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Plastic behaviour of stepped conical shells
under impact loading
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Abstract

The dynamic plastic behaviour of circular conical shells subjected to lateral
distributed loading is investigated. The intensity of the loading is assumed to
follow the form of the rectangular impulse. The material of shells is an ideal
perfectly plastic material obeying the square yield condition and the associated
flow law. For determination of maximal residual deflections an approximate
method of mode form motions is developed.
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1 Introduction

The wide practical use of thin walled plates and shells as parts of bodies of
vehicles and ship hulls involves the need for knowledge about the behaviour of
the shells in extreme conditions and under impact loadings.

Exact solutions, approximate theoretical predictions and experimental
verifications of the dynamic plastic response of plates and shells to impulsive
and impact loading have been presented by Jones [1], Chakrabarty [2],
Kaliszky [3], Stronge and Yu [4]. A lot of attention has been paid to the dynamic
plastic response of axisymmetric plates (see Jones [1], Shen and Jones [5], Wang
et al. [6]). However, much less information can be found in the literature about
inelastic behaviour of shells. The limit analysis of circular conical shells
subjected to the distributed lateral loading and of shells loaded by the central
rigid boss can be found in the books and papers by Chakrabarty [2], Kaliszky [3]
also by Ross [7], Lellep and Puman [8].

In the present paper an approximate method is developed for evaluation of
residual deflections of perfectly plastic conical shells of piece wise constant
thickness subjected to the impact loading.
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2 Formulation of the problem

Let us consider a circular conical shell of piece wise constant thickness (Fig. 1).
The shell is simply supported or clamped at the outer edge of radius R, whereas
the inner edge of radius « is absolutely free. The thickness of the shell wall 4 is

piece wise constant. Let us denote
h = h; €]

forr € (aj, aj+1) where j =0, ...,n and ay = a,a,;; = R, r beeing the current
radius. Here h; and a; where j = 0, ..., n stand for given constants.

Figure 1: Conical shell subjected the uniformly distributed lateral pressure.

Let the axisymmetric conical shell be subjected to the uniformly distributed
lateral pressure loading of intensity P(t) where

P(t) = {P, t € [0, t,]

0, t>t, @)

The time interval (0, t,) is assumed to be a relatively small interval so that
during this short interval particles of the shell wall gain certain velocity, the
subsequent motion takes place due to the inertia.

The material of the shell is assumed to be an ideal rigid-plastic material.
Elastic deformations as well as strain hardening will be neglected in the present
paper. It is well known that the concept of a rigid plastic body enables to study
the structural behaviour without paying any attention to the stress concentration.
This is possible due to the matter that in plastic regions the stress components
have limited (finite) values. The rigid plastic model of a material was
successfully used by Jones [1], Chakrabarty [2], Kaliszky [3] and others for
solving dynamic problems of plastic bodies. It was shown that theoretical
predictions compare favourably with experimental data. The exact yield surface
is approximated with the squares on planes of bending moments and membrane
forces, respectively.

3 Governing equations and basic assumptions

Due to the axial symmetry the stress resultants contributing to the internal energy
dissipation D, are the membrane forces N;, N, and bending moments My, M,.
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The influence of the shear stress Q; on the energy dissipation will be neglected
in the classical bending theory but it is taken into account in the refined theories.
The both approaches will be discussed in the present paper.

The stress resultants must correspond to points lying on the yield surface or
being interior points of the surface. Since the exact yield surface corresponding
to the Tresca condition has a complicated structure the approximate two-moment
limited interaction yield condition will be used in the present paper. This
approximation is widely used in the mechanics of inelastic shells [1-4].

The equilibrium conditions of a shell element lead to the equilibrium
equations

d
= (rNy) = N, =0,

®)
d

d
o E(TMQ - Mz]

N, sin ¢ r

cos2¢@  cosZg (P-haW)=0.
Here ¢ is the angle of inclination of the generator of the middle surface of the
shell whereas fth stands for the mass per unit area. The quantity W is the
transverse deflection and dots denote the differentiation with respect to time ¢. It
is assumed that the displacement U (which is perpendicular with respect to W) is
small and it will be neglected in the present paper.

The strain rate components corresponding to the equilibrium equations
eqns (3) can be presented as (here &, &, are linear elongations and 3, x, stand
for curvatures)

= ., == (U cos ¢ + W sinp)
81—drCOS Q, 82_7" Cos @ sme ),
‘ ' 4)
, Myd?W  MydW
K1 = —N—OFCOS (p,K2=—FOFCOS Q.

Here M, and N, stand for the yield moment and the yield force, respectively.
Thus My = o,h?/4, Ny =0o,h, 0, being the yield stress of the material.
It is reasonable to introduce following non-dimensional quantities

r aj h} Mi Ni T
P=R %~ R ijh—*, mizM*: nizﬁ*r Pr=5"9¢
)
PR PR URh, M, cos ¢
pzN*simp' qzﬂ' M:N*sinqo' =RN*sin<p'

In(5)i=1,2; j =0,..,n. Here h, stands for the thickness of the reference
shell whereas M, and N, denote the yield moment and yield force for the shell
with thickness h,.
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Making use of non-dimensional variables eqn (5) one can present the
equations of motion as

(pny)' —n, =0,
) (6)
kl(pmy) —m,]' —n, + p(p —uyW) = 0,

where primes denote the differentiation with respect to the variable p.
4 Integrating of the equation of motion

It is assumed that the stress-strain state of the shell corresponds to the horizontal
sides AB and A,Bof the yield squares on planes of moments and membrane
forces, respectively (Fig. 2). Thus in each region (a]-,ajﬂ) where j =0, ...,n
one has m, = y/ and n, = y;.

m; n;
'8 Y
B A B A
-y Y m, -y T om
C e D (o) » D,

Figure 2: Yield locus.

It is known from the theory of plasticity (see Jones [1]; Chakrabarty [2];
Kaliszky [3]) that the vector with strain rate components must be directed
towards the external normal to the yield surface. Applying the gradientality law
with respect to the regime AB one can check if &; = 0, k&, = 0. Making use of

eqn (4) one can state that W'’ = 0, or

= 2L
W =wy— ()
where the boundary requirements
W(a,t) =wy(t), W(,t) =0 ®)

have been taken into account. Here wy(t)stands for an unknown function
depending on time only. Evidently, the requirement x, = 0 is fulfilled, if
wy = 0.

The flow regime A, B, on the plane of membrane forces is consistent with the
associated flow law if &, = 0, €, = 0. According to the first requirement one has

U = const. Thus, approximately one can take U = 0.
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According to the regimes A, B, and AB
n, =yj, my =Yy}, 9)
for p € (aj,aj+1); j =0, ...,n. Inserting eqn (9) in the first equation in eqn (6)
one easily obtains after integration
m=y+2, (10)

for p € (aj, aj+1). In eqn (10) C; stands for an arbitrary constant. Evidently, at

the internal edge n, (a) must vanish. Thus Cy = —y,a, and
n=yo— (11)

for p € (ay, @;). Making use of the continuity of the membrane force n; at
p = a4, ONE can write

Civ1 = G + @1 (¥ = Vjs1), (12)
for each j = 0, ..., n. Making use of the recurrent relations eqn (12) one obtains
Ci = =Yoo+ Z{:l a; (Vi1 — Vi) (13)

Substituting eqn (13) into eqn (10) results in
1 .
=¥+ [=vo@o + Zisy ai(viea = i), (14)

forp € (aj,a]-+1); j=0,..,n
It follows from eqn (7) that the acceleration can be presented as

)y . p—1
W = Wo E’ (15)

for p € (a, 1).
Substituting eqn (9) and eqn (15) in eqn (6) after integration with respect to p
one obtains
, 2 y W 3 2
kl(omy)' —mal ~yip +p5 — "2 (5~ 5) +B =0, (16)

a-1 3
forp € (a]-, aj+1); Jj =0,...,n. Here B; stand for arbitrary constants.
The integration of eqn (16) immediately gives

3 HYjWo
a-1

(&4_%3) +Bijp+A4;=0, (17)

2
k[omy —vip] —v; 5 +p% -

2

for p € (aj, a]-+1); j=0,..,n

The constants of integration A}, B; (j =0,..,n) can be determined making
use of the continuity of the shear force q and the bending moment m; at
p=a (j=0,..,n). Moreover, my(ayt) =0, my(1,t) =0,q(ayt) =0.
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These conditions enable to define the constants of integration and the
acceleration wy.

5 Determination of deflections

It appears that the deformation of the shell takes place during two subsequent
stages.
1) Thefirststage 0 <t < ¢t

During this stage of motion the shell is subjected to the transverse pressure of
intensity P. The transverse velocity W (p, t) is defined by eqn (7). It is assumed
that the intensity of the loading satisfies the requirement p > p, where p, is the
lower limit of the pressure when plastic deformations take place. According to
this concept Wy =0, if p <py. It can be shown that w, = const = f5,.
Integrating with respect to time one easily obtains

Wy = Bot (18)

and

wy =2z (19

where the initial conditions Wy(0) =0, wy(0) = 0 have taken into account.
Thus at the final instant of this stage

wo(to) = %tg , Wo(to) = Boto- (20)

2) Thesecondstaget, <t <t;
At the moment t = t; the external pressure is instantaneously removed and
the subsequent motion takes place due to inertia. Let us denote w, = 8, = const
for t € (ty, t;). After algebraic transformations one has

-1
B = Zﬁ{ i=1(Yie1 — yi)(zai —af +2ka;(yi +vie1) — Va2 +a -
2kyo) + Yu(1 + 2k1))}, 1)

where
T =y, + 3vo(as — 2ad) + 33X (vi — vi-) (af — 2a}). (22)

Evidently, the transverse velocity wy(t) and the displacement wy(t) at t =
to. Accounting for the initial conditions eqn (20) for this stage one can write

Wo = B1(t —to ) + Boto. (23)

Similarly one obtains
Wo =%(t_to )2+ﬂoto(t_t0)+%t§' (24)

for t € (to,t1).
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At the final instant of time t = t; when the motion of the shell ceases the
velocity W (t;) must vanish. Thus
B1

Let wy; be the maximal residual deflection at the final moment of time. It
easily follows from eqns (24), (55) that

—bBoti (1 _Bo
wy =B (1-2) (26)

Making use of (7) and (26) one can define the distribution of residual
displacements

W(p,ty) = wy Z_:- (27)

6 Discussion

The results of calculations are presented in Fig. 3 -7 fork = 0,2 and a = 0,1.

In Fig. 3 the maximal residual deflections are shown versus the load intensity.
Different curves in Fig. 3 correspond to conical shells with different internal
radius ay. The upper curve corresponds to the shell with a, = 0,1R whereas the
lowest one is associated with ag = 0,9R. It can be seen from Fig. 3 that the
smaller the internal radius the larger the maximal residual deflection, as might be
expected. Here the thickness of the shell wall is constant.

Distributions of the bending moment m; for the shell of constant thickness
are presented in Fig.4. Different curves in Fig. 4 correspond to different values
of the load intensity p. The highest curve is obtained for p = 9,4. Calculations
carried out showed that if p > 9,4 then the solution is not statically admissible.

wz18 ] Y= =t=0=0.1
16 1 ——3=0.2
14 —a—2a=0.3
12 e 0=0.4
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6
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4
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36 56 76 96 116 13.6 156 176 196 p
Figure 3: Maximal residual deflections.
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Figure 4: Radial bending moment.

The relationship between the pressure p, and the internal radius a, is
depicted in Fig. 5 for different values of the ratio y. The upper curve in Fig. 5
corresponds to the shell of constant thickness whereas the lower one is
associated with y = 0,1. It can be seen from Fig. 5 that the quantity p, is not
sensitive with respect to a, in the case of small values of y.
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Figure 5: Threshold of the loading.

Maximal residual deflections of stepped shells are presented in Fig. 6. Here
the ratio h; /hy = 1,2. It can be seen from Fig. 6 that when a, increases (the step
location moves towards to the supported edge) then maximal residual deflections
decrease. This is quite natural because in this case the weight of the shell
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The distributions of the radial bending moment m, are depicted in

Fig. 7 for the case a; = 0,35. Here the ratio of thicknesses y = 1,2 and different
curves correspond to different load intensities.
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Figure 6: Maximal residual deflections of the stepped shell.
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Figure 7: Bending moment m;.

In order that the results can be used with confidence, careful comparison and
validation with experimental data is needed. However, the experimental database
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is rather limited in the case of conical shells. In Fig. 8 the limit load of the
open shell calculated by the current method is compared with the results of Xu et
al. [9]. It can be seen from Fig. 8§ that the results are quite close to each other.

q 1 =
14 - —#—Xu, Liu, Cen a=0,3
= w=Xu, Liu, Cen a=0,6
=== Xu, Liu, Cen a=0,7
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0.2

0

==¢==|_ellep, Puman a=0,6

Figure 8: Limit loads.

7 Concluding remarks

A method of determination of maximal residual deflections of fully plastic
conical shells was developed. The shells under consideration have piece wise
constant thickness and are subjected to the rectangular impulse. The material of
shells is assumed to be a perfectly plastic one and obeys the square yield
condition and associated flow law. The statical admissibility of the solution is
assessed numerically.

Calculations carried out showed that maximal residual deflections strongly
depend on the ratio of inner and outer radii of the shell.

The solution procedure can be used for approximate evaluation of residual
deflections of a shell of variable thickness by suitable choice of a; and h; (j =
0,..,mn).
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