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Abstract

The similarity theory and the model of a turbulent flow over a natural large
scale roughness in pressure and temperature gradients are presented in the
paper. The general analytical results such as the logarithmic mean veloc-
ity and temperature profiles for a turbulent flow over smooth and rough
surfaces, the temperature and velocity profiles for a turbulent natural con-
vection over a large scale roughness and the velocity defect law for the
Ekman layer over a rough surface have been obtained.

1 Introduction

The similarity theory was widely applied to solve the turbulent flow prob-
lems including atmospheric problems (Brandt! [1], Monin & Obukhov [2],
Zilitinkevich & Monin [3]). The usual application of the similarity the-
ory concerns only the averaged parameters but the analysis of the random
processes does not mention. The more general theoretical results can be
received if to apply the similarity theory to the analysis of the random
processes such as fields of velocity, pressure and temperature in a turbu-
lent flow. The similarity theory of the random processes in the turbulent
boundary layer has been developed, and the closed equation system without
any indeterminate variables, like Reynolds stress, for an isothermal flow has
been obtained by Trunev [4].
The similarity theory and the model of a turbulent flow over a natural large
scale roughness in pressure and temperature gradients are developed in the
paper. The buoyancy forces, the planetary rotation and the random pa-
rameters characterizing the roughness density and geometry are taken into

account in the model.
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278 Air Pollution Monitoring, Simulation and Control

2 General equations

The general model of the turbulent natural convection in the atmosphere is
the following (see Landau & Lifshitz [5])

V.v = 0 (1)

^ + (v.V)v + 2[«v] + ̂ = </V*v + ̂-(p - Pe)

where v is the flow velocity vector, 17 is the Earth rotation velocity vector, p
is the pressure except hydrostatic pressure, p is the density, ge is the gravity
acceleration vector, T is the temperature, v is the kinematic viscosity, Pr
is Prandtl number. The hydrostatic equation can be written as

Vpe=ge/»e(pe,7'e) (2)

The standard Boussinesq approximation for the density fluctuations is

P~Pe = ~PA(f - Te) (3)

where ft, = -\ (#)„ (for ideal gas & = 1/T).
The coordinate system should be determined in such a way that the Z-axis
is directed opposite to the vector of the gravity acceleration, the X-axis is
directed from the west to the east and Y-axis is directed to the north, then
O — fi(0, cos </?e,siny>e) , where (p^ is the latitude. The relief of a ground
surface is described by a function z = r(%, %/). Boundary conditions are set
as follows:

when z = r(x,y) : v — 0, T — Tg (4)

when z-H^\ v = UQ(COS %, sin ̂ , 0), f = T&

where Tg is the surface temperature, He is the boundary layer height, UQ
is the wind velocity at the height //<, , 7e is the angle between the wind
direction and X-axis, Tgo is the temperature at the height //g.

3 Similarity theory

To select the solutions satisfying the similarity principle, the flow velocity
vector, the pressure and the temperature should be written as

v = v(z,2/,z/A(z, %/,;),/) (5)
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Air Pollution Monitoring, Simulation and Control 279

where the surface z = h(x,y,t) is the dynamical roughness (see Trunev [4]).
In a laminar flow this surface corresponds to the equation

ht + uhx + vhy — w — 0

In a turbulent flow the above surface can be described by random continuous
parameters h,ht>hx,hy, characterizing the height, the transference speed,
and the inclination of a surface elements. If we consider fully rough surfaces,
we can use the additive dynamical roughness model:

h(Xj y, t) — r(%, y) + h(x, %/, t) (6)

where h(x,y,t) is the height of the viscous sublayer over the surface z =
r(x,y). Let us express from (5) the random processes which satisfies the
similarity principle. For this purpose, the area of the sufficient value A5 —
AxAy should be determined at the XY plane. Let AV = AzAyck is the
volume of averaging, dV$ is the volume of a statistical cell,

dVs = AV/s(r, /i, /&;, /^, hy)drdhdhtdhxdhy,

fs is the multiple density of a probability distribution function. The subre-
gion of the flow dVs in the general case is a multiply connected domain and
its separate parts in the form of dust are distributed in the volume AV.
The random process to be found, satisfying the similarity principle is

1 C
v(ii,t,r,h,ht,hx,hy) = lim — / v(x,y,rj,t)dxdydz (7)

8V-*dVs 0V Jsy

1 /
^ *' ^ 8V-*dVs 8V Jw

f(rj,t,r,h,ht,hx,hy)= lim — / f(x,y,rj,t)dxdydz

where fj — z/h(x,y,i),ri = z/h, 6V is an arbitrary volume put in AV, and
containing c/Vj, as a whole. Statistical moment of the order ra of a random
function V{ is to be derived from the expression:

= / = 1,2,3

We have considered a case when one surface z = h(x,y,t) is enough for
similarity flow parameters modeling. However it is well known, that there
is the thermal boundary layer together with the dynamic boundary layer
(see Cebeci & Bradshaw [6]). Therefore, it is necessary to consider the
temperature similarity concerning some surface z — h,T(x,y,t) in the heat
transfer problems . The similarity theory for this purpose can be applied
by analogy with (5-7).
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280 Air Pollution Monitoring, Simulation and Control

4 Turbulent flow model

In accordance with the similarity theory developed above one must substi-
tute the expressions (5) for v,p and T in (1) and separate out the solutions
satisfying the similarity principle (6). In this case it is possible to save the
structure of the classical Navier-Stokes hydrodynamic equations using the
following hypotheses:

M,/ 777 /-*dV, CV J$

where 30/2 is the turbulent kinetic energy in a small volume dVg, &ik is
Kronecker symbol, Sik — 0, when i ̂ A;, Sik = 1, when i = k. The model of
the turbulent flow with random parameters can be written as follows:

dt d7] p di] p dx ph drj 87]

ph

dv dv 7]hy dp h dp \i d 2 2\^

,&;
ph

dw dw 1 dp [ i d , 2 2\ ̂ ^ ft f d$ ^dw
dt d7] p d7] ph d7] d7] ph \ 9?/ drf

Where W = w - 7]<J> , $ = /^ + /î u + /lyt;; <9p/(9z = /;„*, 9p/9?/ = Poy, Poi
is the horizontal pressure gradient which is considered to be a constant in
the entire flow volume; n — \/h'* -f~ h*] K = — 2[17.v] are the Coriolis forces;
B = -̂(p — pe) are the buoyancy forces.
Note that the model of the turbulent boundary layer over the rough sur-
face (8) does not contain indefinite values like Reynolds stress owing to
hypothesis (7), and that in this model the Reynolds stress is given by

= \ p(ui(
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Air Pollution Monitoring, Simulation and Control 28 1

If we put §| = § = ̂  = ̂  = 0 in the system (8), we shall receive the
system of equations describing the turbulent steady flow:

ITorj

^ _ I&^ + ̂  = — (1 + nV)̂ - ̂  ̂ / + n9?; P 9?/ %^ k^^ ^ 9̂z/ 6 \ 9% a?/

^ _ ̂ 9g ̂  ̂  , ̂ ^ ^ _ ,, / # _^ ̂% +^ ^

Where B, = geA(f - ?"e), /C = 2n(i; sin y^ - iD cos (/,<,), /^ = -20̂  sin ̂ ,
KZ — 2ftiicos(/?e. The second equation (9) is the pressure integral obtained
owing to the symmetry of the system (8). Let us determine dimensionless
values: A+ = /&%*/?%//, 6 = /k/mz*, sin/) = A^/72 ,cos/3 = /̂ /n ,

^ = 1̂ + cos /) + i;̂ " sin /) + 6, i/) = 16̂  sin /) - v"̂ " cos 0, X = (̂  -%""*"

where ( = z/A, A = A/?%, %+ = ft/iẑ  f+ = i;/w* , w+ = w/̂ ^ %* is
the dynamical velocity computed from the value of friction stress on a wall,
u* = A/W7- The following equations may be derived from (9):

!=* (.0,
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282 Air Pollution Monitoring, Simulation and Control

where TTI = A+(7r*cos/) + Tr^sin^), ki = A+wo(6*cos/3 + kysin/3)

7T2 = A^(7r^sin/9 — TTyCos/?), k? = X+u>o(kxS\n/3 — &% cos/?)

ky. = v"̂ " sin (f>e — w* cos (pe, ky = -u* sin y?g, A^ = u* cos (£>?

T/T*, T+ = Te/T*,T+ = qg/pegCpU+, Cp is the specific heat at constant
pressure of the gas, /^ is an average gas density over the ground, qg is the
heat flux from the ground to the air.

5 General results

The model (10) depend only on combinations of the random parameters
A = fc/n, /? = arctan(&*//tz), 8 = fte/nf/o, the latter are not evidently
dependent on the choice of the scale h . That is why this model is true for the
turbulent flow over the surface which main roughness scale is comparable
with a tree, a building, or a hill. Therefore it can be applied to solve
the problem of the atmosphere turbulent flow over a natural large scale
roughness .
The system of equations (10) was studied by usual methods and as a result
it was established, that the limited solutions exist everywhere at % < 0, the
solution diverges at \ = 0 as a logarithmic function at ( — » oo . Thus,
it is possible to put % = 0 in the equations (10) for the coordination of
the solutions with known results of the turbulent flow theory. In this case
the system of equations (10) transforms into a linear system. The general
solution of the homogeneous differential equation system (10) ( i.e. at fc,- =
0, 7T; = 0, % = 0 ) is given by:

= ai arctan(£) 4- c\ , t/> = a* ln(£ + \A + M + <% (11)

where a,-, c, are some arbitrary constants. It is possible to construct the
general solution of the linear equation system which follows from (10) at
X = 0 on the basis of the solutions (11) .

5.1 Logarithmic profile over smooth surface

The predicted (theoretical) mean velocity and temperature profiles over a
smooth surface are given by

+ _ l)arctan ̂  4- -ln(l + yi + (A+/z+)2) (12)
K A+ K

= — In 2+ + — ln(
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Air Pollution Monitoring, Simulation and Control 283

where [/+ =< %+ >;z+ = zu*/v ,*+ = (Tg- < T >)/T* , «, /c/> are arbi-
trary constants. The standard expressions of the mean velocity and tem-
perature logarithmic profiles over a smooth surface are given by (see Cebeci
& Bradshaw [6])

(7+ = -lnz+ + Co, Z+ = — lnz+4-c,.(fr) (13)
/C Kfi

where /c, «/i,co,c/i(Pr) are the empirical values. The best correlation ex-
pressions (12) with the experimental correlated curves (13) were under con-
ditions: A+ = 7.71 that corresponds to /c = .41, CQ = 5. or A+ = 8.26 that
corresponds to /c = .4, CQ = 5.5 .

5.2 Mean velocity profile in pressure gradient

It results from (10) that

I z+ I z+
< %+ >= - Arsh — - + (A+ -- ) arctan —

AC A+ K A+

where Arsh(x) = ln(zj + ln(l + \/l + x~*). The expressions (14) may be
agreed with the velocity defect law in a pressure gradient [6].

5.3 Logarithmic profile over rough surface

The predicted (theoretical) mean velocity and temperature profiles over a
rough surface are given by

where r+ = ru»/i/, and (/+, t+ are given by the equation (12), the index
r shows that a value is averaged over the random parameter r. Therefore,
when z+ )> A+ we have

where d+ = drU+/v, dr is the characteristic scale of roughness projections,

co-f -In^-f - < ln^- >r 4(A+ - -)(< arctan ̂ — >, -^)
K K dr K A+ 2

+ - < ln(l + v/1 + (A+/r+)') X - In 2

= -— < In -- >r -— < ln(l + >/l + (̂ r+Pr)-') >, (16)
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284 Air Pollution Monitoring, Simulation and Control

The additive model for dynamical roughness (6) together the strong in-
equality r ̂ > h is true almost everywhere for the natural large scale rough-
ness. Thus, in this case r+/A+ w n and the mean flow velocity depends
on characteristic value of an inclination of ledges, which well be estimated
as n ~ dr/ L& = 1/A^B (i& is spacing between roughness elements , A^B is
the pitch to height ratio or Bettermann's roughness density parameter [7]),
and on value < ln(r) >% Indr — FI In A^D + ̂  where A^D = Lb/Lr is the
pitch to width ratio or Dvorak's roughness density parameter [8] , L? is the
length of roughness element; I\2 are some constants (theoretical result is
that FI = 1 for two-dimensional roughness and PI = 2 for three-dimensional
roughness). By the appropriate choice of the parameters, the expressions
(15) — (16) may be agreed with the experimental correlations of roughness
density effect about which were reported by Dvorak [8] and Sigal & Danberg

19]-

5.4 Turbulent natural convection over rough surface

The main equation of the turbulent natural convection may be derived from
the system (10):

where AT+ = (Tg - TJ/T* , T* = %,//,«%, Cptu., w+ = w/w*, w+ is the
convection velocity scale. t+ value is determined from the equations :

-f — ln(l -f >/l + K/>r*+)-*)
K/i

where A+ = Xw*/v, & = r/X. Hence f+(fr) = 0 for a smooth surface. Let
TC = Tgo and ̂  > 1 in the equation (17) , then the general solution of the
turbulent natural convection over a smooth surface is given by

where lyj, KC are arbitrary constants; AT/" = AT"*" — ^- \i\(X̂ Kh.Pr). Con-
sequently, the general solution for the turbulent convection over a rough
surface at £* ̂ > 1 is given by

»*=.»?(«-«.?(«,) (20)

where AT+ = AT+ - f ln(l + \/l +
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Air Pollution Monitoring, Simulation and Control 285

The random amplitudes of the horizontal velocity are given by u+ —
<j)cos(3,v+ = <t> sin /3 where <j) one find from the equation: £d(j)/d£ — dw+/d£.
Therefore u+ w u% + w+ cos /?/£ , v+ « vj 4- w+ sin ̂ /( where uj, uj are
velocity components values in a free atmosphere. Note, the expressions
(19-20) are similar to the mean velocity profile in the turbulent natural
convection along a vertical flat plate [6].

5.5 Ekman layer over large scale roughness

The main equation of the turbulent rotating flow over a large scale roughness

can be written as follows:

where V> = V> ~ fa* fa = C/o/%* sm(/3 - 7e); / = A+^WQ sin ̂ . The classical
result is followed from (21) for a smooth surface, when £ < 1 :

It's well known , that the classical solution for Ekman layer is $ =
êxp(-A///2(l 4- z)(). But ( > 1 for a rough surface and the classical

result is not valid. Let ̂ = ̂ (s) in (21), where s = ln(f//) and if ̂  > 1
the asymptotic equation for Ekman layer over a large scale roughness is
given by:

£j + ̂  + e-"* = 0 (22)
ds* ds*

When s > 1 one can find the velocity defect law for Ekman layer over a
large scale roughness:

where .

^ = V^i y 4- fa In y -f ̂ 3 In* j + ̂4

Here V>i are some constants that should be determined from the inner layer

solution.

6 Conclusions

The similarity theory and the model of a turbulent flow over a natural large
scale roughness in pressure and temperature gradients are developed. The
buoyancy forces and the planetary rotation are taken into account in the

model.

                                                             Transactions on Ecology and the Environment vol 8, © 1996 WIT Press, www.witpress.com, ISSN 1743-3541 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                           
 
 
                                                                                  
 
                                                                      
 
                                                                                  
 
 
 
 
 
 

                            
                                                                                  
                                                                                  
                                                                                  
 
 

 
                                                                                                                                         
                                                        

 
                   

 
 
 



286 Air Pollution Monitoring, Simulation and Control

The general results such as the logarithmic mean velocity and temperature
profiles are obtained for a turbulent flow over a rough surface. The temper-
ature and velocity profiles for a turbulent natural convection over a large
scale roughness are obtained. It was established that the classical solution
for Ekman layer over a large scale roughness is not valid. The velocity defect
law for Ekman layer over a rough surface has been obtained.
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