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Abstract

Fuzzy systems and neural systems belong to the class of model free
estimators and possess a high degree of parallelism. Due to these features
several mvestigators have tried to produce severai models of neuro-fuzzy
inference systems with combined properties. The purpose of the present paper is
to extend and improve one of these neuro-fuzzy structures such that to obtain
better inferences. The system is based on the Keller-Yager-Tahani (K-Y-T)
neuro-fuzzy model and uses Hamacher's intersection function 7y (a,b) or
Sugeno’s complement function c;(a). The operation of the system 18 briefly
described and it’s features are established n the form of four theorems. The
capabilities of the system are shown by a set of simulation results derived for the
case of trapezoidal fuzzy sets. These results are shown to be better than the
ones obtained with the original neuro-fuzzy system of Keller, Yager and Tahani

1. Introduction

Neural systems and fuzzy systems have essential differences in the way
they function. Neural systems are based on pattern recognition supervised or
unsupervised learning techniques , whereas fuzzy systems are based on fuzzy set
theory and fuzzy inference mechanisms. However neural and fuzzy systems have
in common two important characteristics, namely:
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i) they both possess a high degree of parallelism, and
fi) they both belong to the class of the model free estimators.

Knowledge
Structured Unstructured
Symbolic | Al Expert -
Systems
Framework
. Fuzzy Neural
Numerical Systems Systems

Fig.1: Taxonomies of Al Expert, Fuzzy and Neural systems.

Figl shows the position of fuzzy and neural systems according to the
knowledge framework (symbolic, numeric) and knowledge type (structured,
unstructured) taxonomies. It s clear that the combination of fuzzy and neural
systems is possible and indeed there are currently available several forms of
fuzzy-neural systems [1-5] Our purpose here is to present and study a
convenient neural network which implements a kind of fuzzy inference.

Each neural net i known to consist of a set of elementary units with n
synapses and weights wy which are connected to a node f described by a
strongly nonlinear operation. These units are referred to as “neurons’ (Fig2).

an
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Fig.2: Basic structure of a neuron

The purpose of any learning procedure is to update weights wyj such that for
each input for the neural network, the output is to be the desired one. Actually, a
plethora of neural network models and learning algorithms have been proposed
in the technical literature (see e.g. [6-11]). Of course there exist many situations
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where the weights are selected right from the beginning by the designer without
the application of any learning algorithms. The system presented here belongs to
this category.

The fuzzy systems were intoduced by Zadeh in 1965 [12] and have shown
a significant development due to their ability for solving complex reasoning
problems. They are based on fuzzy logic and fuzzy sets. The fundamental
operations of fuzzy sets are: fuzzy complement, fuzzy union and fuzzy
intersection [13] With the aid of these operations, the extension of logical
tautologies becomes possible.

A particular tautology which is directly useful in fuzzy controilers is the
modus ponens (MP) rule:

(A—>B)AA) > B
which indicates that in a cause-effect relationship, when the cause i satisfied the
consequence is obtained. The question is “what happens when A and B are fuzzy
sets?’. In this case the above MP rule i extended to the following generalized
modus ponens (GMP) rule:
(A—> BYA A)—> B’

which shows that when the fuzzy cause s almost satisfied we nearly get the
consequence. One way to implement the GMP rule is through the use of Zadeh’s
max-min composition operator {1218]

A fuzzy controller consists of the following parts (Fig.3) [6,14,18}
- fuzzification
- fuzzy inference mechanism
- defuzzification

—? Process

Fuzzy Inference
Defuzzification Mo hantre 'ﬂ Fuzzification f-

Fuzzy Knowledge Base

U

Fuzzy Controler

Fig 3: General structure of a fuzzy controller.
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The fuzzy mnference mechanism s implemented with the aid of a fugzy
knowledge base, te. a knowledge base that contains fuzzy rules (MIMO: Multi-
Input/Mult-Output rules). It is shown in [16] that these rules can be transformed
to MISO (Multi-Input/Single-Output) rules. If the knowledge base contains many
such rules, then one can assume that the inference is done in the union of them.
It can be shown [16] that it Is sufficient to apply the input to every rule and get
as aresult the union of the outputs. Thus the design of rules of the type:
[FX;ISA; AND X, ISA; AND ... X, [SA, THEN YIS B 1)
plays an important rolke n the design of a fuzzy controller. The inference &
performed by using the GMP rule.

2. Fuzzy inference via neural nets

From the discussion of the previous section it is clear that there are some
basic similarities between neural and fuzzy systems. Our purpose in the present
section is to try to use a neural net for drawing fuzzy conclusions. To this end
we shall extend and improve the solution proposed by Keller, Yager and Taham
[15] This solution has the drawback that, although it possesses a correct
behaviour, it s away from the desired solution, especially when the fact (event)
occurs. Thus an improvement will be proposed here together with a discussion
on the application domain of the network.

The proposed neuro-fuzzy network must satisfy the following
requirements:

a. The fuzzy sets must be given in sampled form, since every neural network has
a finite number of inputs, Le. A and B in the rule (1) must be of the form:

A ={ay,....ap }, n=my,...,m, fori=1....n
B={by,....b,)

Therefore, for nput -
Al ={ajy,...,ap }, n=my,...,m, for i=1,...,n

one must get the output
B' ={b{,...,b,}

b. In case the sets A/ are crisp sets the network must produce resuits that
agree with the rules of classical logic.
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In the following, it is proved that every neural network of the type shown in
Fig.4 with describing eguations

wy = c(a,,)
de = zj;{f(a,’,,w,l)}
§= C(u(dk))
k
u; = clb)
b = cf{iluy,s)}

where

c: involutive fuzzy complement with the property c(c(a)) = a, Va,

u: fuzzy umion with the property u(a,0} = a2 and u(a,1) =1,

i: fuzzy intersection with the property (a,0) =0 and /(a,1) = a,
satisfies the above conditions a. and b.

’ 2

an al.nq ar’d ar,m\,
Fig4; Structure of the proposed

neural network (assuming that
e =1 Vi=12,..,k)
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Theorem 1

If Al = A forall 1 =1,2,...,n, then the result is B.
Proof

From A = A it follows that a; = a; for all i =1,2,...,n and so for all v; in

the domain of discourse tt is true that u(v,) =a, =1 or 0 and ulelv,) =0 or
1, respectively, where u(x) & the membership function of concemm. That &
Vi =1,2,...,n the following relation holds:

dy = u{f(a,l,c(a,]))} =0
J
stnce{f(ay, c(ay))} = (1, 0) =0 for all f and j of interest. Thus
s= c{(l:(dk)} =c(0)=1

and so bf = c{i(y;,s)} = cly;) = clcly)) = by for i =1,2,...,n. This means that
the result is B as required. qe.d.

Theorem 2

If for some i from 1 to n the condition Af N A/ # 0 holds, then the neural
network produces the result ‘y s UNKNOWN® (which means that
b =1Vi=1,2,...,n).

Proof -

Since pAc(v,,)=yA,(v,,)=1 for some vij in the domain of discourse and

/(a,’,,w,,) =1 for this Vi

dye = u{fla),wy)} =1
J

Thus s = cfu(dg)} =0 and so b = c{i(0,u))} = c{0) =1, Vi=1,2,...,n. qed.
k

Theorem 3
If Af g A (le A s more specific than A- py < py) for some i from 1 to n,

then the result is B.
Proof
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From Al < A, for some i, it follows that A/ N Af = 0. Hence d, =0 which
gives the resuit 7Y is B. qe.b.

This network is used to solve problems similar to the following example [15]
Consider the rule:

IF a person s OLD THEN the person ts UNHEALTHY.
If some time we learn that the person i VERY OLD, then this information is
sufficlent to say that the person is UNHEALTHY. To confirm this fact the
following theorem will be shown.

Theorem 4
Consider two mputs A’ and A, /=1,2,...,n of the neural network and
suppose that A”’c A] ¢ A, for all 1 =1,2,...,n. Then the corresponding results
B’ and B" will satisfy the condition
Bg B" ¢ B

Proof
From the relation A’c A/ < A, Vi =1,2,...,n, it follows that

0 Su&u(-) Su,,;(-) < Hgp, (), Yr=12,...,n
for any point in the domain of discourse.
Thus

dff = u{f(aj,wy)} S u{ilay,wy)} = df, Vi=12,...,n
J J
and so i dj < djf then u(d}) 2 u(d}') which fmplies that
k k

c{u(dil} s c{u(dil}
k k

or
s'<s”
Thus we have b 2 4" ie. B ¢ B" < B’ because b/,b'2 b, Vi=1,2,...,n
where
b = cfily,,s)} = c{ilcidy),s)} 2 c{c(b)} = b
Remark

For any mput A/ it will be true that B < B. It s therefore clear that for any
triple of functions (c,u,/) the network will be working for examples of the
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"unhealthy old person’ type mentioned above. For this purpose we propose the
following neuron model:

wy = l—a,,
dk = maxUH(a;’;:W;}))
s=1- mgx{dk}

uy=1=-4
bj=1-s-y

where iy (:) 8 Hamacher’s function [13}

. ab

n(a,b)= y+(1-ylla+b-ab)’ v €(0.)
which satisfies the conditions /i (a,1) = a2 and /y(a,0) = 0. As it will be seen in
the next section, this model works correctly for relatively large values of y
(y=100, 200,_). However, there exist rules of other types that are also compatible
with the GMP rule. To see this we give the following example.

Suppose that two taps feed water to a vessel The temperature of the
water flowing from the first tap s known but not controlled, whereas the
temerature of the water m the second tap i controlled with a switch that has
the following indicationss VERY VERY WARM, VERY WARM, WARM,
NEARLY WARM, A LITTLE WARM, MODERATELY WARM, A LITTLE
COOL, NEARLY COOL, COOL, VERY COOL, VERY VERY COOL We want
to keep the water in the vessel MODERATELY WARM.

The logic of the previous model is as follows. If the water of tap 1 s A
LITTLE WARM or NEARLY WARM or VERY WARM or VERY VERY
WARM then open the COOL water in tap 2. In this way, we will get the correct
result with a delay. It would be better to work in the following way. If the water
in tap 1 s WARM then open in tap 2 the COOL water, if it s VERY WARM
then open the VERY COOL water and if it s VERY VERY WARM then open
i tap 2 the VERY VERY COOL water, and so on. In this way we will get the
desired MODERATELY WARM water very fast. However, the proposed
inference model cannot produce this logic due to Theorem 4. Of course if in the
computation of the ufs one uses a different function for the complement
operation than that used for the by’s, then it could be possible to obtain b/ < b,.
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But in this case, the proofs of Theorems 1, 2 and 3 should be modified. One
must therefore be very careful n using this model in each particular case.

In the light of the above, we propose here the foilowing modification of
the inference network:

wy = ¢ylay)

dj = max(ay, wy)
J
s= Cl(m?x(dk))

u = cylly)
b = cy(syy)
where ¢; and ¢, are complementation functions of the Sugeno type [13}
1-a

cla) = T A e(-1,x)

In practice one must select suitable values for 4 and A,. This choice can be
made through stmulation as described below.

Table 1: The meaning of linguistic terms defined on the domaim (1,11] and
sampled at integer points

Label Values of the membership function

LOW 100 | 067 {033 {000 000000 000|000 | 000 000|000
VERY LOW T00 | 0.45 | 011 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 000
MORL LOW 100 | 082 | 057 | 0.00 | 0.00 | 0.00 | 0.00 [ 0.00 | 0.00 | 0.00 | 0.00
NOT LOW 0.00 | 033 | 067 | 10O | 10O | 100 | 100 | 100 | 10O | 100 | LOO
MEDIUM 0.00 | 000 | 025 | 050 | 0.75 | 100 | 0.75 | 050 | 025 | 000 | 000

MORL MEDIUM [ 000} 000 050|071 | 087 | L00 | 087 | 0.71 | 050 | 0.00 | 0.00
NOT MEDIUM 100 | 100 { 075 | 050 | 025 | 0.00 | 025 | 050 | 0.75 | 100 | 100

HIGH 0.00 { 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 020 { 040 | 060 | 080 | L0O
VERY HIGH 0.00 | 000 [ 0.00 | 0.00 | 0.00 | 0.00 { 004 [ 016 | 036 | 0.64 | LOQ
MORL HIGH 0.00 | 0.00 | 0.00 | 0.00 | 0.00 | 0.00 { 045 | 063 | 0.77 | 089 | 10O
NOT HIGH 100 | 100 { 100 | LOO | LOO | LOO | 080 | 0.60 | 040 | 020 | 0.00

UNKNOWN 100 100 | .00

3. Simulation example

The proposed neural networks were simulated for trapezoidal fuzzy sets [17]
according to the rule:
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[F X IS LOW THEN Y [S HIGH.
The results obtained are shown in Tables 2 through 5. We observe that they
approach the desired result, the first without deviation and the second with some
tolerable deviation.
Table 2 The results of the simulation of the first model using Hamacher’s

function (y=57)
Label Values of the membership function
LOW 002 ] 002]002]002]002]002] 021]041] 061 080 LOO
MORL LOW 0051005005005} 005}005)024 043} 062 ] 081 ] LOO
VERY LOW 001)001]001]001]001]001|021|040]| 060|080 100
MEDIUM 100 {100 100} 1001{ 100} 100 | 100 | 100 | LOO | LOO | LOO
100 | 100 100 | .00 | 100

Table 3: The results of the simulation of the first model using Hamacher’s

function (y=100)
Label Values of the membership function
LOW 001(001]001[001{001]001]|021 {041 {060} 080]{ 100
MORL LOW 003]003{003(003{003|003| 022|042 061 | 081} LOO
VERY LOW 0.00|000|000|000|000{000{020|040| 060 | 080 | LOO
MEDIUM 100 | 100 | 100] 100 ] 100 ] 100 | LOO | 100 | LOO | 100 | LOO
NOT LOW 100 | 100 | 100 | 100 | 100 | 100

Table 4;: The results of the simulation of the first model using Hamacher’s

function (y=200)
Label Values of the membership function
LOW 0.00 ] 000 ] 0.00 | 0.00 | 0.00 [ 0.00 | 020 ] 040 [ 0.60 [ 080 [ 100
MORL LOW 001(001/001{001]001}001] 021|041 061 | 080 | LOO
VERY LOW 001/001§001({001}001]001| 021|040 060} 080 LOO
MEDIUM 100|100 | 100) 100} 100 | 100 | 10O | 100 | 100 | 100 | 100
100 100 | L00 | L0O

Table 5; The results of the simulation of the second model using Sugeno’s

function
Label Values of the membership function
LOW 005 ] 005 ] 0.05] 005 ] 005 ] 005 | 024 | 042 | 061 | 0.80 | 100
MORL LOW 009]009]009]009]009]009]030]049] 067 | 084 | 100
VERY LOW 002{002]002{002|002|002| 018 | 035|054 076| LOO
MEDIUM 1001001001100 100 {100 | LOO | 100 | LOO | LOO | LOO
NOT LOW 100 | 100 | LOO | LOO 100 | .00
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In the first case (Tables 2-4) we present the results of the network for the
Hamacher function with y=50, 100 and 200, respectively (the plots are omitted
since they almost coincide with the desired results). In the second case (Table 5)
we use the complement function of Sugeno with 4 =10 and 4, = 6 and give
the corresponding graphical representations.

1+

o8¢+ g ... Output of low (K-
0,8 T Y-T)

0,7 + — - = . QOutput of very
0,6 + low (K-Y-T)

' — — — Qutput of morl
057 ) low (K-Y-T)
Ot e = — - = High (K-Y-T)
03 1 e Qutput of mori
02+ low (1st model -
01+ y=200)

0

01 2 3 4 5 6 7 8 9 101
Fig.5: Comparison between the first model (y=200) and the K-Y-T

model (the outputs of low and very low of the first model are almost
identical to High).

4. Conclusions

The neural network proposed here has the same structure as the K-Y-T
model but it s generalized such that one can use any meaningful fuzzy
ntersection, umion or complement function. This s reflected in the more
generality of Theorems 1 through 4. Here we selected and used the Hamacher
intersection function which leads to more accurate inferences than those obtained
by the K-Y-T network. Also we used the Sugeno complement function which
gave us another improvement. A further extension would be obtained i one
uses rules of the type: “TF water s WARM THEN open COOL tap”, ‘TF water is
VERY WARM THEN open VERY COOL tap’, and so on (as mentioned at the
end of section 2).

The authors are currently working to design a system that can
accomodate such rules and also in the area of tuning PID and other controllers
with the aid of the present inference system in place of the so called “fuzzy
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matrices” [19]. Hopefully the use of the present system will give equivalent tuning
results as in {19] but more rapidly and with ncreased robustness.

0.6 SO0 e Morl high

05 R — «= == Qutput of morl
0,4 M4 low (2nd model)

0,9 4
Q9,8 s
0,7 /0
0,6 /o e Very high

a,5 // J/ — — — Qutput of very
0,4 y ) low (2nd modei)
03 7

0.2 VA

0,1 s ‘

----- High

P — = = Qutput of low
0,4 + + (2nd model)

024 z
01+ P

P e — anr - - - — o ——

0 1 2 3 4 5 6 7 8 9 101

Fig.6: Comparison between the outpur of the second model and the desired one.
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