
CHAPTER 7

The electromagnetic fi eld coupling to buried 
wires: frequency and time domain analysis

D. Poljak
Department of Electronics, FESB, University of Split, Split, Croatia.

Abstract

This chapter deals with the transient analysis of buried cables using the wire 
antenna theory and applying both the frequency and the time domain approach. 
On one hand, if the solution for a large number of incident waves arriving from 
various directions is of interest then the frequency domain approach is appropriate. 
On the other hand, for some electromagnetic compatibility applications in which 
accurate frequency data are required, the frequency samples obtained by the use 
of Fourier transform do not ensure accurate results and the time domain approach 
would be a better choice. Particularly, the direct time domain approach is conve-
nient if the transient response is required only for the early time behavior, since 
the frequency domain approach requires computing of the frequency response up 
to the maximum effective frequency and the entire range of frequency spectrum 
has to be transformed. The frequency domain model is based on the Pocklington 
integral equation while the time domain formulation deals with the Hallen inte-
gral equation approach. Both the Pocklington and the Hallen equation are handled 
via the appropriate Galerkin–Bubnov scheme of the indirect boundary element 
method. The strengths and weaknesses of both approaches are discussed.

1 Introduction

The electromagnetic fi eld coupling to lines buried in a lossy medium is of great 
practical interest for many electromagnetic compatibility (EMC) applications 
[1–4], such as transient analysis of power and communications cables. Basically, 
the buried wire can represent a telephone cable, power cable, or a cylindrical antenna 
operating at a very low frequency. Some important applications are also related 
to submarine communication (long dipoles submerged in water), geophysical 
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222 Electromagnetic Field Interaction with Transmission Lines

probing and electromagnetic stimulation of biological tissue. In the past, the tran-
sient excitation of buried wires, as one of the major causes of malfunction of tele-
communication and power lines, has been mostly related to the lightning discharge 
problems [3].

Generally, the electromagnetic fi eld coupling to underground wires confi gura-
tions [1, 2] has been investigated to a somewhat lesser extent than coupling to 
above-ground lines [3–11].

The studies related to buried wires are usually based on an approximate trans-
mission line approach [3]. The transmission line approach can be considered as a 
compromise between a quasi-static approximation and a full wave (wire antenna) 
model, and it is mostly related to infi nite or at least very long buried wires.

However, the effects at the line ends cannot be taken into account utilizing the 
transmission line approach [12]. Also, the effect of the earth–air interface has usu-
ally been neglected featuring the assumption that the wire is buried at a very large 
depth [1].

The transmission line approach, though suffi cient approximation if long lines 
with electrically small cross sections are considered, fails if one deals with the 
lines of fi nite length and high-frequency excitations.

Namely, the transmission line model fails to predict resonances, fails to take 
into account the presence of a lossy ground and the effects at the line ends [3–7]. 
Consequently, when the lines of the fi nite length are of interest the full wave model 
based on the receiving antenna (scattering) theory has to be used.

Thus, the wave-like behavior of the induced responses at higher frequencies 
requires a more general approach which is based on integral equations arising 
from the wire antenna theory. On the other hand, the principal restriction of the 
wire antenna model applied to overhead lines is often related to the long computa-
tional time required for the calculations pertaining to the long lines.

The transient analysis of buried cables using the wire antenna theory can be car-
ried out in either frequency or time domain. Essentially, there is no defi nitive 
advantage that could be gained using the indirect frequency domain approach or 
the direct time domain solution method.

Generally, if the solution for a large number of incident waves arriving from 
various directions is of interest then the frequency domain approach is appro-
priate.

On the other hand, for some EMC applications in which accurate frequency data 
are required, the frequency samples obtained by the use of Fourier transform do 
not ensure accurate results. The time domain approach would be a better choice if 
the transient response is required only for the early time behavior, since the fre-
quency domain approach requires computing of the frequency response up to the 
maximum effective frequency and the entire range of frequency spectrum has to be 
transformed.

This chapter deals with both approaches. The frequency domain model is based on 
the Pocklington integral equation while the time domain formulation deals with the 
Hallen integral equation approach. The strengths and weaknesses of both approaches 
are discussed.
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Electromagnetic Field Coupling to Buried Wires 223

2 The frequency domain approach

The frequency domain antenna theory approach provides one to take into account 
the earth–air interface effects via rigorous Sommerfeld integral formulation. 
However, the Sommerfeld integrals cannot be evaluated analytically, while the 
corresponding numerical solution is rather demanding and very time consuming 
[13–17]. Consequently, some authors prefer to use a simplifi ed approach based on 
the refl ection coeffi cient approximation [1, 4].

The wire antenna approach to the analysis of the plane wave coupling to the 
buried cable of fi nite length, with the effect of the half space included via the 
refl ection coeffi cient approximation, has been proposed in [18]. This approach has 
been extended to the more complex case of a plane wave excitation with an arbi-
trary angle of incidence [19].

The frequency domain formulation presented in this chapter is based on the 
Pocklington integro-differential equation. The refl ection coeffi cient by which the 
earth–air interface is taken into account is included in the integral equation kernel.

This integral equation is solved via the Galerkin–Bubnov scheme of the indirect 
boundary element method (GB-IBEM) [20]. Furthermore, the transient response 
of the wire is computed using the inverse Fourier transform [21].

2.1 Formulation in the frequency domain

The horizontal line of length L and radius a, buried in a lossy ground at depth d, is 
shown in Fig. 1. The current distribution along the buried wire is governed by the 
corresponding Pocklington integro-differential equation. This integro-differential 
equation can be derived by enforcing the interface conditions for the tangential 
electric fi eld components.

Assuming the wire to be perfectly conducting, the total fi eld along the wire 
surface vanishes, i.e.:

 
tot = 0xe E
��

 (1)

where the total fi eld E
�

tot is composed from the excitation E
�

exc and scattered fi eld 
E
�

sct fi eld components, respectively:

 
tot exc sct= +E E E
� � �

 (2)

where the excitation fi eld component represents the sum of the incident fi eld E
�

inc 
and fi eld refl ected from the lossy ground E

�
ref:

 
exc inc ref= +E E E
� � �

 (3)

The scattered fi eld component is given by:

 
sct =E j Aw j− − ∇

��
 (4)

where A
�
 is the magnetic vector potential and j is the electric scalar potential.
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224 Electromagnetic Field Interaction with Transmission Lines

According to the widely used thin wire approximation [3, 4] only the axial com-
ponent of the magnetic potential differs from zero and eqn (4) becomes:

 

sct =x xE j A
x

j
w

∂
− −

∂  
(5)

where the magnetic vector potential and electric scalar potential are, respectively, 
defi ned as:

 0

= ( ) ( , )d
4

L

xA I x g x x x
m

′ ′ ′
π ∫

 

(6)

 eff 0

1
( ) = ( ) ( , )d

4

L

x q x g x x xj
e

′ ′ ′
π ∫

 

(7)

where eeff is the complex permittivity of the lossy ground given by:

 
eff r 0= j

s
e e e

w
−

 
(8)

while q(x) is the charge distribution along the line, I(x' ) denotes the induced cur-
rent along the line and g(x, x' ) stands for the Green’s function given by:

 0 TM( , ) = ( , ) ( , )ig x x g x x R g x x−′ ′ ′  (9)

and g0(x, x' ) denotes the lossy medium Green function:

 

2 1

0
1

e
( , ) =

jk R

g x x
R

−
′

 
(10)

while gi(x, x' ) is, in accordance to the image theory, given by:

 

2 2

2

e
( , ) =

jk R

ig x x
R

−
′

 
(11)

Figure 1: A straight wire of fi nite length buried in a dissipative medium.
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Electromagnetic Field Coupling to Buried Wires 225

where k2 is the propagation constant of the lower medium and R1 and R2 are dis-
tances from the source point in the ground and from the corresponding image in 
the air to the observation point defi ned by:

 
2 2 2 2

1 2= ( ) + , = ( ) + 4R x x a R x x d− −′ ′  
(12)

The infl uence of a nearby ground interface is taken into account by means of the 
Fresnel plane wave refl ection coeffi cient:

 

2

eff
TM

02

1 1
cos sin

= , = arctg , =
21 1

cos + sin

x xn n
R n

d

n n

q q
e

q
e

q q

− −
− ′

−
 

(13)

The linear charge density and the current distribution along the line are related 
through the equation of continuity [7]:

 

1 d
=

d

I
q

j xw
−

 
(14)

Substituting eqn (14) into eqn (7) yields:

 eff 0

1 ( )
( ) = ( , )d

4

L I x
x g x x x

j x
j

we
∂ ′− ′ ′

π ∂ ′∫
 

(15)

Combining eqns (5), (6) and (15) results in the following integral relationship for 
the scattered fi eld:

 

sct

eff0 0

1 ( )
= ( ) ( , )d + ( , )d

4 4

L L

x
I x

E j I x g x x x g x x x
j x x

m
w

we
∂ ∂ ′− ′ ′ ′ ′ ′

π π ∂ ∂ ′∫ ∫
 

(16)

Finally, eqns (3) and (16) result in the following integral equation for the unknown 
current distribution induced along the line:

 

exc

eff0 0

1 ( )
= ( ) ( , )d ( , )d

4 4

L L

x
I x

E j I x g x x x g x x x
j x x

m
w

we
∂ ∂ ′−′ ′ ′ ′ ′

π π ∂ ∂ ′∫ ∫
 

(17)

Integral equation (17) is well-known in antenna theory and represents one of the 
most commonly used variants of the Pocklington’s integro-differential equation.

The electric fi eld transmitted into the lossy ground and illuminating the buried 
line is given by:

 
2exc tr

0 TE TM= = ( sin cos cos )e tjk n r
x x tE E E f q f −Γ − Γ

� �

 
(18)

where a is the angle between E-fi eld vector while the plane of incidence and qt is 
defi ned by the Snell’s law [1]:

 1 2 tsin = sink kq q  (19)

 
 www.witpress.com, ISSN 1755-8336 (on-line) 
WIT Transactions on State of the Art in Science and Engineering, Vol 29, © 2008 WIT Press
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where k1 is the propagation constant in the free space.
Quantities ΓTM and ΓTE denote the vertical and horizontal Fresnel transmission 

coeffi cients, respectively, at the air–earth interface (Fig. 2) given by [1]:

 
TM 2

2 cos
=

cos + sin

n

n n

q

q q
Γ

−  

(20)

 
TE 2

2cos
=

cos + sinn

q

q q
Γ

−  

(21)

and tn r
� �

 is distance from the origin point to the observation point at the wire surface.

 t t t t= sin cos sin sin cosn r x y zq f q f q− − −� �
 (22)

Solving the Pocklington integro-differential equation (17) the current distribu-
tion at the operating frequency is obtained.

2.2 Numerical solution of the integro-differential equation

The numerical solution of eqn (17) is obtained via GB-IBEM, which is outline 
below. More detailed description of the method can be found in [13].

Figure 2: Incident, refl ected and transmitted wave from an air–earth interface.
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Electromagnetic Field Coupling to Buried Wires 227

An operator form of the Pocklington integro-differential equation (18) can be, 
for convenience, symbolically written as:

 =KI E  (23)

where K is a linear operator and I is the unknown function to be found for a given 
excitation E.

The unknown current is expanded into a fi nite sum of linearly independent basis 
functions {fi} with unknown complex coeffi cients ai:

 =

=
n

n i i
i 1

I I fa≅ ∑
 

(24)

Substituting eqn (24) into eqn (23) yields:

 =

= = = ( )
n

in i n n
i 1

KI KI Kf E P Ea≅ ∑
 

(25)

where Pn(E) is called a projection operator [13].
Now the residual Rn is formed as follows:

 = = ( )n n nR KI E P E E− −  
(26)

According to the defi nition of the scalar product of functions in Hilbert function 
space the error Rn is weighted to zero with respect to certain weighting functions 
{Wj}, i.e.:

 
, = 0, = 1,2, ,n jR W  j ... n

 
(27)

where the expression in brackets stands for a scalar product of functions given 
by:

 

*, = dn j n jR W R W
Ω

Ω∫
 

(28)

where Ω denotes the actual calculation domain.
Since the operator K is linear, a system of linear equations is obtained by 

choosing Wj = fj, which implies the Galerkin–Bubnov procedure. Thus, it can be 
written as:

 =

, = , , = 1,2, ,
n

i i j j
i 1

Kf f E f j ... na∑
 

(29)

Equation (29) is the strong Galerkin–Bubnov formulation of the Pocklington inte-
gral equation (18). Utilizing the integral equation kernel symmetry and taking into 
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228 Electromagnetic Field Interaction with Transmission Lines

account the Dirichlet boundary conditions for the current at the wire ends of the 
cylinder, after integration by parts eqn (29) becomes:

 

2
2

eff=1 0 0 0 0

exc

0

( ) ( )1
( , )d d + ( ) ( ) ( , )d d

4

= ( ) ( )d , = 1,2,

L L L Ln
j i

i j i
j

L

x j

f x f x
g x x x x k f x f x g x x x x

j x x

E x f x x j n

a
we

 ∂ ∂ ′
′ ′ ′ ′ ′ 

π ∂ ∂ ′  
∑ ∫ ∫ ∫ ∫

∫ …

 

(30)

Equation (30) represents the weak Galerkin–Bubnov formulation of the integral 
equation (23).

The resulting system of algebraic equations arising from the boundary element 
discretization of eqn (30) is given by:

 =1

[ ] { } = { } , = 1,2, ...,
M

ji i j
j

Z I V j M∑
 

(31

)

where [Z]ji is the local matrix representing the interaction of the ith source bound-
ary element with the jth observation boundary element:

 

T 2 T
2

eff 0 0 0 0

1
[ ] = { } { } ( , )d d + { } { } ( , )d d

4

L L L L

ji j jZ D D g x x x x k f f g x x x x
j we

 
′ ′ ′ ′ ′ 

π   
∫ ∫ ∫ ∫

 (32)

The vector {I} contains the unknown coeffi cients of the solution, and it represents 
the local voltage vector. Matrices {f} and {f '} contain the shape functions while 
{D} and {D'} contain their derivatives, M is the total number of line segments, and 
∆li, ∆lj are the widths of ith and jth segment.

Functions fk(z) are the Lagrange’s polynomials and {V}j is the local right-side 
vector for the jth observation segment,

 

exc{ } = { } d
j

j x j
l

V E f z
∆
∫

 
(33)

representing the local voltage vector.
Linear approximation over a boundary element is used as it has been shown that 

this choice provides accurate and stable results [13].

2.3 The calculation of a transient response

Calculating the current distribution along a buried wire in a wide frequency spec-
trum one obtains the transfer function of the system, H(f ) is obtained.
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To analyze the transient response of the buried wire, an incident fi eld in a form 
of a single exponentially decaying function is used:

 
tr

0e ( ) = e at
x t E −

 (34)

which Fourier transform is given by:

 

tr 0( ) =
+ 2x

E
E f

a j fπ  
(35)

Now, the current distribution I(f ), i.e. the frequency response of the wire to the 
particular excitation (35) is obtained by multiplying the frequency spectrum of the 
excitation function with the corresponding transfer function of the linear system 
H(f ):

 
tr( ) = ( ) ( )xI f H f E f  (36)

Applying the inverse Fourier transform is to be applied to the function I(f ) yields 
the transient current induced along the buried transmission line [21]:

 

2( ) = ( )e dj fti t I f w
∞

π

−∞
∫

 

(37)

As the system transfer function H(f ) is represented by the discrete set of values, 
and the actual frequency response I(f ) is also represented by a discrete set of val-
ues, the integral equation (37) thus cannot be solved analytically and one has to 
deal with the Discrete Fourier transform (or in this case Fast Fourier Transform), 
i.e.:

 ( ) = IFFT( ( ))i t I f  (38)

Thus, the discrete set of the time domain current values is defi ned by [21]:

 

1

=0

( ) = ( )e
N

jk f n t

k

i n t F I k f
−

∆ ∆∆ ∆∑
 

(39)

where F is the highest frequency taken into account, N is the total number of fre-
quency samples, ∆f is sampling interval and ∆t is the time step.

2.4 Numerical results

For the comparison purposes, fi rst the current distribution induced along a wire 
conducting cylinder, immersed in sea water, is computed assuming a unit incident 
fi eld. The water parameters are er = 80 and s = 4 S/m, and the operating frequency 
is f = 1 MHz. The cylinder length is L = 120 and 160 m, respectively, with a radius 
of a = 0.6 and 0.8 m, respectively, while in Fig. 3 the calculated current distri-
butions are compared to the analytical results available from [22]. Agreement is 
found to be satisfactory.
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230 Electromagnetic Field Interaction with Transmission Lines

Further numerical examples are related to the transmission lines buried in a lossy 
ground with permittivity er = 10 and conductivity s = 0.001 S/m. Conductor radius is 
a = 1 cm wire length L and burial depth d are varied. The wire is excited by the trans-
mitted plane wave with a single exponential decaying form eqn (35). The parameters 
of the exponential function are, as follows: E0 = 1 V/m, a = (7.854 × 10–8 s)–1.

The transient response, i.e. the current induced at the center of the wires having 
various lengths for the normal incidence is shown in Fig. 4. The burial depth is 
d = 1 m. The current wave refl ections from the wire ends are clearly visible, par-
ticularly for the shorter wires. Figure 5 shows the infl uence of the burial depth on 
the induced current at the center of the 200 m long wire.

The both time shift and the attenuation of the signal seems to be increased with the 
depth. The only exception occurs for d = 0.1 m, where the induced current is lower 
then for d = 1 m. This happens due to the vicinity of the nearby ground–air interface. 

Figure 3: Comparison of numerical results obtained with different solution methods.
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Electromagnetic Field Coupling to Buried Wires 231

The transient response of the wire of the transmission line of length L = 30 m buried at 
depth d = 1 m for various angles of incidence q = 0°, 60° and 80° is shown in 
Fig. 6.

The transient response of the wire of the transmission line of length L = 30 m 
buried at depth d = 1 m for various angles of incidence q = 0°, 60° and 80° is 
shown in Fig. 6. For the higher angle q, amplitude of the induced current at the 
wire center is smaller, since the tangential component of the transmitted electric 
fi eld is also decreased.

3 Time domain approach

This section deals with a time domain study of a single straight wire embedded 
in a dielectric half-space and illuminated by a non-uniform transient electric fi eld. 

Figure 5: Transient response for different burial depths.
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This topic is very important as a starting point in the transient analysis of wires 
buried in a lossy medium which is of great practical interest for many EMC appli-
cations [1–4].

The analysis presented in this section is based on the wire antenna theory and is 
carried out directly in the time domain. Dealing with a rather simple geometry of 
a single wire embedded in a dielectric half-space this section aims to introduce 
some basic ideas on the subject. The method can be also applied to a case of arbi-
trary wire confi gurations, which is of much more practical importance in EMC 
applications.

The time domain formulation presented in this section is based on the space–
time Hallen integral equation for half-space problems [23]. The effects of the 
two-media confi guration are taken into account via the corresponding refl ec-
tion coeffi cient and the transmission coeffi cient. The transient current along 
the straight wire embedded in a dielectric half-space is obtained by solving the 
corresponding Hallen integral equation via the time domain variant of the GB-
IBEM [13].

Once calculating the space–time current distribution along the wire, to further 
evaluate the obtained transient response, the time domain energy measures can be 
computed by spatially integrating the squared current and charge along the wire 
[24–27].

Furthermore, a simplifi ed version of space–time refl ection/transmission coeffi -
cient has been promoted in [28], while an alternative formulation for a fi nite length 
wire placed within the dielectric half-space featuring the simplifi ed form of the 
refl ection/transmission coeffi cient, instead of use of Fresnel coeffi cients has been 
proposed in [29].

This alternative approach to the time domain analysis of buried wires is pre-
sented in this section, as well.

3.1 Formulation in the time domain

A perfectly conducting straight thin wire of length L and radius a, immersed in 
a dielectric medium at depth d is considered, as shown in Fig. 7. The wire is 
illuminated by a horizontally polarized transient electric fi eld tangential along its 

Figure 7: A straight wire embedded in a dielectric half-space.
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surface, i.e. the case of normal incidence is considered only.
The mathematical framework of the problem is based on the wire antenna the-

ory and thin wire approximation [3, 4].
The transient induced current fl owing along the straight wire embedded in a 

dielectric half-space is governed by the corresponding space–time integral equa-
tion. The time domain formulation for the single wire problem in terms of the 
Pocklington or the Hallen integral equation type can be readily obtained as an 
extension of the wire in homogeneous dielectric medium.

The time domain Pocklington type integral equations often suffer from numeri-
cal instabilities, i.e. from the non-physical, rapidly growing oscillations at later 
instants of time [30].

On the other hand, the time domain Hallen integral equation does not contain 
either space or time derivatives within its kernel, which are found to be the origin 
of numerical instabilities. Consequently, the Hallen equation has been proven to 
be attractive from the computational point of view [4, 30–32].

The Hallen integral equation approach, also used for the transient analysis 
of straight wire confi guration above-ground [8–11], is applied to the problem 
of wires embedded in a dielectric half-space in this section. The Hallen inte-
gral equation for the straight wire in unbounded lossless medium can be read-
ily derived from the corresponding Pocklington integro-differential equation 
type.

Since the wire is perfectly conducting the tangential component of the total fi eld 
vanishes on the antenna surface, i.e.:

 
inc sct+ = 0x xE E  (40)

where  E x  
inc  is the incident and  E x  

sct  scattered fi eld on the metallic wire surface. From 
the fi rst Maxwell equation:

 
=

B
x E

t

∂
∇ −

∂

��

 
(41)

and using the vector magnetic potential A
�
:

 =B x A∇
��

 (42)

it follows:

 
tan

tan

inc
|

|

= +
A

E t
j

 ∂
∇ ∂ 

�
�

 

(43)

where A
�

and j are space–time-dependent magnetic vector and electric scalar 
potential, respectively. These two potentials are to satisfy the Lorentz gauge:

 

1
+ = 0A

t

j
me

∂
∇

∂
�

 
(44)
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Differentiating eqn (43) and taking into account the Lorentz gauge equation (44) 
yields in the wave equation for magnetic vector potential A

�
:

 tantan

2 inc

2
||

1
( ) =

A EA
t tme

 ∂ ∂− ∇ ∇  ∂ ∂

� ��

 

(45)

In accordance to the thin wire approximation, only the axial component of the vec-
tor potential exists, so it can be written:

 

2 2 inc

2 2 2

1
=x x xA A E

tx v t

∂∂ ∂− −
∂∂ ∂  

(46)

where v is the velocity of wave propagation in a homogeneous dielectric medium, 
defi ned as follows:

 0

=
rg

1
v

me e
 

(47)

where erg is the lower medium relative permittivity where c denotes the velocity 
of light.

Equation (46) is valid on the surface of the perfect conductor and the solution 
can be represented by a sum of the homogeneous equation solution and particular 
solution of the inhomogeneous equation:

 
h p( , ) = ( , ) + ( , )x x xx t x t x tA A A  (48)

In addition, the solution of the homogeneous wave equation is given as a superpo-
sition of incident and refl ected wave [13]:

 
,h

1 2( ) = + +x
x x

x t t tA F F
v v

   −        
(49)

The particular solution is given by the integral [13]:

 
,

( ) ( )
+

inc inc
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 (50)

Since the differential equation is related to the wire antenna surface eqn (50) sim-
plifi es into:

 

incp

g 0

1 | |
( , ) = d

2

L

x x
x x

x t  E x t xA
Z v

, − ′ −′ ′  ∫
 

(51)

where Zg is the corresponding impedance of a dielectric medium given by:

 
g

0

=
rg

Z
m

e e
 

(52)
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On the other hand, the magnetic vector potential on the metallic wire surface 
on the left-hand side of eqn (48) may be also obtained as a solution of the wave 
equation:

 

2
2

2
= ( , )

A
A J r t

t
me m∂− −∇

∂

�� �

 
(53)

where J
�
(r,t) denotes the surface current density.

The solution of differential equation (53) is usually obtained via the Green func-
tion theory by introducing the auxiliary equation:

 

2
2

2
= ( , )

g
g r r t t

t
me d∂− − −′ ′∇

∂
� �

 
(54)

The solution is given in the form of retarded Dirac impulse:

 

( ( / ))
( , ) =

4

t t R v
g r r t t

R

d − −′− −′ ′
π

� �
 

(55)

where R is a distance from the source to the observation point.
Then the solution of eqn (53) using the Green function approach may be written 

in the form:

 

( / )
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4

t

s
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t t R v
A r t J r t S t
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m d
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(56)

Performing the time domain integration one obtains:

 

( , / )
( , ) = d

4
s

S

J r t R v
A r t S

R

m −′
′

π ∫∫
�

�

 

(57)

According to the thin wire approximation, the equivalent current along the wire 
is assumed to fl ow in the axis, while the observation points are located on the 
antenna surface, i.e. it follows:

 ,( ) = 2 ( )zI x t a x,tJπ  (58)

and the axial component of the magnetic vector potential is given by:

 

,
0

( , / )
( ) = d

4

L

x
I x t R v

A x t  x
R

m −′
′

π ∫
 

(59)

Combining the relations (46) and (59) yields the Pocklington integro-differential 
equation:

 

inc2 2

2 2 2 0

1 ( , / )
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4

L xEI x t R v
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R tx v t

  ∂∂ ∂ −′− ′  π ∂∂ ∂ 
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(60)
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while relations (48), (49), (51) and (59) leads to the space–time Hallen integral 
equation:
 

, inc
0

g 00

1 | |( / )
d = + + d

4 2

LL

L x
x L x x xI x t R v

x F t F t  E x t x
R v v Z v

,− − ′−′      − − −′ ′ ′          π ∫∫
 (61)

Equations (60) and (61) are both related to the straight, fi nite length wire in an 
unbounded dielectric medium, where the distance from the observation point is 
given by:

 
2 2= ( ) +R x x a− ′  (62)

The multiple refl ections of the current at the free ends of the wire are taken into 
account by the unknown functions F0(t) and FL(t).

The Hallen integral equation for a homogeneous lossless medium can be also 
derived directly from the Pocklington equation by performing the straight-forward 
convolution [10].

The corresponding Hallen integral equation for the wire embedded in a dielec-
tric half-space can be derived gradually.

As a fi rst step, the Hallen integral equation for an unbounded medium equation 
(61) is transferred into the frequency domain:
 

,
/

inc/ ( ) / ( / )
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g0 0
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π∫ ∫
 (63)

where s = jw denotes the Laplace variable.
The frequency domain Hallen integral equation for a straight wire in a dielectric 

half-space is obtained by extending the integral equation (63) with an additional 
term due to an image wire in the air located at height d above interface. This term 
contains the refl ection coeffi cient Γref for the transverse magnetic (TM) polariza-
tion multiplied by the Green function of the image wire in the air. In addition, the 
incident fi eld Ex

inc appearing in the last term in eqn (61) has to be replaced by the 
corresponding transmitted fi eld Ex

tr.
Thus, the resulting space frequency Hallen integral equation for the straight 

wire embedded in a dielectric medium becomes:

 

*

ref
0 0
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tr

0
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( , )( , ) e ed ( ) d
4 4 *
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sR sRL L
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q
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(64)
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where R* is the distance from the source point located at the image wire in the air 
to the observation point located at the wire immersed in a dielectric medium:

 
2 2* = ( ) + 4R x x d− ′  (65)

The space dependent refl ection coeffi cient, by which the ground–air interface 
effects are taken into account, is defi ned by the relation [1]:

 

2

rg rg
ref
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rg rg

1 1
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| |
( ) = , = arctg

21 1
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x x'

d

q q
e e

q q
q q

e e

− −
−

Γ
−

 

(66)

Finally, the electric fi eld transmitted into the dielectric medium  E x  
tr  is given as 

follows:

 
tr inc

tr tr= ( )x xE EqΓ  (67)

where Ex
inc is the incident fi eld in the air and Γtr(qtr) is the corresponding transmis-

sion coeffi cient by which the air–ground interface effects are taken into account.
The space dependent transmission coeffi cient, for the case of normal incidence 

considered in this work, is given by [23]:

 tr

rg tr
tr tr 2

rgrg rgtr tr =0

2 cos 2
( ) = =

+1cos + sin
q

qe
q

eq qe e
Γ

−
 

(68)

where qtr is the angle of transmission.
The time domain Hallen equation for a straight thin wire in a dielectric half-

space now can be obtained applying the inverse Laplace transform and the convo-
lution theorem to the integral equation (64).

Therefore, it follows:
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ref *
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q t t
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π π
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∫ ∫ ∫

∫
 

(69)

where the time domain counterpart of the Fresnel refl ection coeffi cient Γref (q, t) is:

 ref ref( , ) = ( ) ( )t tq q dΓ Γ  (70)

and d(t) stands for the Dirac impulse.
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The transmitted electric fi eld in the dielectric medium Ex
tr represents a time domain 

counterpart of the relation (67) and can be obtained from the convolution integral:

 

tr inc
tr tr( , ) = ( , ) ( , )d

t

xx x t x tE E t q t t
−∞

− Γ∫
 

(71)

where Γtr(qtr, t) is the time domain transmission coeffi cient counterpart of the 
expression (68):

 tr tr( , ) = ( ) ( )t tq q dΓ Γ  (72)

Substituting the relations (72) and (68) into eqn (71), for the case of normal inci-
dence (qtr = 0), it follows:

 

tr inc
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rg

2
= ( )

+1
x x t tE E

e
−

 

(73)

where t0 = d/v denotes the time delay.
It should be stated that a fi eld reference point (x = 0, z = 0) has been used 

throughout this analysis.
Finally, combining the relations (66)–(73) the resulting integral equation for the 

wire immersed in a dielectric medium becomes:
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∫
 (74)

The problem of a straight wire embedded in a dielectric medium governed by the 
space–time Hallen integral equation (74) can be solved by prescribing, without any 
loss of generality, the zero edge I(0, t) = I(L, t) = 0 and initial conditions I(x, 0) = 0.

The use of a convolution approach through eqns (69)–(72) to handle the refl ec-
tion and transmission coeffi cients is not necessary for the case of dielectric half-
space as they are only functions of angle. This integral equation formulation is 
used as it can serve as a starting point in deriving the model for the wire buried in 
a medium with fi nite conductivity.

3.2 Time domain energy measures

The transient response of a straight thin wire embedded in a dielectric half-space 
can be postprocessed by the time domain energy measures based on spatial inte-
grals of the squared current and charge induced along the wire.
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The time domain energy measures represented by the current and charge induced 
on an object yield insight into where and how much the object radiates as a func-
tion of time. These measures were originally proposed in [24], for wires in free 
space, and re-examined in [10, 25] and recently in [26]. The concept of the time 
domain energy measures is extended to the case of buried wires in [27].

Upon solving the set of Hallen integral equations (74) for the transient current 
along the wire located in a dielectric medium, the charge distribution along the 
wire can be determined from the continuity equation [10]:

 0

( , )
= d

t I x t
q t

x

∂ ′−
∂ ′∫

 

(75)

where q is the linear charge distribution along the embedded wire in a dielectric 
half-space.

Having found the current and charge, measures of the H-fi eld (kinetic) and the 
E-fi eld (static) energy densities are expressed as proposed in [27].

The H-fi eld energy is represented by the relation:

 

20
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= ( , )d
4

L

IW I x t x
m

′ ′
π ∫

 

(76)

while the E-fi eld energy is measured by the following integral:

 r 0 0

1
= ( , )d

4

L
2

qW x t xq
e e

′ ′
π ∫

 

(77)

The total energy stored in the near fi eld is proportional to the sum of WI and Wq [27].
Numerical procedures for the calculation of the current, charge and time domain  

energy are outlined in Section 2.3.

3.3 Time domain numerical solution procedures

Time domain modeling is a more demanding task than is the frequency domain 
approach however the former provides not only a better insight into the physical 
transient phenomena, but also some computational advantages [4, 10, 14]. The 
time domain version of the GB-IBEM applied to the solution of various Hallen 
integral equation types provides the stable numerical results [8–11] and it is used 
for numerical handling of the straight thin wire in a dielectric half-space in [23].

As the time domain solution procedure for the Hallen integral equation is stable 
for an arbitrary time interval, it does not require any smoothing procedure, con-
trary to the most of the known techniques [30]. The space–time discretization is 
performed carefully, so that within one time increment the propagation on at least 
one space segment is considered, thus satisfying the inequality:

 

z
t
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∆
∆ ≤

 
(78)
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Through the marching-on-in-time procedure it is possible to obtain the solution 
for the current at a present time for each space node as a function of currents 
at previous instants, without requiring matrix inversion. It is also necessary to 
prescribe the initial values of current at the wire ends to start the stepping pro-
cedure.

According to the usual space–time discretization procedure, the local approxi-
mation for unknown current can be expressed in the form:

 
T( , ) = { } { }I x t f I′ ′  (79)

where {f} is a vector containing shape functions, and {I} is the time-dependent 
solution vector. In addition, applying the weighted residual approach, the space 
boundary discretization of integral equation (74) leads to the local equation system 
for ith source and jth observation boundary element:
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(80)

Expression (80) can be written in the matrix form given by:
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where {E} vector denotes the excitation function and the space–time dependent 
matrices are given, as follows:
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Having completed the space discretization procedure, the weighted residual 
approach is used for the time discretization procedure, as well.

Assuming that solution in time on the ith space segment can be expressed as:

 =1

( ) = ( )
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k k
i i
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I t I T t′ ′∑
 

(89)

where Ii
k are the unknown coeffi cients and T k are the time domain shape functions, 

and choosing the Dirac impulses as test functions, the recurrence formula for the 
space–time varying current can be written as:
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where Ng denotes the total number of global nodes Aji are the global matrix terms, 
gjl* is the whole right ride of the expression (81) containing the excitation and 
the currents at previous instants, while the overbar denotes that the self term is 
omitted.

Once the current distribution is obtained by solving the integral equation (74) 
via the GB-IBEM, the energy-measure integrals (76) and (77) can be evaluated.

First, the charge distribution is determined by solving the integral:
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where M denotes the total number of segments, while Nt stands for the total num-
ber of time steps.

The solution of integral in eqn (91) is carried out analytically, and given in the 
form:
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The H-fi eld energy measure is obtained by evaluating the integral:
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The solution is available in the closed form and is given by:
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The E-fi eld energy is obtained from the integral:
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for which the solution is then:
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and the total energy measure is given by sum of WI and Wq.

3.4  Alternative time domain formulation via a simplifi ed 
refl ection/transmission coeffi cient

A transient analysis of a fi nite length wire embedded in a dielectric half-space and 
illuminated by the electromagnetic pulse (EMP) using a simplifi ed refl ection coef-
fi cient approach. A direct time domain formulation is based on the wire antenna 
theory and on the corresponding Hallen integral equations for half-space prob-
lems. The presence of a dielectric half-space is taken into account via the simpli-
fi ed refl ection/transmission coeffi cient arising from the modifi ed image theory. The 
Hallen equation is solved via the time-domain GB-IBEM and some illustrative 
numerical results are presented in this section.

The transient response obtained using the simplifi ed refl ection/transmission 
coeffi cient approach is compared to the results obtained via the Fresnel coeffi -
cients approach.

A simplifi ed form of the earth–air refl ection coeffi cient, based on the modifi ed 
image theory, and proposed in [28] is given by:
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where Γref
MOT depends on the permittivity of the dielectric medium, only:
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A simplifi ed form of the transmission coeffi cient, based on the modifi ed image 
theory, proposed in [28] can be written, as follows:
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where Γtr
MOT, dependent only on the permittivity of the dielectric medium, is 

given by:
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Substituting the relations (99) and (100) into eqn (71), for the case of normal inci-
dence, it follows:
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where t0 = d/v denotes the time delay.
Also, substituting eqns (97) and (98) into eqn (69), the resulting integral equa-

tions for the straight wire immersed in a dielectric medium becomes:
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The numerical solution of the space–time Hallen integral equation is obtained 
using the procedure presented in Section 2.3.

3.5 Computational examples

The fi rst example is related to the straight wire of length L = 5 m and radius 
a = 1 cm embedded in the dielectric half-space with er = 10 at the depth d = 1 m. 
The wire is illuminated by the transmitted part of the EMP incident waveform:

 
inc

0( ) = ( )e eat bttE E − −−  (103)

where the EMP parameters are: E0 = 52.5 kV/m, a = 4 × 106 s–1 and b = 4.78 × 
108 s–1.

The transient current induced at the wire center is shown in Fig. 8
The transient response obtained using the direct time domain approach seems to 

be in a satisfactory agreement with the results computed via the indirect frequency 
domain approach. The multiple refl ections of the transient current from the wire 
ends are due to the refl ected waves. This effect can be also observed in Figs 9–11.

Figure 9 shows the transient response of the same wire buried at various 
depths.

The curves shown in Fig. 9 for the transient current induced at the center of the 
wire embedded in the dielectric half-space at depth d = 1, 10 and 20 m represent 
time delayed waveforms due to the propagation delay necessary for the incident 
electric fi eld to reach the wire. A slight amplitude and waveform variation as a 
function of depth indicate the minimal interface effect.

A slight proximity effect of the ground–air interface is visible for the case of the 
transient current induced along the wire placed at depth d = 1 m below ground, 
while only the time delay is noticeable for the curves related to the wires located 
at depth d = 10 and 20 m, respectively.
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The initial delay of the fi rst peak is caused by the arrival time of the incident 
fi eld and strongly depends on the depth d. After that time the transient behavior of 
the incident current is the same.

Furthermore, Fig. 10 shows the transient current induced of the center of L = 5 m 
long wire buried at d = 1 m below the interface for the various values of permittivity. 
Thus, three typical values of relative dielectric constant are chosen; er = 10 
(ground), er = 55 (brain permittivity at GSM (Global System for Mobile Commu-
nications) frequencies), er = 80 (sea water). It can be observed from Fig. 10 that 
permittivity of the medium strongly affects the transient response of the wire 
embedded in the dielectric medium.

Figure 8:  Transient current induced at the center of the straight wire (L = 5 m, 
a = 1 cm, er = 10, d = 1 m).
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Figure 9:  Transient current induced at the center of the straight wire (L = 5 m, 
a = 1 cm, er = 10) for various depths.
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As shown in Fig. 10 the initial delay of the transient waveform fi rst peak is sig-
nifi cantly infl uenced by the relative permittivity of a dielectric semi-infi nite 
medium erg. Also, time delay of the refl ections from the wire free ends is infl u-
enced by the velocity of the propagation in the dielectric medium. Smaller the 
value of erg, the greater is the velocity v while the oscillation period is decreased.

Figure 11 shows the transient response of the straight thin wire of length L = 50 m 
and radius a = 1 cm embedded in the dielectric half-space with er = 10 at the depth 
d = 1 m. The wire is illuminated by the EMP waveform (97). This transient 
response has been computed by means of the direct time domain and the indirect 
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Figure 10:  Transient response of the straight wires (L = 5 m, a = 1 cm) for various 
permittivity values.
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Figure 11:  Transient current induced at the center of the straight buried wire 
(L = 50 m, a = 1 cm, er = 10, d = 1 m).
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frequency domain method, respectively. The numerical results obtained by the dif-
ferent approaches agree favorably again.

Comparison of the transient current from Fig. 11 with the current waveform from 
Fig. 8 clearly shows the infl uence of the wire length on the transient behavior.

It is also evident from Fig. 5 that the dominant effect to the transient behavior of 
the induced current along the line is due to the multiple refl ections of the current 
wave from the line open ends.

There is a slight frequency shift in Figs 8 and 11 between the time domain and 
the frequency domain results, particularly for later time instants. Consequently, 
there are some points regarding the frequency domain modeling to be clarifi ed.

The transients of highly resonant structures have very long duration while their 
related frequency spectra contain sharp peaks. Coarse frequency resolution cannot 
resolve the resonant points accurately thus resulting in errors in transient wave-
forms.

The problem of analyzing transients of highly resonant structures in the fre-
quency domain is the inability to know beforehand the frequency resolution 
required for sampling the spectrum. Dynamic adaptive sampling can be used to 
overcome this problem and more details can be found in [4, 33]. An equivalent 
problem in analyzing transients in time domain is the inability to know the time 
duration of the waveform.

The related frequency spectrum of the impulse and the transient response of a 
50 m long line immersed in a dielectric medium, with er = 10 at depth d = 1 m is 
shown in Figs 12 and 13, respectively.

As it is visible from Figs 12 and 13, the frequency response spectra contain a 
number of peaks decreasing with frequency. Although the frequency range of these 
spectra is infi nite, signal amplitudes for the frequencies higher than 50 MHz are 
low enough to be neglected. On the other hand, the location and the amplitude 
values of the fi rst two peaks strongly affect the obtained transient waveform.

Therefore, it is very important for frequency samples to contain exact frequen-
cies of the fi rst two peaks. This could be achieved using the suffi ciently fi ne 
frequency step (resulting in large number of samples) or by means of the dynamic 
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Figure 12:  Frequency spectrum of the impulse response at the center of the straight 
wire (L = 50 m, a = 1 cm, er = 10, d = 1 m).
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adaptive sampling technique presented in [31]. In this section a number of N = 215 
samples over the frequency range of 50 MHz have been used in order to obtain a 
satisfactory convergence rate.

Since the current distribution evaluation for a single frequency takes around 30 
s (depending on the computer speed), the calculation of current amplitude for each 
sample is obviously impossible. Thus, about 150 samples over the 50 MHz fre-
quency range have been evaluated, while the rest of the samples have been inter-
polated using cubic splines.

The effect of the interface and the validity of the Fresnel refl ection coeffi cient 
approximation in modeling the interface should be discussed, as well.

A relatively short wire (L = 0.5 m) is chosen to describe the earth–air interface 
effect. Figure 14 shows the transient current induced at the center of 0.5 m long 
wire for various depths. As is obvious from Fig. 14, there is a slight variation in 
amplitude and waveform and time shift for depths d = 0.25, 1 and 2 m. Only the 
curve for d = 0.1 m clearly demonstrates the infl uence of the earth–air interface in 
both the amplitude and waveform of the actual transient response.

Figure 15 shows the behavior of the energy stored in the near fi eld of the wire, 
i.e. it represents the decrease of the wire total energy with time, once the exciting 
pulse vanishes.

Figure 15 also demonstrates the absorbing effect of the dielectric half-space 
when the wire is brought closer to the interface.

The evaluation of the validity of the proposed model is not an easy task, even in 
the frequency domain, and even for the simplifi ed case of a dielectric half-space. 
Generally, the validity of various approximations depends on the relationship 
between; the spectral content and the direction of the incident fi eld, the electrical 
properties of the earth, and to a lesser extent the burial depth of the line. The com-
putational aspects in the frequency domain modeling of thin wire antennas in the 
presence of a lossy half-space have been reported in a number of papers and among 
the most cited ones are references [15, 16].
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Figure 13:  Frequency spectrum of the transient response at the center of the straight 
wire (L = 50 m, a = 1 cm, er = 10, d = 1 m).
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The frequency domain analysis of the buried wire scatterer has been carried out 
via the rigorous Sommerfeld integral [17], and via the approximate refl ection coef-
fi cient approach [18], respectively, to account for the infl uence of the earth–air 
interface refl ected fi eld upon the straight wire scatterer current distribution.

Figure 14:  Transient current induced at the center of the straight wire (L = 0.5 m, 
a = 1 cm, er = 10) for various depths.
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Figure 15:  The measure of total energy (Wtot) as a function of time for various 
depths.
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The Sommerfeld integral approach has been found to be numerically stable and 
reliable for straight horizontal line brought to within 10–6 wavelengths of the inter-
face [16, 17]. The rigorous and approximate results are in a very good agreement 
for depths greater or at least equal to [23]:
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As a rough guideline, the Fresnel refl ection coeffi cient approach to account for the 
refl ection from the earth–air interface has been found to produce results generally 
within 10% of those obtained using rigorous, but computationally very expensive, 
Sommerfeld integral approach.

Furthermore, for wire depths:
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the qualitative dependence of the input admittance (obtained by using the refl ec-
tion coeffi cient approach) upon depth is found to be generally correct, but these 
results primarily differ from the rigorous results due to a slight shift in the maxima 
with respect to depth.

Essentially, from the time domain point of view this condition should be satis-
fi ed for each component of the considered frequency spectrum.

It is also necessary to make at least a general trade-off between a dielectric half-
space and an imperfectly conducting half-space. The absence of the ground con-
ductivity (or at least low values of ground conductivity) causes strong resonance 
effect, which is particularly noticeable in Figs 11–13.

From the findings in the frequency domain the increasing ground conduc-
tivity is expected to decrease the response rapidly. In the realistic problems 
such as wire immersed inside sea water, ground probing or ground penetrating 
radar conductivity should not be neglected. The influence of the finite conduc-
tivity reduces the external electric field and influences the behavior of the 
induced current. The finite conductivity can also delay the initial field. How-
ever, the corresponding Green’s function, which is responsible for the second 
effect, is much more complicated and has to be calculated via the Sommerfeld 
integral approach. In that case, one would need to perform additional integra-
tion in the Hallen equation and the problem would become tremendously time 
consuming.

To roughly estimate whether a dielectric half-space approximation of a dissipa-
tive half space can be used the absolute value of the refractive index of the earth 
should be examined.

This equation is given by
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Conductivity s should be at least an order of magnitude less than we0 to be 
neglected.

For example, a reasonably dry earth, erg = 10, in the frequency band from around 
1 kHz to 1 MHz requires the conductivity s to vary from 10–6 to 10–4 S/m.

To sum up, the numerical results obtained via the different approaches agree 
satisfactorily, i.e. the maximum deviation between the results is around 6%.

The transient response of the single straight wire immersed in a dielectric half-
space has been found to be infl uenced to a greater extent by the line length and the 
permittivity of a dielectric medium, and to a lesser extent by the burial depth.

The last set of numerical results deals with the transient analysis of a fi nite 
length wire immersed in a dielectric half-space using a simplifi ed refl ection/coef-
fi cient approach [29].

The computational example is related to the straight thin wire of length L = 10 m 
and radius a = 6.74 cm embedded in the dielectric half-space (er = 9) at a certain 
burial depth d. The wire is illuminated by the transmitted part of the EMP incident 
waveform (103) where the EMP parameters are: E0 = 1.05 kV/m, a = 4 × 106 s–1 
and b = 4.78 × 108 s–1.

The transient current induced at the wire center, for various depths, computed 
via both the Fresnel and the simplifi ed refl ection/transmission coeffi cient is shown 
in Figs 16 and 17.

As in the case of the Fresnel coeffi cients approach, the evaluation of the validity 
of the proposed refl ection/coeffi cient approximation is not an easy task, even for 
the case of a lossless dielectric half-space.

Figure 16:  Transient current induced at the center of the straight wire (L = 10 m, 
a = 6.74 cm, er = 9) at burial depth d = 2.5 m.
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It is obvious from Figs 16 and 17 that the obtained numerical results via simpli-
fi ed refl ection/coeffi cient approach agree satisfactorily with the results calculated 
via the Fresnel coeffi cients approach for earlier time instants and for increasing 
values of burial depth d.
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