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Abstract

The paper deals with the use of domain decomposition methods in Bound-
ary Domain Integral Method (BDIM) for Navier-Stokes equations of lami-
nar viscous incompressible fluid flow. Since the vorticity transport equation
presents the major problem in solving BDIM set of equations, domain de-
composition methods are used for its solution. Multiplicative and additive
Schwarz iterations are implemented. Partial subdomain problems are com-
puted by the use of Krylov subspace type iterative solvers. Overlapping and
non-overlapping subdomain divisions are presented and their effects on con-
vergence of domain decomposition iterative procedures are reported. The
new iterative schemes are tested on Poiseuille’s flow and Backward facing
step flow for various Re number values.

1 Basic theory of Domain Decomposition Method

Domain Decomposition Method (DDM) is a relatively old method (Schwarz
1870) and is becoming increasingly popular in modern approximation meth-
ods due to high parallelisation capabilities. Similarly as Subdomain tech-
nique in BEM it divides the original computational domain into several over-
lapping or non-overlapping subdomains, which now present partial prob-
lems, from which solution over the original domain can be found. The main
feature of Domain Decomposition Method is a fact, that solving partial
problems is only one step towards the solution of the original system. This
follows from a fact, that values of functions and its derivatives on the sub-
domain interface are not known at the beginning of computation. Through
an iterative procedure it is then possible to find the final solution with some
combination of calculated values from subdomains.
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Let us look at the basic steps of the method (Hackbusch[5]). Let the
original domain Q be divided into several subdomains €.: @ = >, ),
with n; number of subdomains, z soultion of original system Az = b, n
number of nodes in original domain and z, solution of partial problem in
Q.. Then, solution = can be obtained by some combination of x.. Partial

problems are defined as
Ay = by, (1)

where A, represents a quadratic matrix with dimensions n, X n,, with n,
being number of nodes in subdomain x. In BDIM this matrix is differ-
ent from BDIM with Subdomain technique, where a subdomain matrix is
rectangular and therefore impossible to solve.

To construct an algorithm, which connects partial solutions, we need to
define a mapping p,, which maps a group of vectors of partial solutions into
a group of vectors in the original system:

e X = X, (2)

where X also incorporates the original solution z. The latter can be ob-
tained by a combination of partial solutions

T = Zp,a;". (3)

Since one solution of partial problems is not enough to obtain original solu-
tion, we have to map the intermediate solution x back into the subdomains.
This can be accomplished by a restriction r:

e = APE X — X, (4)
what gives us projection P, for one iteration of DDM:
P, =prcA X = X (5)
Together with projection P we have to define the iteration step @,
D, (z,0) =z — per(Az — b). (6)

A natural choice for mappings p, and 7 is the Dirac function, what excludes
any averaging or interpolation in data transfer between global and local
meshes. This approach is used in this paper for BDIM.

Solution of the original problem with help of partial solutions from sub-
domains k = 1,2, ...n, is possible in two different ways:

a) Multiplicative Schwarz Iteration (MSI):

(I)MSI = (I)n [¢] (I)n—l-‘- o @2 (o} @1 (7)
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Feature of MSI is its sequential nature since a part of the solution
of the first partial problem is immediately transferred to the neigh-
boring subdomain, the partial solution in this subdomain then to its
neighboring subdomain etc.. MSI is therefore more appropriate for
implementing on scalar and vector computers, while it is only par-
tially paralelizable.

Additive Schwarz Iteration (ASI):

T = 4 0,4, D pure(Az —b) (8)

K—1

Feature of ASI is its parallel nature as all the partial problems can be
computed in parallel. When partial solutions are obtained, a commu-
nication step follows, where values of functions and its derivatives are
interchanged between subdomains. In order to control the iterative
procedure, underrelaxation parameter O 45y is introduced.

2 Boundary -Domain Integral method

Boundary-Domain Integral method (BDIM) (Skerget[1], Alujevic et al.[2])
is another member of Boundary Element Methods. It was developed for
numerical solution of Navier-Stokes equations. In this paper, planar lami-
nar time dependent flow of viscous incompressible fluid will be considered.
BDIM uses velocity-vorticity formulation of Navier-Stokes equations, where
flow kinematics is numerically separated from computation of flow kinetics
(vorticity and energy transport). The final system of discretised equations
reads as (for derivation see Skerget|[1]):

flow kinematics (normal form):

(EE]+ 1HE) {v) = ((HE] - [H7]) {v} + [DPHw},  (9)

e flow kinematics (tangential form):

(HE)+ (HE) (v} = (1HE) - (H5]) {vu} + [DEHw},  (10)

vorticity transport:

e = 671052}~ L6t + LDE ) +

SN wwbe + 2[Blwbr, (1)
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e energy transport:

ar
on

é[DZ};]{UyT}p + %[B]{T}F—ly (12)

HUT)e = ({5 - LG U e + LD Te +

where F' — 1 denotes previous time step values. By applying appropriate
boundary conditions equations (9) + (10), (11) and (12) are transferred into
well known forms of systems of linear equations:

Akm Tkm = bm, (13)
Aw 'Tw - bwa (14)
AT T = bT, (15)

where subscript km denotes flow kinematics, w flow kinetic and T energy
equation. They are coupled througt vorticity and velocity values into strong
nonlinear system of equations, which can be solved by under-relaxation
technique. Subdomain division can successfully be applied to equations
(11) and (12), whereas for flow kinematics segmentation technique must
be used (HriberSek(3]). From this point of view DDM can be applied to
equations (11) and (12), leaving flow kinematics out. Since [A,,] is much
smaller than other two system matrices this does not seriously affect the
performance of BDIM. Due to similarity of equations (11) and (12) only
domain decomposition for vorticity transport will be discussed.

3 Domain decomposition

The original domain can be decomposed in two different ways:

1. Y. nx = n simple (non-overlapping) division, where subdomains are
linked through the common interface boundaries; only one way of
expressing x is possible (DDM).

Figure 1: Non-overlapping division of the original domain

2. Y. nk > n overlapping division, several ways of composing z are pos-
sible (DDM-O).

In further text DDM-O will stand for overlapping subdomains and DDM
for non-overlapping subdomains.



@ Transactions on Modelling and Simulation vol 9, © 1995 WIT Press, www.witpress.com, ISSN 1743-355X

Boundary Element Technology 165

Figure 2: Overlapping division of the original domain

3.1 Decomposition without subdomain overlapping

Decomposition without subdomain overlapping is very similar to Subdo-
main technique in BEM, as subdomains are connected through the com-
mon (interface) boundaries. In the iterative procedure of solving one outer
iteration of BDIM partial problems are solved separately, their mutual con-
nection being compatibility conditions at the interface boundaries (Table
1). Contrary to Subdomain technique here exists only one unknown at each
interface node (for example function), while the other value (derivative of
funcion, which is also unknown in Subdomain technique) is known from
the neighboring subdomain. In our case the function can be vorticity or
temperature (here vorticity has been chosen).

Table 1: DDM and unknowns in neighboring subdomains
Subdomain ¢  Subdomain j

Jw

unknown wry; anr,,
Ow _ Ow _,

known value nr,, = dar, W, =wr

n .
Jr J

3.2 Decomposition with subdomain overlapping

Subdomain division by overlapping of subdomains is a classical approach
to DDM. The extent of overlapping is a parameter, which influences the
speed of DDM-O convergence. Larger overlapping areas usually produce
more accurate values of function derivatives in other approximation methods
(FEM, FDM), but such DDM iterations are much more computationally
expensive.

In Boundary Element Methods function values and normal derivatives
on the boundary are known after the solution at the boundary. Values
of functions and its derivatives in the interior of the domain can then be
explicitly computed from the known boundary values. In BDIM (vorticity
equation) we already have values of vorticity in the domain (implicit system
of equations!) after the system solution, but values of vorticity derivatives
in the interior of the domain are still unknown. To compute these values
two possibilities exist:
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1. Computation by means of interpolation functions: simple implemen-
tation, does not use too much computation time, quality of results
can be questionable.

2. Computation by derivation of integral equations of vorticity trans-
port: excellent accuracy of derivatives with an appropriate integra-
tion scheme (due to high order of singularity), very time consuming
procedure, additional computer memory is needed.

Due to testing purposes only the first approach was selected and used in
this computation, especially because of lower computation time and memory
demands.

In table 2 distribution of unknowns in subdomains is presented. Com-
paring with DDM the difference is now in the value of normal derivative
of vorticity on the boundary of subdomain ¢, which is needed to construct
the right-hand side of subdomain ¢. This derivative can be computed with
the known vorticity gradient in subdomain j (computed by derivation of
interpolation functions) and normal vector on the boundary of subdomain
1.

‘able 2: DDM-O and unknowns in neighboring subdomains

Subdomain ¢ Subdomain j
Jw
unknown wry, ot
, Ow — L —
known value anry, =" Vuwq, n;; wr;, = wg,

4 Test examples

Two test examples were computed to validate the applicability of DDM for
vorticity transport equation. The first test presents viscous flow in a nar-
row channel with parabolic inlet velocity profile and fully developed outflow.
Computational domain was discretised with 5 subdomains, 48 boundary and
77 internal nodes. The second test was the well known backward facing step
flow (BFS). Geometry, which is the same as with test 1, and boundary con-
ditions are presented in Figure 3. Computational domain was discretised
with two meshes, both with 15 subdomains, 256 (512) boundary nodes and
959 (3823) internal nodes (dense mesh data in brackets). At the outlet fully
developed flow was considered. Computations were made for Re number
values 100, 400 and 800. In both test cases quadratic isoparametric con-
tinuous boundary elements and internal cells were used. In present work,
all numerical tests were performed by using conjugate gradients squared
with Jacobi or ILU preconditioning for the solution of partial problems. Re
number was based on full chanel height and average inlet velocity.
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Figure 3: Backward facing step flow: geometry and boundary conditions

Table 3: Number of DDM iteration for Poiseuille flow
Method Re =200 Re =2000 Re =20000

DDM-ASI 10 10 10
DDM-MSI 6 6 6
DDM-0O-ASI 8 8 8
DDM-0O-MSI 3 3 2

Tables 3 and 4 (coarse mesh) show results of DDM applied to one outer
iteration of BDIM for vorticity transport equation. Table 3 show that num-
ber of iterations almost did’t change with rising Re number value, while
for BFS flow the change in iterations was obvious. This is a result of in-
fluence of starting guess (taken a vector of zeros) on speed of convergence.
For Poiseuille’s flow (for given boundary conditions) the flow field does not
change with rising Re number values, but it changes significantly in BFS
flow.  When the initial guess from the previous outer iteration is taken,
the number of iterations further decreases. The slight rise in DDM-O ver-
sions for BFS was probably caused by deteriorating exactness of internal
derivatives, which are currently the weak point of DDM-O methods. Time
development of velocity field for Re =400 (dense mesh) shows Figure 4.

Table 4: Number of DDM iteration for BFS flow
Method DDM-ASI DDM-MSI DDM-0-ASI DDM-O-MSI
Re =100 24 10 3 2
Re =800 5 5 5 3
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s, 5.2s and 8.2s, top to bottom (Re =400)

5 Conclusions

Domain decomposition method was used in BDIM for the solution of vor-
ticity (energy) transport equation. The method has shown its potentials
in both additive and multiplicative versions. Overlapping division of the
domain was found to be the best choice regarding the speed of convergence.
Krylov subspace methods (CGS) were successfully applied in solving partial
problems. Computed test examples show that DDM-O-ASI and DDM-O-
MSI are the most promising methods to use, especially when an integral
approach to computing internal function derivatives will be derived.
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