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Parameter identification of the elastic modulus
of ground rock based on blasting
using the first order adjoint method
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Abstract

In the case of tunnel excavation, it is important to investigate ground properties
before staring construction. However, it takes much money and time to investigate
the ground properties. Therefore, a numerical technique to solve the problem is
proposed in this paper. The method is parameter identification, which is inverse
analysis based on an optimal control theory. The main purpose of this research
is to present the parameter identification of elastic modulus at the Kasakura tun-
nel site located in Fukui prefecture in Japan. The blasting is made at the tunnel
face and the vibration of the blasting is measured at the observation points. These
observation velocities are used for the performance function.

Keywords: finite element method, parameter identification, first order adjoint
method, weighted gradient method.

1 Finite element equation

Applying the finite element method to the basic equation, the finite element equa-
tion discretized by the linear tetrahedral element is obtained as follows.

In this paper, indecial notation and summation convention with repeated indies
are used. The basic equation is expressed by the following three equations; the
equilibrium of stress equation, the strain-displacement equation and the stress-
strain equation.

0445 — pbi + pii; = 0, (1)
1
€ij = 5( ij T+ uji), 2
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0ij = Dijricn, 3

where o5, b;, u;, t; and ;5 are total stress, body force, displacement, acceleration,
and strain, respectively. The elastic stress — strain relation is expressed by D;;x;
and can be written as follows;

Dijrr = N3O + (03051 + 0310k (€]
where 0;; is Kronecker’s delta, in which Lame’s constants A and y are written as:

vE
S ETIEr) v

(6)

where E and v are the elastic modulus and the Poisson ratio, respectively. The
basic equations are solved on the following boundary conditions.

>

0 on t=to, (7

U; = i
L.Li = ﬂ? on t= to, (8)

where @Y and @) are the specified values given at the initial stage. The boundary
I is divided into I'; and I's. On I'; boundary, displacement is specified and on I's
boundary, surface force ¢; is given:

U; = U on I'y, ©)]

ti = 04Ny = tAZ on FQ, (10)

where 7; and #; are specified values on the boundary, n; is the external unit normal
to the boundary.

1.1 Finite element equation

Applying the finite element method to the basic equation, the finite element equa-
tion discretized by the linear tetrahedral element is obtained as follows;

Muigriigr + Caiprtigr + Kaigrugr = Lai, (11)

Each matrix can be written as follows;
Mg = p / 5 NoNadV., (12)
1%

Ko = /V No; Dija NadV, (13)
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Loi = / (Napbi)dV — / (Nat;)dT, (14)
% T2
The effect of damping can be expressed as follows;

Caigr = 0o Muigr + 1K aigk, (15)

where N, is the linear interpolation function of the finite element method. Mg,
and K ;g5 are mass and elastic matrix, respectively.

2 Newmark 3 method

In this paper, the Newmark (3 method is applied to the discretization in time. In the
Newmark (3 method, displacement and velocity at (n + 1) time are expressed as
follows; (n + 1) time are expressed as follows;

ué’?” = ugl) + u(")At + Quﬂk At + 5At2(“ﬂ7«+1) g;f))’ (16)
g}jl) (n) + uﬁ At + ’YAt(“ﬁk V- ﬁ(ﬂ?)’ an

where 3 and +y are set as 0.25 and 0.50, respectively. Egs. (16) and (17) are substi-
tuted into eq.(14), the following equations can be derived as follows;

Gaiﬂkug;jl) =Tq — Hai,@kﬁg;? - Lawku(g’;) - Kamkug,?, (18)

where Goigr, Haigr and Lq;gy are written as:

Goigh = Maigr + YAtCuigr + BAL K gk, (19)
1

Heuige = (1 —7)AtCuipr + (5 — B)A K ik, (20)

Laiﬁk = Caiﬁk + AtKaiﬁka (21)

Calculating acceleration u(nH) by eq.(18) and substituting it into eqs.(16) and

(n+1) (n+ )

(17), displacement ug, " and velocity 4 can be obtained.

3 Performance function

In this paper, the parameter identification is defined as finding optimal value so
as to minimize the performance function. The performance function is defined as
follows;

1/, x . .
J=3 / (Uai — ) Qaigr (War — Ujy)dL, (22)
t

where %, and %}, are the computed and observed velocities and Qg is the
weighting diagonal matrix.
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4 First order adjoint equation

In this paper, the extended performance function J* is expressed as follows;

1

J = 5/(%41 — U ) Qaipr (ttge — Wy )dt
¢

+ /)\Tai(Fai — Maigriigr — Caigrligr — Kaigrugr)dt, (23)
t

where \,; is the Lagrange multiplier. Taking the first variation of the extended per-
formance function, the gradient of the performance function, the adjoint equation
and terminal condition can be calculated. The first variation of the extended per-
formance function 6.J* is expressed as follows; The first variation of the extended
performance function §J* is derived as;

6J" = /(Um — U3 ) QaiprdUprdl
t
+ /5)\Tai(Fai — Mairiigr — Caiprtigr — Kaigrugr)dt
t

+ /)\T(5Fai — Maipriipr — Cuiprtipe — Kaiprupr)dt, (24)
t

where §J* is transformed to obtain the gradient of performance function with
respect the elastic modulus.

5% = / (1 — 07)Quipr Ottt
t
+ /5)\Tai(Fai — Meuiriigr — Caiprtigr — Kaigrugr)dt
t

+ />\T(5Fai — Maigrdiigr — CaigrdUgr — Kaigrdtgk
t
— (alK*aiﬂkuﬁk + K*mﬂkﬂﬂk)éEdt. (25)
where K* = K,,g;/E. Integrating by parts, §J* is transformed as follows;

0" = (tai(ty) — tai(ts))Qaipe — (Uai(to) — Ugi(to))Qaisk
— A5 (tf) Maigr&tipr(ty) + A (to) Maigr &g (to)
+ AL () MaigrSupr(tr) + AL (to) Maiprdusg (to)
+ AL (t5) Caiprdugi(ts) + Agi (o) Caiprdusk(to)

— /.).\g:iMaiﬁk(suﬁkdt + /)'\Zicmﬂk(;ugkdt — /)\ZiKaiﬁkéuﬁkdt
t t t

+ /5)\Tai(Fai — Muiriigr — Caigrtigr — Kaigrugr)dt
t
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[l = 20)" Quisbusyi
t

- /)‘gi(O‘lK*aiﬁkUﬁk + K* qiprtpr )0 Edt, (26)
t

The first variation of the extended performance function d.J* should equal to 0.
Then, the adjoint equation and the terminal condition are obtained.

Muigedsk — Caigk sk + Kaigpdsk + (liai — 15,)Qaipe = 0. (27)
)\ai(tf) =0, (28)

MaigeAsn(ts) + (itai(ts) — hi(ts))Qaiss =0, (29)

where \ sk (t ) is the terminal condition of acceleration at the terminal time ¢ f and
Agk(tr) is solved for using Agy (¢7) and Agg (7).

Xﬁk(tﬁMaiﬁk = —Quaigk(Ugr — uz;k)
+ ).‘ﬁk(tf)conﬂk
— Aok (tf) Kaigk, (30)

The gradient of the performance function is derived as follows;
grad(J*)gk = )\gi(alK*aiﬂkuﬂk + K;iﬂkuBk). 31
S Weighted gradient method

The weighted gradient method is applied as the minimization technique. The mod-
ified performance function is expressed as follows;

1 n n
K=J+3 / (XD = XI)Wap(X5 = X§)de, (32
t

where X is to be identified. The optimal condition of the modified performance
function is as follows;

SK =0. (33)
The parameters can be updated at each iteration.
Wap X5t = WapXj — grad(J*)s. (34)

Using eq.(34), the parameter is updated by the iterative calculations.
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Figure 1: Finite element method.
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Figure 2: Computational domain.

6 Numerical study

The present method is applied to the Kasakura tunnel site. In the study, the actual
observed data is employed. The purpose is to find parameter so as to minimize
performance function.

The Kasakura tunnel construction site is located in Fukui prefecture in Japan.
Fig.1 illustrates the finite element mesh. Total number of nodes and elements are
1045 and 1934, respectively. There are three layers in this area. The elastic modu-
lus is considered to be unknown in layer 2. Blasting force and observed points are
shown in Fig.2. This blasting force is assumed as 1.0 x 108[kN/m?]. The Poisson’s
ratio is 0.30. The observed points is set at No.1 and No.2. The elastic modulus in
the stratum colored in layer 2 is identified.
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Figure 3: Performance function.
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Figure 4: Elastic modulus.

6.1 Basic equation

The identification of the elastic modulus in the stratum colored in layer 2 is identi-
fied based on the velocities observed at observed points Nos. 1 and 2. Fig.3 shows
the variation of performance function. Fig.4 shows the variation of the elastic mod-
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Figure 5: Y Velocity at point 1.
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Figure 6: Y Velocity at point 2.

ulus. The final value of the elastic modulus computed based on the observed value
is 1.38 x 10%[kN/m?|, which is in close agreement with the value obtained by
the drilling tests. Figs.5 and 6 show the variation of comparison velocity. Two data
show almost same wave form. Few differences are influence of observed error and
viscosity.
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7 Conclusion

The elastic modulus can be identified using the finite element method and the
first order adjoint method of an optimal control theory. The performance function
is defined as the square sum of the difference between computed and observed
velocities. The elastic modulus is found so as to minimize the performance func-
tion. The elastic modulus is converged to the target value staring from the initial
value. The performance function is converged to 0. Thus, it is verified that the
numerical method presented in this paper is correct and valid.
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