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Abstract 

It is widely accepted that Pocklington’s equation is a useful tool in obtaining the 
antenna current distribution, solved via the Method of Moments. This paper 
presents a way to simplify the kernel of Pocklington’s integro-differential 
equation for arbitrary shaped thin wires, and the solution in a C++ software 
implementation to reduce time and programming effort. We present the well-
known solution for a dipole and a circular loop antenna as an example. 
Keywords: method of moments, Pocklington’s equation, point matching 
technique, current distribution. 

1 Introduction 

The current distribution in any conductor is the way to know its electromagnetic 
behavior and the key to obtain the electromagnetic field at any point of the 
surrounded space (through the magnetic and electric potentials), and most of the 
antenna parameters as: input impedance, radiation pattern, gain, etc. 
     The classical antenna analysis guesses the current distribution along the 
antenna using the transmission line theory, for simple structures the method had 
proved its efficiency, but in complex ones (such as helical antennas or cross 
antennas) the method is not useful because there is not a start theory to guess the 
current distribution; when this is the case computational methods are widely 
used; one of those is the well known method of moments (MM), introduced by 
Galerkin and popularized in 1967 by Harrington [1], when applied, in an 
electromagnetic problem, gives results whose accuracy is as good as the engineer 
needs or the computer could provide. 
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     The MM solution uses Pocklington’s equation, which is derived from the 
electric field integral equation. The solution can be found in the applied literature 
for straight thin wires, Balanis and Stutzman [2,3]. For arbitrary shaped wires is 
necessary another integral equation formulation, starting with Mei’s analysis and 
successors, Mei and Tang [4,5]. Although we are working in the procedure for 
helical and cross antennas, we present in this paper the well-known solution for 
straight and loop antennas.  
     The simplification that we present in this paper for the integro-differential 
Pocklington’s equation, transforms it in an integral equation, which can be easily 
evaluated through some numerical integration algorithm. This simplification 
saves computer time in obtaining impedance and current matrices, an important 
issue to be considered, looking for a better problem solution. 

2 The electric field integral equation 

Electric field integral equation describes the strong relationship between the 
electric field and the current distribution on the conductor. This equation can be 
derived from Maxwell’s equations, Burke and Poggio [6], through the use of the 
concept of magnetic potential vector and electric potential scalar. 
Mathematically: 
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     ( )rEt  is the electric field vector at the observation point r ; ( )'rJ  is the density 
current distribution (the unknown of the problem) located at the source point 

'r ; [ ]22 ∇+k  is the Helmholtz’s operator, Panofsky and Kurt [7], applied to the 
Green’s function '4/' rrrr

−
−− πjke ; k  and η  are the wave number and the intrinsic 

impedance for the free space, respectively: 
 

0000 /, εµηεµω ==k                                         (2) 
 
where ω  is the angular frequency, 0µ  and 0ε  are the permeability and 
permittivity, respectively. As we can see in eqn (1), the unknown is inside the 
integral operator. 

3 Pocklington’s integral equation for thin wires 

Pocklington’s integral equation is derived from eqn (1), applying the electric 
field boundary condition over the structure of the arbitrary shaped thin wire, 
which states that the total electric field vanishes over the surface of a perfect 
conductor; practical antennas are made of very good conductors, then the perfect 
condition model can be used for the current behavior on the wire’s surface 
represented by srr = , then: 
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     ( )s

i rE  and ( )s
s rE  are the impressed and scattered electric fields, respectively. 

For high frequencies, due the skin effect, the current could be located only over 
the wire’s surface.  
     Considering fig. 1, the current is located over the wire’s surface and using 
eqns (1) and (3) the impressed electric field is: 
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     The 's  variable represents the arc length over the wire and 'ϕ  the azimuthal 
angle around the wire’s cross section; the current distribution is transversally 
constant, considering that wire radius a  is very small compared with the 
wavelength. The surface current distribution can be expressed as: 
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Figure 1: Relations among the vectors of the arbitrary shape wire. 

     There is azimuthal independence and the current distribution depends only on 
the arc length, of the very thin current filament ( )'sIS  over the wire’s surface. The 
wire’s axis is represented by: 
 

( ) ( ) ( ) ( ) ,kjir szsysxs ++=                                            (6) 
 
and the current filament curve by: 
 

( ) ( ) ( ),'''' sass nrr +=                                                 (7) 
 
where ( )sn  is the unit normal vector for the wire’s axis; as is seeing, the curve 
representing the current filament is a parallel curve to the one representing the 
wire’s axis. Since the wire’s axis has an infinite collection of parallel curves, in 
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practice we select the one which could make the estimations easier. Applying the 
former considerations is possible to get an expression for the impressed electric 
field over the wire’s surface, known as Pocklington’s equation: 
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where I

SE  is the tangential impressed electric field. Considering the thin-wire 
approximation and skin effect, is possible to express the electric field as a linear 
integration over the arc length 's . The general Pocklington’s equation, eqn (8), 
can be used for any possible geometry of the thin wire, even thought that in the 
more common applied literature is restricted only for straight wires.  
 

 

Figure 2: Unit tangential vectors for the thin wire. 

     The wire’s geometry is expressed by the dot product 'ss • , where ( )ss  is the 
unit tangential vector for the wire’s axis and ( )'' ss  the same for the parallel curve 
representing the current filament, shown by fig. 2: 
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     The geometry is also expressed by the difference vector 'rr −  as: 

 
( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ] .''''''' 222 szszsysysxsxR −+−+−=−== rrR                (10) 

 
     Defined all former equations, the work is reduced to find the vectors 
representing the axis and the parallel curves for the considered wire. 
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4 The MM solution to Pocklington’s equation 

The MM is a numerical technique which transforms an operational equation into 
a matricial one, which can be solved by a computational procedure, Bancroft [8].  
     The objective of the MM applied to Pocklington’s equation is to get the 
current distribution ( )'sIS  in the wire. The MM formulation is used to get a 
numerical solution of eqn (8) instead an analytical one used for a simple wire’s 
geometry, because in most cases that analytical solution is impossible. 
     The MM states that the unknown function must be expressed in terms of a 
linear combination of linearly independent functions ( )'sin  called basis functions: 
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where nc  are unknown coefficients to be determined and N  the number of basis 
functions.  Substituting eqn (11) into eqn (8) results an equation with N  
unknowns: 
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     For a consistent equation system, is necessary to find N  linearly independent 
equations, obtained by taking the inner product of eqn (12) with another set of N  
chosen linearly independent functions ( )swm  named weighting function: 
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     Using inner product definition, eqn (13) can be written as: 
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     The system can be written in a matrix form as: 
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where the mnZ  elements are obtained: 
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and the elements mv  are constructed via: 
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the nc  are the system’s unknowns. The matrices of eqn (15) are known as: 
impedance matrix [ ]mnZ , current matrix  ( )nc , and voltage matrix ( )mv ; Though 
their names remember us the Kirchhoff’s equation of electric circuits, their units 
are Ω , mA /  and mV / , respectively, but if the length is unitary, then the units of 
eqn (15) are the same as Kirchhoff’s. The solution of eqn (15) is: 
 

( ) [ ] ( ),1
mmnn vZc −=                                               (18) 

 
where the inverse matrix [ ] 1−

mnZ  is obtained by a numerical technique. 

5 The point matching simplification technique 

To solve the double integration over the Helmholtz’s operator and the Green’s 
function in eqn (16) we use the classical point matching technique with Dirac’s 
delta as weighting function, Werner et al. [9], defined by:  
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     Applying eqn (19) into eqns (16) and (17) we get: 
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     The use of Dirac’s delta means that the boundary electromagnetic conditions 
are being applied only at discrete points on the wire’s surface, exactly in the 
places where the Dirac’s functions have their centers ms . To reduce eqn (20) we 
select pulse function as basis function: 
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which divides the wire’s structure into N  equal segments of length NLs /'=∆ , 
producing a stair representation of the current structure, Lin and Shafai [10], and 
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keeping the linear independence of elements of eqn (15). Using eqn (21) into eqn 
(20) we get: 
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6 Kernel simplification 

We note in eqn (22) that the integral operator deals with an iterated differential 
operator; computational effort is reduced using eqn (10) to find the derivative for 
Green’s function: 
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     According to eqn (9) and eqn (10), we have: 
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     Substituting eqn (24) in eqn (23): 
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     Substituting eqn (25) in eqn (23), the simplified kernel of Pocklington’s 
equation is: 
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and the elements of impedance matrix are: 
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     The numerical integration of eqn (27) can be made using the well-known 
trapezoid rule, Sawaya and Davies et al. [11,12]. 

7 Modeling the source 

As we can see, the mv  matrix elements of eqn (20) are the impressed electric 
field values in the centers of Dirac’s delta, but knowing those values could be as 
hard as knowing the current distribution itself. The solution is to choose some 
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source which will produce some known impressed electric field distribution on 
the conductor. The most used source for modeling the voltage matrix is the delta 
gap generator in which is supposed that the impressed electric field is different 
from zero only in the place where it is connected. Mathematically: 
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     V  is the voltage fasor of the source connected in the thm  segment of the 
structure. In this way, if the antenna uses only one source connected at the thm  
segment, with V  usually taken like 1 volt, the matrix is: 
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     Considering the source impedance Z  and the impressed field, the source 
voltage at the thm  segment is: 
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     Substituting in eqn (15) we have: 
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     We note that the thm  element of the voltage matrix is given by: 
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     Then equation (31) can be written as: 
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    Therefore, we conclude that connecting impedance at the thm  segment is the 
same than adding its value to the corresponding mmZ  matrix element. 
 

 

Figure 3: Dipole antenna and its associated vectors. 

 

Figure 4: Current distribution for a dipole antenna. 

8 Current distribution in a straight dipole 

The dipole is the most simple and used antenna, to obtain its current distribution 
let us describe its axis and parallel curve equation, supposing they lie in the Z 
axis and on the YZ  plane, respectively, as shown in fig. 3: 
 

( ) ( ) ( ) ( ) .'',''',, ksjkrkskr =+=== sasssss                         (34) 
 

     The dipole is feeding in its central segment, thus the voltage matrix is: 
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     For a dipole with the following characteristics: 

volt1,005.0segments,101GHz,1 ==== VaNf λ , the C++ program we 
developed, uses eqns (34) and (35) and gets the current distributions of fig. 4. 
     For the λ5.0  length dipole, we obtained that the current at the center is: 

( ) mAsIs 432745.3'51 =∆ . Hence, the input impedance for this length is: 
 

                       (36) 

9 Current distribution of a circular loop antenna 

Following the same procedure, if the circular loop antenna has a radius A , as in 
fig 5, the axes and parallel curve’s equations are: 
 

  (37) 
 

 

Figure 5: Circular loop antenna and its associated vectors. 

     As antenna is feeding in its central segment, the voltage matrix will be as eqn 
(35). The loop antenna we analyzed has the following characteristics: 

volt1005.0segments101Hz100 ==== VaNMf λ , using eqns (35) and (37) in 
the C++ program gives the curves of fig. 6. 
     For the λ  perimeter loop antenna, we obtained that the current at the center 
is: ( ) mAsIs 98995.1'51 =∆ . Hence, the input impedance for this perimeter is: 
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Figure 6: Current distribution for a circular loop antenna. 

10 Conclusion 

This paper has shown the general procedure to obtain current distribution in an 
arbitrary shaped thin wire; for any given problem is necessary to specify the 
source, load impedance and geometry of the antenna, which should be used to 
define the vectors describing the whole wire.  
     As is shown, there is not doubt that Pocklington’s equation describes 
correctly the electromagnetic problem; the integral equation’s kernel 
simplification reduces the computational time and effort producing a simpler 
source code program, leaving accuracy to the segments number selection, related 
with the computing resources. After the current has been obtained, is easy to get 
other parameters as the radiation pattern and gain; actually we are working in a 
mathematical syntax analyzer, as an interpreter for the vector equations, starting 
with the plot of the antenna. 
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