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Abstract

Functions, which permit us to determine stresses and displacements at an
arbitrary point in infinite anisotropic elastic medium due to different three-
dimensional (3D) stress or displacement discontinuities that are distributed on
flat infinite band-type boundary elements, are presented. In case of
transversely 1sotropic medium the formulae represent the closed form of the
solutions for arbitrary oriented boundary elements. The analytical functions
can be used in the Indirect Boundary Element Method (IBEM) and the
Displacement Discontinuity Method (DDM) computer codes to solve the
generalized plane strain problems with 3D boundary conditions, and elastic
homogeneous medium with arbitrary anisotropy may be considered.

1 Introduction

One of the main steps for creating the IBEM or the DDM computer codes is the
integration of concentrated forces or dipoles on boundary elements. Because
the solution for a concentrated force or a dipole has a singularity at the point of
application, usually the numerical integration of concentrated forces or dipoles
on boundary elements leads to non satisfactory results near boundaries. It is
possible to improve results by using the analytical integration that was carried
outin the papers [2-7] and in the books [1, 8, 14] for different types of stress
and displacement discontinuity elements. These analytical influence functions
produce distinct advantages over most other approaches employing numerical
integration (the analytical influence functions are exact while unknown errors
occur during numerical integration; storage requirement is lowed and
computation speed is raised; analytical influence functions can be examined
exactly). The result of the study herein is a generalization of the solutions
mentioned above. The new analytical functions can be used to solve the
generalized plane strain problems with 3D boundary conditions, and elastic
homogeneous medium with arbitrary anisotropy may be considered. The
functions are based on S.G.Lekhnitskii's [12] analytical solution, and they can
be used in the IBEM and the DDM computer codes for geomechanics, for
mechanics of composite materials, for optimal structural design, etc.
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2 Single concentrated force

Let us consider homogeneous, infinite, linear elastic, anisotropic medium
without body forces and infinite straight line L in this medium. The line L is
parallel to the axis Oz of the Cartesian system of coordinates Oxyz. (Figure 1
(a)). Theline L is loaded by 3-dimensional force f {f,,f,,f, } that,
being evenly distributed along the line L, does not depend on the coordinate
z. Here f is the force acting at every part of such a line L with the unit
length; f,,f,,f, are projections of the vector f onaxes Ox, Oy and Oz,
respectively. Svince for prearranged conditions any plane xy, perpendicular to
axis Oz, is at the same state, it is possible to consider the plane Oxy only.
In this case we can call the force f as a concentrated force applied at an
arbitrary point C(x., y.) of the continuous infinite plane Oxy (Figure 1 (b)).
The infinite line L mentioned above contains the point C.

The known formulae [9, 12, 13] can be used for determining stresses and
displacements at an arbitrary point W(xy,, y,, ) of the anisotropic plane Oxy
(Figure 1 (b)) due to the concentrated force f {f,,f,,f,} applied at an
arbitrary point C(x, yc):

o, = 2Re[u,12231 + u%Zz + pg)\g23], 0, =2Re[Z;+Z; +A335],

O, = —(a130, + @330, + a34T, ,+ A35T, , + G36T, ) B3, eY)
Ty .= —2Re[M X + A2, + 23], T, = 2Re[y MZ) + Ay 2y + n335],

Try= 2Re[Z) + 1o 25 + ushs23],

3 3 3
U, =2Re Y pilly, u, = 2Re Y g1, u, =2Re Y 1,1,
k=1 k=1 k=1

Here Re[ ] means real part of the complex number between brackets; IT; and

2; are complex functions

A;
II; = A In(0y;~ 0p) , ) 2
= Ajln(oy;- ) j o (2)

(l)wj'—‘ xW+uij, (ch‘-—' xc+ujyc (J=1, 2, 3).
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Figure 1: Calculation scheme: (a) isometric view and (b) points C and W.
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Coefficients A; are the solution of the following system of linear equations
1 A -1 -1 =M ][4 (=f))
Il‘q P Y R R 1) —Ea)\sl |4, | | £,

b, a, 1 %, -k, -1 |4

IRY
i) G , 3
:Pl Pk Pz b D -B : {l‘fl'} 2751 0 I} ®
Iql @ B -4 -4, -3 | |22 0 |
ln n» n» -/ -FK -B | lA3J lOJ

where i isimaginary unit; 7=3.14...; the bar denotes the complex conjugate.
In the formulae (1), all parameters with the exception roots u; of the sixth

order equation can be defined analytically [9, 12, 13]. Parameters u; can be
calculated by using known numerical methods when a medium with an
arbitrary anisotropy is considered. In case of a transversely isotropic medium,
the formulae represent the closed form of the solutions for an arbitrary oriented
line L.

3 Displacement discontinuity point cells

In the paper, any element looks like an infinite flat band that is parallel to the
axis Oz (Figure 2 (a)). The loads g or the displacement discontinuities D
being distributed on the band do not depend on the coordinate z. The straight
segment A B belongs to both the band and the plane Oxy. Further in the paper
we will call the segment AB as an element, however, keeping in mind that the
loads g or displacement discontinuities D are distributed on the infinite band.

To construct point displacement discontinuity cells we can use the same
method as in the paper [5]. Let us distinguish 3 such cells: the first one
provides the displacement discontinuity Dg (Dyy =0, D, =0) at the point C
of the cell action on the element AB (Figure 2 (b)); the second one provides
the displacement discontinuity (De =0, D; =0) and the last provides the
displacement discontinuity D; (Dg =0, Dy=0).

(a) (b)

Figure 2: An isometric view on the infinite band (a) and the element AB on
the plane Oxy (b).
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Omitting some intermediate steps we can write down the final expressions
for the complex functions Ilp; and Zp;. These functions after substituting

them into egns (1) instead of IT; and X; allow the definition of stresses and
displacements at an arbitrary point W due to the point displacement
discontinuity (DD) cells actions at the point C' on the element AB

B,n +C B .n +C
p,; = 2 A .p Zp=- 2 LZD(,, (4)
a=fnz PwiT Vg aztm o (Ow;m 0g)

Wy;= Xy + WMy, Og=Xctye (@=§m /=12 3)

Coefficients Bgj and Cq; are defined from the solutions of the system
(3), where values f; , f, , f; are substituted by Qyyar Qryar Qe and

Qryw Qexar Qrya-respectively (a =E, n, 2). The last values are defined as
the solutions of the following systems of linear equations.

Point E-DD cell. Dy=Dg,Dyy =D; =0 in the expression (4).

Bi1 Bi2 Bia Bis Biel [Qxxg] [ —sinBcosh )
B2 Baz Bas Bas Bagl |Qy yE | l sinBcosd |
||314 Baa Basa Bas B46| Qe t=1 0 L, (5
lﬁls Bas Bas Bss BSG' 10, el | 0 |
lﬁm B2s Bas Bse BesJ le ,,gJ lCOS 0 — sin’ GJ

Point n-DD cell. Dg=Dy, D¢ =D; =0 in the expression (4).
Bi1 Bi2 Bia Bis Biel [Qxxn [ sin®0 )

IBi2 B22 Bas Bas Basl |Qy){'r‘|| ' cos’9 l
l614 Baa Basa Bas 546"{sz,—;]}={ 0 - 6)
185 Bas Bas Bss Bsol 1Quenl | O |

[616 B2 Bas Bse ﬁssj le,mJ l—ZSinecosE)J

Point z-DD cell. Do=D; , Dg =Dy, =0 in the expression (4).
Bir Biz Bia Bis Bigl [Qesl [ 0 )
IBiz B2z Bas Bas Bael |O)y] j 0
|Bl4 Boa Basa Bas |346|'{sz;1}= cosd ¢. N
|315 Bzs Bas Bss Bss |Qpx:| |-sind]
[Bie Bos Bse Bso Bos| [Ceye) | O ]

Here 6 is the angle between the axes Ox and m (Figure 2 (b));
Bij=aj—asa;z/asz3 (i, j=1, 2,4, 5, 6; a;;=ay); values g; are rigidity
coefficients from the generalized Hook's law.
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4 Stress discontinuity elements

The results presented in this Section were produced by integrating single
concentrated forces actions (ref. Section 2) on the elements. Some details of
the integration method and numerical examples can be found in the book [1]
and in the papers [10, 11]. In the paper, ¢ is the distance between point A
and point C on the element (Figure 2 (b)), L 45 is the length of the segment

AB and parameters Opj Wy, ®p, Aj, Qj are defined as it follows

Wy =Xy + Wk, Wy=X4+U;Y,, Wp; =Xp+U;Vp, ®
ATy o Swmoy
J 3 ]_ 9 - y y k)
O~ Wy Wpgj— Wy

where xy, Yy, X4, ¥y and  xp yp  are coordinates of the points W, A
and B, respectively.

4.1 Polynomially Distributed Stress Discontinuities

The load g changes as polynomial function along the segment AB and at
point C on the element ,

&= Egk'(t /LAB)k > 8t =8 {8 8yr 8u)=const, ©

where 1 is the distance between point A and point C; constants g xx, g yk
and g 4 (k=0, 1, 2, ..., m) are projections of the vectors g on axes Ox,
Oy and Oz, respectively

Complex functions IT; and X; in the eqns (1) are

m A k+l !
= 2 —{[lnA +InQ;+In(w g - w,;) - Q™ {lnA-+ 2 —lj_ }]} ,
I=1 ]

J k+1 t Jj
1 m I' 1 k+l -t 1
= ik —-——Qf- lnAj+2 — .
(DBj"(DAj k=0 lk"‘l Q] i=1 ) J
Coefficients A zx=A; (j=1,2,3; k=0, 1, .., m) are defined from the

solutions of the system 3), where values f 5, f y » [ ; are substituted by
fex=Lap 8xk> fyk- Lip 8yx- f,x= Lap" g1, respectively (k=0, ... , m).

4.1.1 Constant Stress Discontinuity Element
In the formula (9) g(f)=go=8, {8, - 8,0 - 8,0 } = const.
Complex functions I1; and X; in the eqns (1) are

A'O
I = Ajlin(wg— ) +InQ; +(1-Q )InA — 1], zj=—w ‘_’w -InA;
B~ @4
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4.1.2 Linear Stress Discontinuity Element
In the formula (9) g(1)=(t/ L,p g, 81 =81 {8x > &1 -8y y=const.
Complex functions IT; and X; in the eqns (1) are

Ajl[ 2 1 ]
H]=7lln(ij_wA])+anJ+(I_Q])lnAl—Q.I_E J,
A
;= -—L— (@A, +1) |
Wpj =Wy

4.1.3 Parabolic Stress Discontinuity Element
In the formula (9) g(2)= (¢/ LAB)z-g2 , 82=821{8x2 8y 8,0} =const.
Complex functions IT; and Z; in the eqns (1) are

Ao f InQ;+1InA, QlAQle]
H—Tlln(wB] w,;) +1nQ2;+1In n -——-——gj,

Ajpp [ 2 1

- L QA+ Q) ~)-
W g —O 4 2

4.1.4 k-order (k>2) stress discontinuity element

In the formula (9) g(1)= (t/ Lyp* 8k . 8 =8k { 8k 8y 8,4 =const.

Complex functions I1; and Z; in the eqns (1) are

A [ k QI{+1—1 1 ]
Jk k+1 'j
Hj=k+1ll“Aj*'anj*’ln(“’Bj_(”di)_Qj lnAJ-—IE1 ] —k—;—-l-J
I k-t
3 - (lem N g /A )
Wgi =0, l k

4.2 Reverse root stress discontinuity element

Lap

For the element, g(t) =g, g =8, {8xm> 8Byrs Byr}=cCONSL.

Complex functions IT; and X; in the eqns (1) are

[ JEE ]
1

H.=2Aj,,[ln(w3j—wAj)+anj+ 1-Qn ==
J

J
A, 1 1-Q; -

Jrr

W — W,y Jl—Qj'ln JI-Q;+1 ’

Coefficients A jr =Aj ( j=1,2,3) are defined from the solutions of the
system (3), where values f,,f,,f, are substituted by

ferr=Lap 8xrr > ryrr = LAB'gyrr s For = Lap' 84, Tespectively.

B
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5 Displacement discontinuity elements

The results presented in this Section were produced by integrating
displacement discontinuity point cells actions (ref. Section 3) on the elements.
In the Section coefficients B 4; and C,; are defined by using the solutions

of the systems of equations (5)- (7), j= 1, 2,3 and a=§, n, z.
5.1 Polynomially Distributed Displacement Discontinuities

The displacement discontinuity D {Dg, Dy, D;} changes as polynomial
function along the segment AB and at point C(x .-, y ) on the element,

m
D(t) = YDyt /Lyp*, Dy =Dy { Dy , Dy , Dy} =const 10)
k=0

where 1 is the distance between point A and point C; constants Dgg , Dy
and D 4 (k=0, 1, 2, ... , m) are displacement discontinuities in directions

& n and z, respectively.
Complex functions I1; and Z; in the eqns (1) are

L,p
n, - —LaL zwa,u,w )
Wpj = wAJa-Enz

k+1 -l
x 2 - InAj- 2 ) ,

L
2.=_+ (Byjn;+Cyp) %
! ((”BJ mAJ) a-;zaj !

|' k+1( k 2
K, InA ;- E l'm)Qf +

m

k-2

x EQJ | . 2

k=0 |+——+k—1+Qj‘k E—-le"
| A “k+l

'Dak'

— e

5.1.1 Constant displacement discontinuity element
In the formula (10) D(1) =Dy =Dy { D¢y , Dy , D} = const.

Complex functions IT; and X; in the eqns (1) are

II,=-——="—InA; E( Wi+ Coyi)Dyq
J J oy )
Wy u)AJ a_gnz

L
4 (“’B, (nAJ) A Q 2 a-gznz
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5.1.2 Linear displacement discontinuity element

In the formula (10) D(#) =Dt /Lsp, D;=D;{Dx;, Dy,;, D,;}= const.
Complex functions I1; and Z; in the eqns (1) are
Lg
;= -—48 (Q InA; +1) 2( il + Co) Doy
Wp; —@ a=E,Mnz
Z-=————————lnA+ (Bjn;i+C 0Dy .
! (mBJ mAJ) 1 j a‘gnz o

5.1.3 Parabolic displacement discontinuity element
In the formula (10) D(t) = D,(t/ LAB)z, D,=D;{D¢; ,D,,, D} = const.

Complex functions IT; and X; in the eqns (1) are

() 2)
H~=——anA +Q+ ( D,, ,
’ wBJ_wAJ\ a-EEnZ
) Lag (29 InA; + ! +1) Z( w;+Cy)D,
o ——AB — 5 .
! (wBJ—wA,) A ) LA ARG et

5.1.4 k-order (k>2) displacement discontinuity element
In the formula (10) D(t) = Di(t/ Ly p)*, Dy = Dy { Dy . Dyy. , D,i} = const.

Complex functions I; and Z; in the eqns (1) are

L k-1 Qk—l
n:-——"—( L (Bt ;+Co) Dyt
1T g -y, = a_;” ojtj T tay
( k2
Iij"‘llnAj+ + |
Lap J
Y= ——AB .| | Y Byu;+C
J _ 2 k- J
(wp—®y) |, k-1 .QF1 1 L |atn:
\ &= o e 1)

5.2 Root displacement discontinuity element

For the element, D(f) = D,, ’LL » Dp =D, {Dy,, D D,,, } = const.
AB

Complex functions I1; and Z; in the eqns (1) are

;= “’A/L Jl—lngJ)q E( Bojtt; + Coj) Dur

Wp; — =£,m,2
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[l ! In “1_Qj_1+
L, {2 -9 -9 +1

(ij_wAj)Z|+ L

| (V=% +1)JT-9;-1)

z=-

6 Conclusions

Functions, which permit us to determine stresses and displacements at an
arbitrary point in anisotropic elastic medium due to different three-dimensional
stress or displacement discontinuities that were distributed on flat infinite band-
type boundary elements, have been derived. In case of transversely isotropic
medium the formulae represent the closed form of the solutions for arbitrary
oriented boundary elements.

The influence functions are exact and in closed form and, thus, have
advantages over their numerical counterparts. The new analytical functions can
be used in the IBEM and the DDM computer codes to solve the generalized
plane strain problems with 3D boundary conditions, and elastic homogeneous
medium with arbitrary anisotropy may be considered.
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