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Abstract 

In this paper two optimal tree-shaped networks for drinking water and irrigation 
are constructed by using the constructal approach coupled with the exergy 
destruction minimization method. It is shown that in the construction of tree-
shaped network for water distribution, the method of exergy destruction 
minimization is equivalent to minimizing mechanical irreversibility under a 
water quality constraint. For both energy consumption and the fluid quality 
degradation appearing in the network, this study offers new interesting routes for 
optimizing the system either by the exergy destruction minimization (in that 
case, both irreversible processes are taken into account in the optimization 
procedure) or by minimizing one of the two irreversible processes, the other 
being taken into account as optimization constraint. This paper shows that, for 
the improvement of performances it is important to focus on the design of an 
efficient distribution network rather than enhancing only the transport properties. 

Keywords: water distribution network, constructal theory, exergy, optimization 
drinking water, irrigation. 

1 Introduction 

Several areas of engineering involve tree-shaped networks: electronic 
components cooling Bejan [1], heat and mass transfer in a solid-gas reactive 
porous media Azoumah et al. [2] or most generally flow structures [3, 4].  
     The optimal implementation of these flow systems depends greatly on their 
irreversibilities minimization. For the specific case of water piping systems two 
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important phenomena are in competition: head losses leading to energy 
consumption and chemical losses causing water quality degradation [5, 6] 
showing that there is a trade-off to be found. This is the concern of this paper 
which uses concepts of Thermodynamics of irreversible process Prirogine [7] to 
describe the flow. Furthermore, Constructal design is performed and results are 
later analyzed from irrigation and drinking water constraints points of view. 

2 Thermodynamic analysis of a pressurized flow 

2.1 Description of the system 

We learn from many applied hydraulics literature that head losses in a pipe 
(fig. 1) due to mechanical resistances is defined by eqn.(1) [8–10], where a is a 
constant depending on the pipe material, Q is the volumetric flow rate, L the pipe 
length and D, its diameter. It is also known that the kinetic of chemical reaction 
in water pipe can be considered to be a first order kinetic close to water 
treatments reagents like chlorine residual which is modeled by a first order 
kinetic Rossman et al. [11]. From this, linking the residence time to the flow rate 
and the diameter, the variation of the concentration becomes eqn. (2). 
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where C0 is the input concentration and (t=πD²L/(4Q)) is the residence time. The 
analysis of the evolution of mechanical and chemical phenomena in the pipe 
shows that for a given diameter and flow rate, both ΔH and ΔC increase with the 
pipe length while they are antagonist over the diameter or over the flow rate Q. 
Therefore, one can conclude that the pipe length does not affect irreversibility in 
the pipe in different ways while the diameter and the flow rate do. 
 

 

Figure 1: A given pipe in a pipes network. 

     The antagonist evolution of mechanical and chemical phenomena shows that 
there is a trade-off between chemical and mechanical phenomena to be 
determined (Fig. 2). But these two phenomena are not comparable in sense that 
mechanical irreversibilities are physical and chemical ones deals with quality. 
Setting thermodynamic balances as exposed in exergy destruction or entropy  
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Figure 2: Head losses and concentration decay over the diameter. 

generation papers [2, 7] can enable to account the contribution of all the 
phenomena occurring in the system. 

2.2 Thermodynamic balances of the flow 

2.2.1 Assumptions and transient balances: mass, enthalpy and exergy 
Consider at a very simple scale the model of reaction occurring in the flow to be 
described as follow: 
 

 DCBA 

   

(3) 
 
A and B are reagents while C and D are the products of the reaction. With the 
assumption of ideal solution: 
 

   

 
dxe(0)qexnexn

dt

STEd

qhnhn
dt

dE

yyyy1nyyyy1n
dt

dN

02211

0

02211

D22C2B2A2D11C1B1A1

H2O














 (4) 

 
where in  is the molar flow rate (mol s-1); yi is the molar fraction of the ith 

constituent; hi is the total molar enthalpy of the solution (J/mole); exi is the molar 
exergy of the solution (W/mole); 

0q  is the thermal power exchanged with 

surrounding at T0 temperature (W); k :1: the input, 2 : the output. Assuming 
steady state and very weak concentrations of reactants and products (yi <<1), 
eqn. (4), results in 
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2.2.2 Thermodynamic analysis of the flowing fluid 
2.2.2.1 Molar enthalpy of the solution The total molar enthalpy of the fluid is 
expressed by eqn.(6). h(T,p,y) is the molar enthalpy of the solution (J/mole); 
M is the molar mass of the solution, V is water velocity in the pipe (m.s-1); g is 
the gravitational acceleration (m/s2); z is the altitude (m). The total molar 
enthalpy of this solution (under the consideration of  yi <<1) is given by eqn. (7). 

 gz/M.Vy)p,h(T,h 2  2  (6) 
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where cH2O and vH2O are respectively the molar thermal capacity and the molar 
volume of the water. 0 represents the reference state. 

2.2.3 Molar entropy Molar entropy of an ideal solution can be expressed by: 
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where SH2O(T,p) , sA(T,p) , sB(T,p) et sCl(T,p) are specific molar enthalpies. With 
the earlier consideration (yi <<1) and the incompressibility of the fluid 
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2.2.2.3 Molar exergy The molar exergy of the solution can be deduced directly 
from eqns. (7), (8) and (9) as follows: 
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(10) 

2.2.2.4 Formula of the total destruction of the exergy Finally, the exergy 
destruction is obtained from previous equations as follows: 
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(Y2/Y1) is the variation of terms with log, eqn. (10), from input 1 to output 2. The 
variation of the water temperature is negligible from the input point to the output 
point (T1 = T2). The velocity is also supposed to be constant, V1 = V2. Then the 
introduction of pressure drops equation (equal to head losses) given by 
[9] permit finally to have: 
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     By this function chemical and mechanical irreversibilities have been assessed 
and quantified. Now, the concern of the coming section will be the analysis of 
this function. 

2.2.4 Total exergy destruction analysis 
In this section, a large interval of molar fraction is considered to analyze the 
evolution of the exergy destruction as shown in Fig. 3. 
 

 

Figure 3: Total exergy destruction for different molar fraction over the 
diameter. 

     Two different situations are presented. On one hand, when the molar fraction 
is high, an optimal diameter that leads to the total exergy destruction 
minimization exists. On the other hand for low values of molar fraction ranging 
from 10-4 to 10-7, the diameter that minimizes the exergy destruction is found for 
very low flow velocities (<0.4 m/s). This second situation is generally met in 
drinking water distribution area because of the WHO (World Health 
Organization) [12] regulation specifications that are applied to ensure water 
quality. Indeed, for drinking water, initially treated and put in distribution 
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network, a good concentration of chemicals like chlorine residuals means a good 
quality of water. In fact, the quality agents like chlorine residuals, destroy 
pathogenic microorganisms which cause typhoid, hepatitis, cholera or bacillary 
dysentery Crittenden [13] but their concentrations decrease with the residence 
time until they become completely imperceptible at the end of the pipe 
Rodriguez et al. [14]. For instance, in USA, the Environmental Protection 
Agency, USEPA imposes chlorine residuals concentration closed to 0.2 mg/l at 
least in water distribution pipes after water treatment points EPA [15]. 
     Though the above result seems to be original, interesting and more adapted 
for some chemical engineering fields (sanitation, depollution) [16–18], it cannot 
be applied to the field of drinking water network optimization since molar 
fractions of constituents in this field, are very low ranging around 10-6 due to the 
WHO regulation on chlorine residuals WHO [12]. Therefore, it seems more 
judicious and relevant to reduce the exergy destruction to its mechanical 
contribution which is the most important part from a thermodynamic point of 
view and consider the chemical contribution as a constraint. By this way, the 
problem is reduced to mechanical irreversibility minimization under water 
quality constraint. 

3 Construction of the water distribution networks 

The method of exergy destruction minimization, coupled with the constructal 
approach, is used to optimize and to construct two water distribution networks 
solving then the above formulated problem. The construction will be done from a 
basic elemental network to the overall network obtained after a certain level of 
construction. 

3.1 Constructal sequences: from 1 to higher-order constructs 

Consider a k-levels of pairing network for both two-branching (N2N) and four-
branching (N4N) configurations to cover a given area. For example k=2 and k=4 
results in fig. 4. The head losses and residence time in each system are given by: 
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     By the method of Lagrange multipliers, the linear combination of these two 
relations leads to: 
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When we solve equations ∂Lg/∂Di=0 and eliminate λ, we then obtain: 
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     These relations represent the optimal diameters distribution through the 
network. The minimal head needed of the network upstream is obtained by 
reevaluating the eqn. (13). 
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Figure 4: Configuration of constructs. 

4 Results and discussion 

For each construct, a law of optimal diameter distribution has been determined to 
minimize mechanical irreversibility which is linked to pumping power of the 
network. For all the constructs, the optimal solutions depend strongly on both the 
number of pairings Np at nodes and the number of pairing levels k. Velocities 
analysis showed that for both configurations, from the first construct to higher-
order constructs, the velocities intervals increase as shown in Fig. 5. Especially, 
velocities intervals vary faster for N4N than for N2N meaning that velocities 
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distribution is more regular for N2N than for N4N. For lower-order constructs of 
N4N, the maximal velocities are lower than the maximal velocities of N2N. But 
they become superior to N2N’s for higher-order constructs. On contrary, 
minimal velocities have an opposite evolution. For lower construction scales, 
N2N have lower velocities, but this is not the case for higher-order constructs. 
     This velocities distribution results in the average velocities evolution shown 
in Fig. 6. The average velocities of the N2N are inferior to N4N’s for lower-
order constructs. 
 

 
 

Figure 5: Max and min velocities in N2N and N4N networks. 

 

Figure 6: Average velocities through N2N and N4N networks. 

     These average velocities distribution permit to understand the evolution of the 
pumping power and the average unit pressure drops through the networks as 
shown in Fig. 7. 
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Figure 7: Pumping power and unit pressure over constructs scales. 

5 Domains of application 

Fig. 7 shows that the unit pressure drops are inferior for N4N to N2N when 
higher-order constructs are considered. Besides, average velocities in N4N are 
inferior to N2Ns ones and the number of irrigated points is the highest; meaning 
that N4N can irrigate high concentration points well for a given surface. These 
criteria of low velocities and a large number of points to be served are precisely 
met in the domains of irrigation in agriculture, according to literature on 
irrigation technique [19–21]. For these reasons, the N4N networks considered in 
higher-order constructs seems to be suitable for irrigation. But for drinking water 
systems, the water quality evolution is well known according to many authors 
[22–24] to be degradable with the residence time. That is why it is pertinent from 
an environmental protection point of view (good control of water quality) to 
consider the N2N networks as the most adapted to drinking water distribution 
systems for their good flow velocities distribution through the networks. 

6 Conclusion 

This paper offers a new interesting route of optimizing tree-shaped water 
distribution networks through exergy destruction or pumping power 
minimization. Water demands and topography variation or minor losses have not 
been considered here but for further investigations they could be included to be 
close to a realistic water distribution network. 
     This study showed that for the improvement of performances, it is important 
to focus on the design of an efficient distribution network rather than enhancing 
only the transport properties. Note finally that the focus on the quality 
preservation in flow systems is a pertinent approach in engineering and 
environmental protection in such drinking water distribution systems. 
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