { 8jc2» 8̂ 2* 8̂ 2} - const.

Complex functions Ily and Zy in the eqns (1) are

3 _ 2_^y_i
+ lnQy + lnAy-QylnAy-Qy- ^ -^

A/2 ^ 2 I

^ '"-: -0)4; \ ^ * ** 2

4.1.4 k-order (k>2) stress discontinuity element

In the formula (9) g(0- C/^A/'g* . 8*^g* { g^* gyA g^^ = const.

Complex functions Fly and 2, in the eqns (1) are

k-\ *-' i

4.2 Reverse root stress discontinuity element

For the element, g(t) = g_ ** , g^ = g^ { g^ , g^ , ĝ }= const .

Complex functions Hy and Z/ in the eqns (1) are

i ,
\

Coefficients A^ = Ay (j - 1, 2, 3) are defined from the solutions of the
system (3), where values f *, f y, f ̂ are substituted by

f xrr = Âfi* gxrr > f ̂rr = ̂ AB'Byrr > f zrr = ̂ AB" 8zrr» respectively.
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Boundary Element Technology 199

5 Displacement discontinuity elements

The results presented in this Section were produced by integrating
displacement discontinuity point cells actions (ref. Section 3) on the elements.
In the Section coefficients B &j and C aj are defined by using the solutions

of the systems of equations (5) - (7), j = 1,2,3 and a = !=, r\, z .

5.1 Polynomially Distributed Displacement Discontinuities

The displacement discontinuity D {/̂ , D^, D%} changes as polynomial
function along the segment AB and at point C(x <~ , y «~) on the element,

W D* = D* { % , D^ , D,*} = const , (10)
k=0

where t is the distance between point A and point C; constants D^ , D^&
and D ^ (k = 0, 1, 2, ... , m) are displacement discontinuities in directions

£, TI and z, respectively.

Complex functions Ily and 2y in theeqns(l) are

/-I

(i _L
I /+!

|+_^_l + Q - _ .

L ^ «*+' J

5.1.1 Constant displacement discontinuity element
In the formula (10) D(t) = DQ = DQ {D^ , D^ , D̂ }= const.

Complex functions II/ and 2y in the eqns (1) are
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200 Boundary Element Technology

5.1.2 Linear displacement discontinuity element
In the formula (10) D(t) =/>/(* /L̂ , D; =

Complex functions Hj and Zy in the eqns (1) are

**

5.1.3 Parabolic displacement discontinuity element

In the formula ( 10) D(t) - D^t I L^, ^ s ZX>

Complex functions Hy and 2y in the eqns (1) are

= const.

= const .

5.1.4 A>order (A>2) displacement discontinuity element

In the formula (10) D(t) = D̂.(t IL^g) , D^ = D^ { D^. , D^ , D^ - const.

Complex functions Ily and Zy in the eqns (1) are

/-I

_,
ao i

5.2 Root displacement discontinuity element

For the element, D(t) = L

Complex functions Ily and 2y in the eqns (1) are

, £>,„ } = const.
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Boundary Element Technology 201

6 Conclusions

Functions, which permit us to determine stresses and displacements at an
arbitrary point in anisotropic elastic medium due to different three-dimensional
stress or displacement discontinuities that were distributed on flat infinite band-
type boundary elements, have been derived. In case of transversely isotropic
medium the formulae represent the closed form of the solutions for arbitrary
oriented boundary elements.

The influence functions are exact and in closed form and, thus, have
advantages over their numerical counterparts. The new analytical functions can
be used in the IDEM and the DDM computer codes to solve the generalized
plane strain problems with 3D boundary conditions, and elastic homogeneous
medium with arbitrary anisotropy may be considered.
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