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Abstract 

In this paper, an analytical model is used for characterizing the deformation and 
failure behavior of the rock in the process of penetration. The scaling law in 
penetration and perforation is uncovered, resulting in a formula for the 
computation of penetration on wide scales on a sound physical background.  
Key words:  penetration, scaling relation, critical stress-intensity factor.   

1 Introduction  

The problems of penetration and perforation into rock by projectiles have been 
studied for a long time, but to date, there has been not yet a completely 
satisfactory method for solving such problems due to their complex 
characteristics such as elastic and non-elastic deformations concomitantly 
occurring accompanied by crack propagation in the process of penetration and 
perforation. As a result, empirical formulas derived from experimental data 
consist in the main part of research products [1-3]. However, such purely 
experimental approaches have some defects, the most significant of which is that 
the results extrapolated from these formulas are not reliable where the change is 
extremely large in values of radius of projectiles or in values of other original 
parameters beyond the range of experiment. Hence, the major empirical formulas 
have a limited range of application and an alternative procedure should be 
developed to cover a wider scale. 
     In addition to empirical procedures, there are several theoretical models 
which can be classified into four groups as follows [4-6]: The first one is the 
rigid-plastic model, the second one is the classic spherical cavity expansion 
model and the third one is the numerical model. 
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     In this paper, the scaling law in penetration and perforation is uncovered, 
resulting in a formula for computation of penetration on wide scales on a sound 
physical background. 

2 Penetrating resistances  

The average strength of the projectiles is significantly larger than from that of the 
rock media. Thus, for simplicity in this paper, the projectiles is approximated by 
an absolute rigid body and assumed to have a conical-shaped end and penetrate 
vertically into the rock media.  

The equation of motion for materials in the pulverized zone is described in a 
spherical polar coordinate as  
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where 0ρ  is the initial density of the material, υ is the radial velocity of the 

particle, and rσ , θσ are radial and lateral components of stress tensor 

respectively. 
     The state of materials in the nearby zone can be modeled by the             
Mohr–Coulomb criterion as follows [7, 8]. 
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The displacement change of near-region can be gained by using the mass 
conservation condition：  
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By integrating equation (3) one readily obtains, 
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rpc ευ = at the wave front and the relation ata =),（υ  on the surface of the 
projectiles, it follows that [9]: 
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where, Cp is the propagation speed of deformational wave which is related to the 
dimensions of the pulverized granules and the magnitude of volumetric 
expansion, a  is the expansion speed of the spherical cavity. 
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Substituting equation (2) into equation (1) and integrating equation (1) using 
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for the radial stress in the pulverized zone: 
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where )(tC  is an arbitrary function of time, the superscripts ,p f  and e denote 
the pulverized, cracking and elastic zones respectively. 
     The lateral stress, 0=f

ϑσ , is equal to zero in the cracking zone just like that 
in a cylinder. Integrating the static equilibrium equation with the condition 
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Considering the continuity condition of rσ  across br = , it follows 
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the condition on the surface of the caliber, equation (7) becomes 
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According to equation (3) the deformation is 
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For the elastic zone, from the incompressibility condition 02 =+
r
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general expression for the displacement is obtained as 2r
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strain tensor can be readily calculated as 32
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and the equilibrium equation, the stress-strain relation and the boundary 
condition are as follows 
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Solving equation (10) leads to 
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The parameter D is determined from the stress condition )()( cc e
r

f
r σσ = at the 

boundary between the cracking and elastic zones, that is,
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Thus, equation (11) is rewritten as 
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The order for determination of the radii b and c of the pulverized and cracking 
zones, use is made of two conditions as follows. The first condition is 
displacement continuity at the boundary between the pulverized and elastic 
zones: )()( cwcw ef = . Considering cw <<  at the outer boundary c  of the 

cracking zone, equation (11) is approximated by 23 3/)( cacw f = . Thus, the 
aforementioned continuity condition is expressed as 
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The second condition is the energy criterion for the increase of cracks [6], that is, 
the amount of energy released by the increase of c is equal to the amount of the 
effective surface energy Bγ required by the increase of cracks, whilst the 
released energy equals the half of the work done by the external forces, i.e. 
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in which Bγ  is the effective surface energy. Under the plane strain 

circumstances,
µ
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 where cK  is the critical stress-intensity factor, 

ν  is the poisson’s ratio; n is the unit circumference of cracks on the surface of 
the crack of radius c  , π6=n which is identical to the expansion of crack along 
the three planes across the center of sphere. 

     Recalling equations (9) and (13) and assuming that 3( ) ,cx
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in which, 
µ
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γ
e
s=0  is the limit shear strain, 2)(

e
s

cK
τ

=∆ . 

     When the derivative of the left hand side of the above equation (negative 
under stable conditions) equals zone, the critical condition for initiation of 
instability in the crack zone occurs, that is 
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Solving equation (16) leads to 25.0=x , and substitution of this equation into 
equation (14) results in relation of x and Rc / , with which the value of 1η  in 
the critical state is obtained [10]: 
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The above equation can be regarded as the perforation criterion. From equation 
(13), it follows： 
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in which, ∆  represents scaling parameter associated with the characteristic 

strength parameters, 
∆

=
a2χ .It is the term 

b
a  that represents the 

transformation relation between different scales for the same media with calibers 
of different radii. 

3 Formula for calculating penetration depths  

The influence of the term, 2
0aeρλ , in equation (8) on penetration depth is less 

than 4% in the case of ≤0υ 1000m/s. Therefore, for projectiles with speed of 

≤0υ 1000m/s, the term, 2
0 ae ρλ  can be neglected in the computation. The 

influence of the term, sλ , in equation (8) on penetration depth is less than5% in 
the case of 4000 ≥υ m/s. the term, sλ  can be also neglected in the computation. 
Equations (8) is thus reduced to  
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p
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For any point on the surface of a conical-shaped caliber (the derivation followed 
can be extended to other shapes), the relation between the radius of the spherical 
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cavity, a , and the depth x and the relation between the expansion speed of the 
spherical cavity a  and the penetration speed υ  are as follows 
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The normal force acting over an infinitesimal unit area on the surface of the 
caliber is 0
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and (19), one obtains 
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where −h is speed in terms of penetration depth, positive downwards, 
−'µ frictional coefficient between the caliber and the rock, 00 θctgrld =  is the 

length of the caliber, −0r is the radius of the caliber, −0θ is the semi-angle of 

the cone, −d is the diameter of the caliber, dld / is the ratio of length to 
diameter of the caliber. For commonly used calibers,  
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The differential equation of motion of the projectile is 
hFhm z Σ−=−=                        (21) 

From the above equation together with the initial conditions 
0)0( ==th ， 0)0( υ==th , the penetration depth h is derived as  

0212 υλλ pK
d
mh =                                            (22)  

4 Conclusions  

(1) The analytical model proposed in this paper pinpoints reasonably and 
straightforwardly the inherent behavior of deformation and failure of rock under 
penetration of projectiles. 
(2) The penetration depths of projectiles into rock computed by the proposed 
method have a wide range of applications. 
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