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Abstract 

In this paper, we propose an ACO-based algorithm that can be used to simulate 
mass-transit networks; this algorithm imitates the behaviour of public transport 
users. In particular, we show that the proposed algorithm, which is an extension 
of that proposed by D’Acierno et al. (A stochastic traffic assignment algorithm 
based on Ant Colony Optimisation, Lecture Notes in Computer Science 4150, 
pp. 25–36, 2006), allows mass-transit systems to be simulated in less time but 
with the same accuracy compared with traditional assignment algorithms. 
Finally, we state theoretically the perfect equivalence in terms of hyperpath 
choice behaviour between artificial ants (simulated with the proposed algorithm) 
and mass-transit users (simulated with traditional assignment algorithms). 
Keywords: Ant Colony Optimisation, traffic assignment models, hyper-path 
approach, mass-transit system simulation. 

1 Introduction 

In analyses of real dimension networks, simulation models need to provide rapid 
solutions so that a large number of alternative projects may be explored or 
consequences of a strategy in terms of future (minutes or hours) network 
conditions may be simulated beforehand. Hence, in this paper we verify the 
possibility of developing a meta-heuristic algorithm that allows user flows on the 
mass-transit system to be calculated more quickly than by using traditional 
algorithms. In particular, we steered our research into ant-based algorithms. Such 
algorithms, based on the food source search of ant colonies, have in many cases 
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shown their efficiency in terms of calculation time (an extended overview of ant-
based algorithms can be found in Dorigo and Stützle [2]). 
     An exhaustive review of applications to transportation systems can be found 
in Teodorovic [3]. However, the main applications were proposed by 
Poorzahedy and Abulghasemi [4] in the case of network design, by de Oliveira 
and Bazzan [5] for traffic control, and D’Acierno et al. [1] and Mussone et al. [6] 
for traffic assignment. 
     Almost all ACO traffic assignment algorithms proposed in the literature are 
based on preventive choice user behaviour which is typical of models for 
simulating road systems. Instead, in the case of transit systems in an urban 
context, it is necessary to simulate preventive-adaptive choice behaviours 
because users are not able to set their itineraries preventively. Indeed, since the 
physical path depends on the arrival of vehicles at boarding stops, users choose 
the set of attractive lines beforehand (preventive stage) and the line used 
according to arrival events (adaptive stage). 
     Therefore, in this paper we propose an ACO algorithm that allows us to 
simulate preventive-adaptive user behaviour in the case of transit systems. In 
particular, we show that the proposed algorithm has an MSA framework and 
state the perfect equivalence in terms of (hyper-)path choice behaviours between 
artificial ants (with the proposed approach) and mass transit users (simulated 
with traditional algorithms). Finally, we show numerically that the proposed 
algorithm can be adopted to solve equilibrium assignment problems in less time 
but with the same accuracy compared with traditional algorithms. 

2 The ACO approach to the traffic assignment problem 

In the case of real ants the search for food sources is based on the following 
simple rules: each ant provides a pheromone trail along its path; each ant follows 
a path if there is a pheromone trail; if there is no pheromone trail, ants choose 
their paths randomly; there is evaporation of pheromone trails, which causes 
short paths to have a more intense trail of pheromone; if there is a diversion point 
(i.e. where different paths start), ants follow the path with the most intense trail 
of pheromone. Hence, if a path is blocked by an obstacle, ants initially choose 
their path randomly; then, due to evaporation, they choose to follow the path 
with the most intense trail of pheromone, which is the shortest path. 
     Similarly, artificial ants can be described by these simple rules: 
 

– the probability of choosing a path, indicated as transition probability, 
which depends on the intensity of the pheromone trail and, sometimes, a 
visibility term which expresses a sort of distance that could affect 
probability choices, that is: 
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where: pt(l/i) is the probability of choosing link l, with l=(i, j), at diversion 
node i; l

t [l’
t] is the intensity of the pheromone trail on link l [l’] at 

iteration t; l
t [l’

t] is the visibility term on link l [l’] at iteration t; FS(i) is 
the set of links belonging to the forward star of node i;  and  are model 
parameters; 

– the pheromone increase is the rule that expresses the quantity produced by 
each ant at any iteration, that is: 

  Xp ,t
l

t
l   . (2) 

where: l
t is the pheromone trail produced by each ant on link l at iteration 

t; pt is the transition probability matrix at iteration t whose generic element 
is pt(l/i); X is the matrix of model parameters; l is the function that 
expresses the increase in the pheromone trail on link l depending on pt and 
X; 

– the pheromone trail update is the rule that expresses how the pheromone 
trail evaporates and how it is increased by the contribution of each ant, that 
is: 

     t
l

t
l

t
l   11 , (3) 
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l

t
l

t
l   11  (4) 

where  is the evaporation term. 
 
     Generally, a traffic assignment problem can be formulated as a fixed point 
problem which can be obtained by combining the supply model with the demand 
model. The supply model describes the performances of transportation systems 
depending on user flows, that is: 

   NACfcAC  T . (5) 

where: C is the vector of path generalised costs whose generic element Ck is the 
path cost related to path k; A is the link-path incidence matrix whose generic 
element al,k is equal to 1 if link l belongs to path k, 0 otherwise; c is the vector of 
link costs whose generic element cl is the link cost related to link l; f is the vector 
of link flows whose generic element fl is the link flow related to link l; CNA is the 
vector of non-additive path costs whose generic element Ck

NA is the non-additive 
path cost of path k (such as: road tolls at motorway entrance/exit points or transit 
fares). 
     Likewise, the demand model imitates user choices influenced by 
transportation system performances, that is: 

  dCAPf  . (6) 

where P is the matrix of path choice probabilities whose generic element pk,od 
expresses the probability of users travelling between origin-destination pair od 
choosing path k; d is the demand vector whose generic element dod expresses the 
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average number of users travelling between origin-destination pair od in a time 
unit. 
     Therefore, the traffic assignment model can be obtained by combining eqn (5) 
with (6), that is: 

   dCfcAAPf NA T . (7) 

     The existence and the uniqueness of the (equilibrium) solution of problem (7) 
may be stated, as shown by Cantarella [7] and Cascetta [8], if: 

1. choice probability functions, P( –C ), are continuous; 
2. link cost functions, c( f ), are continuous; 
3. each Origin-Destination pair is connected (i.e. Iod      od); 
4. path choice models are expressed by strictly decreasing functions with 

respect to path generalised costs, that is: 

        ''''''''' CCCCCPCP       0T . (8) 

5. cost functions are expressed by monotone non-decreasing functions with 
respect to link flows, that is: 

        ''''''''' fffffcfc      0T . (9) 

     Cantarella [7] proposed to solve problem (7) by means of a solution algorithm 
known as the Method of Successive Averages (MSA). In particular, two 
algorithms, a Flow Averaging (MSA-FA) and a Cost Averaging (MSA-CA) 
algorithm, were proposed based respectively on the following sequences: 

      tttt t ffcfff  11   with  fSf t . (10) 

      tttt t ccfccc  11   with   11 fcc  ; fSf t . (11) 

where f () is the network loading function described by eqn (6). 
     MSA algorithms stop when a stopping criterion is satisfied. In particular, in 
the case of MSA-FA and MSA-CA the stopping criterion is always: 

 
  

MSAt
l

t
l

t
l

l f

ff
max fc

. (12) 

where: fl
t is the link flow associated to link l at iteration t; fl() is the link flow 

function which provides the flow of link l by means of eqn (6); MSA is the 
threshold used in the stopping criterion of MSA algorithms. 
     By means of an extension of Blum’s theorem (Blum [9]), Cantarella [7] stated 
the convergence of MSA algorithms described by eqns (10) and (11). 
     Analysing eqns (10) and (11), we may note that an assignment algorithm can 
be formulated as a sequence of network loadings. In particular, Dial’s algorithm 
(Dial [10]) is a stochastic network loading algorithm based on the following 
rules: 
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– Let Zd,i be the minimum cost between node i and destination node d; 
– a link l = (i, j) is considered for a feasible path, indicated as a Dial-efficient 

path, only if: 

 j,di,d ZZ  . (13) 

– it is possible to associate to each node and each link a numerical quantity, 
indicated respectively as node weight and link weight, calculated as: 

 1d,dW , (14) 

  
  






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
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j,di,dj,dj,i
j,i,d ZZ

ZZWcexp
w

  if0

  if
, (15) 

 
   

 h,i,d
iFSh,i

i,d wW 


 . (16) 

where: Wd,i is the node weight associated to node i in the case of destination 
node d; wd,(i,j) is the link weight associated to link (i, j) in the case of 
destination node d; c(i,j) is the link cost associated to link (i, j); FS(i) is the 
set of links belonging to the forward star of node i; 

– the probability of choosing link l = (i, j) at diversion node i is equal to: 

     i,dj,i,d Wwi|lp  . (17) 

– the link flow fl of generic link l can be calculated as: 

       i,dj,i,di,d
d

j,i,d
d

j,il WwEef   , (18) 

with: 

 
   

 j,h,d
jBSj,h

i,d eE 


 , (19) 

 odo,d dE  . (20) 

where: BS(j) is the set of links belonging to the backward star of node j; dod 
is the average number of users travelling between origin-destination pair od 
in a time unit. 

 
     D’Acierno et al. [1] proposed an ACO algorithm for solving the traffic 
assignment problem based on the following assumption: 
 

– the initial intensity of the pheromone trail on each link l, associated to ant 
colony od, indicated as  0

od,l, is a function of path costs, that is: 

 0
   

0
  k,od

kl:k
l,od T



 , (21) 
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with: 

 
 
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
. (22) 

where T 0
od,k is the initial intensity of the pheromone trail on path k, Ck

0 is 
the initial cost of path k,  is the parameter of path choice model, Iod is the 
set of all available (or considered) paths that join origin node o with 
destination node d; 

– the increase in the pheromone trail, indicated as  t
od,l, can be expressed by 

a function of path costs, that is: 

 t
k,od

kl:k

t
l,od T       



 , (23) 

with: 
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where T t
od,k is the increase in the pheromone trail at iteration t and C t

k is 
the path k cost at iteration t; 

– updating of the pheromone trail can be expressed as: 

   11 1   t
l,od

t
l,od

t
l,od  . (25) 

where evaporation coefficient  is variable and equal to 1/t (according to 
the approach proposed by Li and Gong [11]. 
 

     In particular, D’Acierno et al. [1], who showed that application of ACO 
theory in the case of the traffic assignment problem can be considered as an 
‘algorithmic trick’ in order to speed up the calculation of the equilibrium 
solution, stated the theoretical equivalence of the proposed ACO algorithm to the 
application of an MSA algorithm where the successive averages were applied to 
the weight of Dial’s algorithm (Dial [10]), that is: 
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by fixing 11   t
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t
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     In this case, the MSA stopping criterion was: 

 
       

MSAt
l

t
l

t
l

lt
l

t
l

t
l

l f

ff
max

f

ff
max 


 fcτfcw

 (28) 
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where: w is the vector of Dial weights, whose generic element is wd,(i, j);  is the 
vector of intensity of the pheromone trail, whose generic element is l. 
     Finally, D’Acierno et al. [1] stated the convergence of the proposed algorithm 
by means of the extension of Blum’s theorem (Blum [9]) provided by Cantarella 
[7]. 

3 The proposed assignment algorithm 

The aim of this paper is to extend ACO algorithms for solving the traffic 
assignment problem in the case of mass-transit networks by adopting the 
extension of Dial’s algorithm (Dial [10]) proposed by Nguyen et al. [12]. Indeed, 
as Nguyen’s algorithm is a network loading algorithm, it is necessary to 
introduce congestion assumptions (i.e. cost functions depending on network 
flows) in order to develop an assignment equilibrium algorithm. In the case of 
mass-transit systems, it is possible to identify three kinds of congestion: 
congestion due to the presence of other vehicles (i.e. buses in the case of 
exclusive lanes or cars and buses in the case of shared lanes); congestion of 
alighting and boarding links (due to alighting and boarding users) with related 
extension of dwelling times at bus stops; and congestion at bus stops due to bus 
capacity constraints. 
     Since the first two congestion types are very similar, in terms of cost 
functions, to the approach used by D’Acierno et al. [1] in the case of road 
systems, we propose to examine the third type. In the literature, congestion at 
bus stops due to bus capacity constraints can be modelled by means of two 
approaches: 
 

– the semi-congested approach, which considers only the increase in user 
waiting times (Wu et al. [13]); 

– the fully-congested approach, which also includes the effects on the flow 
split (Bouzaiene-Ayari et al. [14]). 

 

     In order to verify the practicability of an ACO approach in the case of  
mass-transit networks, we adopted the semi-congested approach that is less 
accurate but easier to implement. In particular, user waiting times at bus stops 
were formulated as: 
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with: 

   a
n,j

v
n,jnn

In
j ffCapRC

j

 


 . (30) 

where: Tj
w is the waiting time at bus stop j;  is the service regularity term 

(whose value is between 0.5 and 1.0); n is the service frequency of line n; RCj is 
the residual capacity at bus stop j; fj

b is the boarding flow at bus stop j; fj
a is the 

alighting flows at bus stop j; fj
v is the in-vehicle flow just before bus stop j; Capn 

is the vehicle capacity of line n buses. 
     The framework of the algorithm proposed for applying the ACO approach in 
the case of mass-transit networks can be derived from the structure of the 
algorithm proposed by D’Acierno et al. [1] in the case of road networks. In 
particular, it is necessary to replace path costs in eqns (22) and (24) with hyper-
path costs calculated as suggested by Nguyen et al. [12]. 
     Therefore, adopting the theoretical proofs proposed by D’Acierno et al. [1], it 
is possible to state the perfect equivalence in terms of hyper-path user behaviour 
between artificial ants (described by the algorithm proposed in this paper) and 
real users (simulated by traditional traffic assignment algorithms). 
     Moreover, it is worth noting that the waiting time function proposed is not 
continuous and hence the theoretical properties of existence and uniqueness of 
the equilibrium solution cannot be stated. However, at least the existence of an 
equilibrium solution can be stated by adopting a different formulation of eqn 
(29) based on a continuous function, that is: 
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4 First results 

The proposed algorithm was applied on a trial network (shown in Figure 1) 
which consists of two origin-destination pairs (101-103 and 102-103), one bus 
line with two transit links (11-12 and 12-13), two pedestrian links (1-2 and 2-3) 
and two boarding links (1-11 and 2-12). 
     Network features are indicated in Table 1. In particular, line capacity is equal 
to 600 users/h while at the second bus stop the residual capacity is equal to 50 
seats and is lower than the boarding flows (450 users/h). 
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Figure 1: Trial network. 

Table 1:  Network features. 

Link performance 

Link 101-1 102-2 103-3 1-2 2-3 11-12 12-13 

Travel time [min] 10.0 10.0 10.0 20.0 20.0 8.0 8.0 

Transit system  Travel demand 

Line 1  Orig. Destination Value 

Service frequency 
[buses./h] 

4 
 101 103 550.0 

 102 103 450.0 

Table 2:  Algorithm performance. 

Algorithm name Number of iterations Convergence (>90.0%) Solution error 

MSA-FA 59 38 Reference 

MSA-CA 11 11 0.122% 

MSA-ACO 7 7 0.169% 

 
     As indicated by Table 2 and Figure 2, the proposed algorithm (termed MSA-
ACO) provides the same solution as the traditional algorithm. Indeed solution 
error is always lower than the stopping criterion set at 1.0%. 
     Calculation times of the proposed algorithm, expressed by the number of 
iterations, are 88.14% lower than those of the MSA-FA (MSA-Flow Averaging) 
algorithm and 36.36% lower than that of the MSA-CA (MSA-Cost Averaging) 
algorithm. 
     If we assume that convergence is reached when more than 90% of links 
satisfy the stopping criterion (this assumption could be useful in the case of real-
scale networks), we obtain that the proposed algorithm requires calculation times 
81.58% lower with respect to the MSA-FA algorithm and 36.36% lower than 
MSA-CA. 

101 

102 

103   1   2   3 

  11   12   13 

Centroid node 

Pedestrian node 

Transit node 

On-board (transit) link 

Pedestrian link 

Connector link 

Boarding or alighting link 
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Figure 2: Algorithm performance. 

5 Conclusions and research prospects 

In this paper we proposed an ACO algorithm that can be utilised for solving the 
transit traffic assignment problem in the case of a line-based approach (i.e. a 
hyper-path approach). Moreover we showed its numerical efficiency with respect 
to traditional MSA algorithms. 
     In terms of future research, we suggest applying the proposed algorithm in the 
case of a real dimension network in order to verify whether its efficiency is 
retained. Moreover, we propose to extend the model in the case of a fully-
congested approach and in the case of more complex hyper-path choice models 
(such as C-Logit and Probit). 
     Finally, the combination of the algorithm proposed in this paper (which 
allows mass-transit networks to be simulated) with that proposed by D’Acierno 
et al. [1] (which allows simulation of private car networks) could be used to 
develop multimodal assignment algorithms based on Ant Colony Optimisation, 
whose good performance could be exploited to speed up the search for solutions 
to complex problems such as the bus assignment problem in the urban context 
(D’Acierno et al. [15]), the urban freight distribution problem (D’Acierno et al. 
[16]), the multimodal design problem (Montella et al. [17]; D’Acierno et al. 
[18]), and the analysis of the AVL (Automatic Vehicle Location) data problem 
(D’Acierno et al. [19]). 
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