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Abstract

The determination of epi car dial potentials is very important in the diagnosis
of various cardiac disorders. It has been common practice to calculate
these potentials from potentials measured on the body surface and then
use a regular is at ion technique, such as that due to Tikhonov. Here it will
be demonstrated that these same potentials can be determined using the
recently described body surface Laplacian maps.

Using a concentric spheres model, for which the surface Laplacian can
be calculated analytically, a transfer matrix is calculated relating epicardial
potentials to the Laplacian of the body surface potentials. The epicardial
potentials are recovered by inverting this transfer matrix with the usual
Tikhonov regular is at ion technique.

From our initial work in this area, the determination of epicardial poten-
tials from body surface Laplacian maps is markedly superior to those from
potential measurements.

1 Introduction

The cardiac electric field can be noninvasively studied by mapping the car-
diac electrical activity on the surface of the body. These body surface poten-
tial maps have been studied extensively over the past thirty or more years
in an attempt to obtain spatial information on cardiac electric sources. Al-
most hand in hand with these studies, attempts have been made to directly
visualise the epicardial potential distribution using inversion techniques
(Gulrajani et al., [1]). Unfortunately, this type of inversion is ill-posed and
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420 Computer Simulations in Biomedicine

susceptible to errors in both the numerical solution of the forward problem
and measurement of the potential. The usual method to minimise these er-
rors is to use a form of Tikhonov regularisation (Tikhonov and Arsenin, [2]).

Recently, a technique has been proposed which is able to measure the
Laplacian of the surface potentials by means of a concentric bipolar elec-
trode (He and Cohen, [3]). That is, the Laplacian is estimated as the po-
tential difference between a central electrode and an annular ring encom-
passing this circular electrode. It is demonstrated (He and Cohen, [3]) that
the Laplacian map can better image spatially distributed dipole sources, in
a half conductor, than the potential map. These maps have also been used
to resolve polarisation and depolarisation of different regions of the heart in
a normal human (He and Cohen, [3]), as well as identifying the pacemaker
focus and activation sequence from exogenous ventricular pacing in pigs
(He et al., [4]).

2 Concentric Spheres Model

A simple but realistic approach to demonstrate the inversion procedure is
to consider two concentric spheres. Here, Laplace's equation of the three
dimensional case in spherical coordinates is

i af.^a^ i o^/
% ^ (1)

where (r, 0,rf>) are the usual spherical coordinates. The boundary condition
on the outer sphere is that there is no current flow to the outside

^ = 0 at r = l (2)
9?"

Also required is a specified potential distribution on the inner surface

u = 6(#,̂ ) at r = # (3)

for some 0 < R < 1.

Solving the above equation, subject to the boundary conditions, via sep-
aration of variables gives the following solution for the potential on the outer
surface

J_f _ _ (4)
27rjzX?Tt + ™ -™+i
™ (m — 77 V
E , ,'
77 — 1 '^ ' ^/'
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where

/•7T r27T

Jo Jo

&m = /"/̂ A(0̂ )f̂ (cos(0))sm(i9)̂ 0
Jo Jo

A^ = /'/"/z(0̂ )cos(n̂ )P̂ (cos(0))sin(0)̂ 6)
Jo Jo

/̂ (<9, ̂) sin(77̂ )f̂ (cos(0)) sm(0)(f̂ i9

The Laplacian of the outer surface potentials is obtained by evaluating
the Laplacian operator from Equation (1) ar r = 1 and is given by

+ -4 (5)

as there is no radial variation in surface potential. Applying this operator
to the outer surface potential distribution, Equation (5), gives

"

4-

To determine a forward transfer matrix for both the potential and the
Laplacian, the outer surface is assumed to be approximated by p nodes and
the inner surface by q nodes, where q < p. Each row of the transfer matrix
is calculated by evaluating the coefficients assuming that &(0, 6) is a two
dimensional Dirac delta function at a given node on the inner surface, and
obtaining the resulting potential or Laplacian at each node on the outer
surface.

3 The Inversion Process

At this stage, forward transfer matrices have been obtained which relate the
inner surface potential to both the outer surface potential and its Laplacian.
Mathematically, the first relationship can be represented by

A/z = 6 (7)
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422 Computer Simulations in Biomedicine

where h is the vector of inner surface potentials, b the vector of outer surface
potentials and A the forward transfer matrix for the potentials. The second
relationship can be expressed as

Bh = I (8)

where / is the vector of outer surface Laplacians and B is the forward trans-
fer matrix for the Laplacians. The common factor between these two equa-
tions is the vector of inner surface potentials, /&, which, in principle, can
be determined by a knowledge of either the body surface potentials or its
Laplacian.

The usual method of recovering the vector h, given the potential vector
6, is to use a form of Tikhonov regular is at ion. Here zero-order Tikhonov
regularisation is used where the functional

is minimised, giving the solution

where I is an appropriately sized identity matrix. The parameter t(> 0),
known as the regularisation parameter, weights the norm of the residual
against the norm of the solution itself. Since Equation (8) is of the same
form as Equation (7), it seems reasonable to solve this equation also using
zero-order Tikhonov regularisation. Therefore, the functional

N,(h) = \\Bh - 1\\* + s\\h\\* (11)

is to be minimised, giving the solution

where s(> 0) is another regularisation parameter which weights the norm
of the inner surface potentials against the norm of the difference between
predicted and observed outer surface Laplacians.

4 Methods of Comparison

One method to compare the effectiveness of these two inversion methods is
to use the concept of the trade-off curve (Johnston et al., [5]). A trade-off
curve consists of a plot of spread versus average noise amplification factor,
r&a, where each point on the curve is determined by calculating the spread
and Ha for a given regularisation parameter. Both the spread and n& are
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Computer Simulations in Biomedicine 423

calculated from a p x q forward transfer matrix, T, and are defined as

follows:
,sprW(T) = ||T-4T-I||̂  (13)

and ,
1 irL I ,,_

J = l

respectively, where || • \\p is the Frobenius norm.

In these formulae, the quantity T~^ is the generalised inverse of the
matrix T and for the two cases considered in the previous section

and
B~^ = (B*B + sI)~*B* (16)

The spread measures the amount of information contained in the neigh-
bours of a given node on the inner surface. The smaller the spread (obtained
for small values of the regularisation parameter), the greater the reliabil-
ity placed on the results. On the other hand, larger values of the spread
indicate that the inversion process has smeared the potential over the in-
ner surface. The noise amplification gives a measure of how the inversion
process magnifies the errors in the data collection process. Small values of
Ha mean that errors in data collection are less likely to affect the overall
solution, but this is usually achieved at the expense of great smearing of
the inner potential. The inversion process represents a trade-off between
these two quantities.

The other use for these curves is to compare two different transfer matri-
ces. For each matrix a trade-off curve can be plotted and the curve which
lies closest to the axes indicates that its associated inverse transfer matrix
is the more stable and reliable in the inversion process.

The correctness of an inversely calculated inner surface potential distri-
bution compared to its original distribution can be measured by either the
relative error, RE, namely,

ii j, z, _ii
(17)

IIMI

or the correlation coefficient, CC\ given by

Y.]=Ah,-h}[(hi)̂ \
\\h-h\\\\hi-h,\\

In these definitions, hj represents the initial, known inner surface distri-
bution and h represents the computed one. The quantities hi and h are,
respectively, the mean values of hi and /i, over the q inner surface nodes.
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424 Computer Simulations in Biomedicine

5 Simulations

Simulations of two different types were performed. Firstly, trade-off curves
were plotted for the potential and Laplacian forward transfer matrices. Sec-
ondly, the full inversion procedure was tested using analytically determined
inner surface potentials and outer surface potentials and Laplacians result-
ing from a finite number of radial dipoles within the inner sphere. In all
simulations, and to be somewhat representative of the human torso, the
radius of the outer surface was given the value of unity and the radius of
the inner surface was set to 0.4.

In the concentric spheres model, the inner surface was approximated by
218 nodes and the outer surface by 866 nodes, resulting in transfer matrices
of size 866 x 218 for both the potential and Laplacian. The ratio of approx-
imately 4:1, for the number of outer nodes to inner nodes, was chosen to
comply with that previously suggested (Johnston et al., [5]).

6 Results and Discussion

Two forward transfer matrices corresponding to the potential and Laplacian
forward problems were created as discussed in the previous section. For each
of these matrices a trade-off curve was produced and these are plotted in
Figure l(a). The value of the spread has been divided by the number of
nodes on the inner surface (218) to normalise it between 0 and 1. A spread
of 0 would indicate that the inner surface potentials had been uniquely
determined while, on the other hand, a spread of 1 means that the potential
at each node would contain some information from every other node on the
surface.

From Figure l(a), it can be seen that the trade-off curve for the Lapla-
cian forward transfer matrix is much closer to the axes than that of the
potential forward transfer matrix. This means that given the same noise
level for both the potential arid Laplacian measurements, the calculated in-
ner surface potentials are less likely to be smeared across the inner surface.
Even if there is slightly greater noise on the Laplacian measurements over
the potential measurements, a smaller spread, will still result for the inverse
solution obtained from the Laplacian than that obtained from the potential
measurements.

The remaining three panels in Figure 1 show inner surface potential dis-
tributions. Panel (b) is the initial distribution arising from three radial
dipoles within the inner sphere. Note the three extrema and the high po-
tential gradients. Panel (c) is the distribution calculated from outer surface
potential measurements with 2% added noise and panel (d) is the distribu-
tion calculated from outer surface Laplacian measurements with 5% added
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\ Superior

(a) Trade-off Curves (b) Input Heart Surface Distribution

Supei
m Value: 86.7873 *•. x = -0.251. y = 0.260, z = 0 932n Value: -88.2967 al x = 0.000. y = -0.259. z - 0.966Interval: 8.7542

(c) Heart Surface Distribution Calcu-
lated from Potentials with 2% Noise

Superior
Maximum Value: 124.3124 at x = -0251, y = 0.260. z = 0 932Minimum Value: 1319732 al x = -0.244. y = -0.258, z = 0 934Contour Interval: 1Z8643

(d) Heart Surface Distribution Calcu-
lated from Laplacians with 5% Noise

Figure 1: Results from Concentric Spheres Simulation

noise. Observe that the Laplacian measurements are able to extract the
three extrema and recover the high potential gradients (even in the pres-
ence of higher added noise), whereas the potential measurements cannot.
Also, the values of the inner surface potential calculated from the Laplacian
measurements are much closer to the original values than those calculated
from the potential measurements.

These simulations show that it is possible to solve the inverse problem
of electrocardiology (albeit in a simple approximation) from a knowledge
of the Laplacian of the outer surface potential distribution. Inner surface
potentials obtained, using zero order Tikhonov regularisation, from mea-
surements of the Laplacian are superior to those obtained, also with zero
order Tikhonov regularisation, from measurements of the potential, even in
the presence of measurement noise.

The trade-off curves (Figure l(a)) suggest that there can be greater noise
in the Laplacian measurements than in the potential measurements and still
obtain superior inverse solutions. This fact is also borne out by consider-
ing the condition numbers for the forward transfer matrices. The condition
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426 Computer Simulations in Biomedidne

number for the potential forward transfer matrix was 2.83 x 10' and for the
Laplacian forward transfer matrix it was 1.34 x 10^. Hence, it can be seen
that the Laplacian forward transfer matrix is less ill-conditioned than the
potential forward transfer matrix. In turn, this means that the Laplacian
inverse problem is less sensitive to errors in measurement than the potential
inverse problem and so greater errors are allowed in measuring the surface
Laplacians to achieve similar results from potential measurements. For ex-
ample, if there is an order of magnitude greater noise level on the Laplacian
measurements over the potential measurements (say 20% compared to 2%),
then to achieve the same error level on the inner surface a noise amplification
factor one order of magnitude smaller would be required for the Laplacian
inverse. It can be seen from Figure l(a) that this smaller Ha results in a
smaller spread for the inverse solution obtained from the Laplacian than
that obtained from the potential measurements. Therefore, the inner sur-
face potential obtained from measurements of the Laplacian would be more
accurate than those obtained from measuring the surface potential, even
with significantly greater noise in the original measurements. When 20%
noise was added to the Laplacian measurements in the second simulation,
the optimal parameters where ## = 0.492 and CC = 0.871 at a = !Q-\
which are superior to those obtained from the potential measurements with
only 2% noise (#E = 0.526 and CC = 0.851 at Z = lÔ ).
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