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Abstract

The paper is concerned with the application of a new variant of the FETI domain
decomposition method called the Total FETI to the solution of contact problems
by the finite element method. The basic idea is that both the compatibility between
adjacent sub-domains and Dirichlet boundary conditions are enforced by the
Lagrange multipliers with physical meaning of forces, while the displacements
are eliminated. We introduce the Total FETI technique to solve the equations and
inequalities governing the equilibrium of system of bodies in contact. Moreover,
we show implementation of the method into a code which treats the material and
geometric non-linear effects. Numerical experiments were carried out with our in-
house general purpose package PMD.
Keywords: contact, domain decomposition, non-linear, Lagrange multipliers, finite
element method.

1 Introduction

Modelling contact phenomena is still a challenging problem of non-linear compu-
tational mechanics. The complexity of such problems arises from the fact that we
do not know the regions in contact until we have run the problem. Their evaluations
have to be part of the solution. In addition, the solution across the contact interface
is non-smooth. In other words, a general contact problem is strongly non-linear
and its reasonable solution in terms of a numerical technique, usually the finite
element method, needs high quality software stemming from techniques exhibit-
ing qualities like fast convergence rate, good parallel and numerical scalabilities,
and so on.

In 1991 Farhat and Roux [1] came up with a novel domain decomposition
method called FETI (Finite Element Tearing and Interconnecting method). This

 © 2007 WIT PressWIT Transactions on Engineering Sciences, Vol 55,
 www.witpress.com, ISSN 1743-3533 (on-line) 

Computer Methods and Experimental Measurements VIII  207

doi:10.2495/SECM070201



method belongs to the class of non-overlapping spatial decompositions. Its key
concept is based on the idea that satisfaction of the compatibility between spa-
tial sub-domains, into which a domain is partitioned, is enforced by the Lagrange
multipliers with physical meaning of forces in this context. After eliminating the
primal variables, which are displacements in the displacement based analysis, the
original problem is reduced to a small, relatively well conditioned, typically equal-
ity constrained quadratic programming problem that is solved iteratively. The CPU
time that is necessary for both the elimination and iterations can be reduced nearly
proportionally to the number of processors, so that the algorithm exhibits the paral-
lel scalability. This method has proved to be one of the most successful algorithms
for parallel solution to problems governed by elliptic partial differential equations.
Observing that the equality constraints may be used to define so called ‘natural
coarse grid’, Farhat et al. [2] modified the original FETI algorithm in such a way
that they were able to prove its numerical scalability.

The fact that sub-domains act on each other in terms of forces suggests that the
FETI approach can also be naturally applied to solution to the contact problems.
To this effect the FETI methodology is used to prescribe conditions of
non-penetration between bodies. We shall obtain a new minimisation problem with
additional non-negativity constraints which replace more complex general non-
penetration conditions; see Dostál et al. [3]. It turned out that the scalability of the
FETI methods may be preserved even for solution to the contact problems [3, 4].

A new variant of the FETI method, called the Total FETI (TFETI) method, was
presented by Dostál et al. [5]. In this paper we are concerned with application of
this method to solution to the contact problems while we in addition consider the
material and geometric non-linear effects.

We briefly introduce theoretical foundations of the FETI and TFETI methods.
Then we describe an algorithm, in which the TFETI based contact solver accounts
for the inner loop, while the outer loop is concerned with the non-linear effects oth-
ers than the contact. The numerical experiments were carried out with our in-house
general purpose finite element package PMD (Package for Machine Design) [6].

2 Original FETI method

Consider the static case of a contact problem between two solid deformable bodies
denoted as Ω1 and Ω2. We assume that their boundaries are subdivided into three
disjoint parts Γu, Γf , and Γc with the Dirichlet, Neumann and contact conditions,
respectively; see fig. 1(a). The governing equations are given by the equilibrium
conditions along with the boundary conditions; see, e.g., Laursen [7] for compre-
hensive survey of formulations.

Fig. 1(b) shows a discretised version of the contact problem from fig. 1(a). Both
bodies, i.e. sub-domains, are discretised in terms of the finite elements method.
This figure also shows applied Dirichlet boundary conditions, some displacements,
denoted as u, and the contact interface. The displacements are the primal variables
in the context of the displacement based finite element analysis.
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(a) Original problem. (b) Discretised problem.

Figure 1: Basic notation.

The result of application of the FETI method to the computational model from
fig. 1 is depicted in fig. 2(a). The left sub-domain is decomposed into two sub-
domains with fictitious interface between them. The fundamental idea of the FETI
method is that the compatibility between sub-domains along both fictitious and
contact interfaces is ensured by means of the Lagrange multipliers with the phys-
ical meaning of forces. They are also called the dual variables. λE denotes the
forces along the fictitious interface and λI stands for the forces generated by con-
tact.
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Figure 2: Principles of FETI and TFETI.

Let N be a number of sub-domains and let us denote for i = 1, . . . , N by Ki, fi,
ui and Bi the stiffness matrix, the vector of externally applied forces, the vector of
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displacements and the signed matrix with entries−1, 0, 1 defining the sub-domain
interconnectivity for the i-th sub-domain, respectively. The matrix B is composed
of matrices BI and BE , B =

[
BI BE

]
. BE introduces connectivity conditions

along the fictitious interfaces and BI along the contact ones.
The discretised version of the problem is governed by the equation

min
1
2
u�K u− f�u subject to BIu ≤ 0 and BEu = 0 (1)

where

K =




K1

. . .

KN


 , f =




f1

...

fN


 , u =




u1

...

uN


 . (2)

The FETI method assumes that Dirichlet boundary conditions are inherited from
the original problem, which is shown in fig. 2(a). This fact implies that the mag-
nitudes of defects of the stiffness matrices, Ki, may vary from zero, for the sub-
domains with enough Dirichlet conditions, to the possible maximum (6 for 3D
solid mechanics problems and 3 for 2D ones) in the case of the sub-domains
exhibiting some rigid body modes. General solution to such systems requires com-
putation of generalised inverses and bases of the null spaces, i.e. kernels, of the
underlying singular matrices. The problem is that the magnitudes of the defects are
difficult to evaluate because this computation is extremely disposed to the round
off errors; see Farhat and Géradin [8].

3 Total FETI method

In this section we briefly review the main ideas the TFETI method stems from. To
circumvent the problem of computing bases of the kernels of singular matrices,
Dostál [5] came up with a novel solution. His idea was to remove all the pre-
scribed Dirichlet boundary conditions and to enforce them by additional Lagrange
multipliers denoted as λB in fig. 2(b). The effect of the procedure on the stiffness
matrices of the sub-domains is that their defects are the same and their magni-
tude is known beforehand. From the computational point of view such approach is
advantageous; see [8] for discussion of this topic.

The overall approach resembles the classic one by Farhat et al. [2] and others,
e.g. [3]. The Lagrangian associated with the problem governed by eqn (1) is as
reads

L(u, λ) =
1
2
u�Ku− f�u + λ�Bu. (3)

This is equivalent to the saddle point problem

Find (ū, λ̄) so that L(ū, λ̄) = sup
λ

inf
u

L(u, λ). (4)
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For λ fixed, the Lagrangian L(., λ) is convex in the first variable and a minimiser
u of L(., λ) satisfies the following equation

Ku− f + B�λ = 0. (5)

Eqn (5) has a solution if and only if f − B�λ belongs to the range of K and
therefore the following relationship holds

R�(f −B� λ) = 0. (6)

R denotes the full rank matrix with columns spanning the kernel of K . The kernels
of the sub-domains are known and can be assembled directly.

It is necessary to eliminate the primal variable u from eqn (5). It may be easily
verified that if u is a solution to eqn (5), then there exists a vector α such that

u = K†(f −B�λ) + Rα (7)

where K† is any symmetric positive definite matrix satisfying KK†K = K .
Substituting eqn (7) into eqn (4), we get the following minimisation problem

min
1
2

λ�B K† B� λ− λ�B K†f, s. t. R�(f −B� λ) = 0. (8)

Let us introduce notations

F = BK†B�, G = R�B�, e = R�f, d = BK†f, (9)

so that the problem (8) reads

min
1
2

λ�Fλ− λ�d s. t. Gλ = 0. (10)

The final step stems from observation that the problem (10) is equivalent to

min
1
2

λ�PFPλ− λ�Pd s. t. Gλ = 0, (11)

where
P = I −Q and Q = G�(GG�)−1G (12)

stand for the orthogonal projectors on the kernel of G and the image space of G�,
respectively.

The problem (11) may be solved efficiently by the conjugate gradient method
because the estimate of the spectral condition number for the FETI method also
holds for the TFETI method [5].

It was shown that application of the TFETI methodology to the contact prob-
lems converts the original problem to the quadratic programming one with sim-
ple bounds and equality constraints. This problem can be further transformed by
Semi-Monotonic Augmented Lagrangians with Bound and Equality constraints
(SMALBE) method to the sequence of simply bounded quadratic programming
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problems. These auxiliary problems may be solved efficiently by the Modified
Proportioning with Reduced Gradient Projection (MPRGP) method. The detailed
descriptions of SMALBE and MPRGP are beyond the scope of this paper and can
be found in Dostál [9]. It was proved in Dostál [10] that application of combination
of both these methods to solution to contact problems benefits the numerical and
parallel scalabilities.

4 Non-linear algorithm

Herein we extend application of the FETI and TFETI methods to problems with the
geometric and material non-linearities. The algorithm based solely on the assump-
tions and relationships presented in the previous Sections is directly applicable to
solution to the contact problems, but with other conditions linear. Any additional
non-linear effect necessitates employment of the nested iteration strategy, where
the inner loop accounts for TFETI based contact solver while the outer loop is
concerned with the material and geometric non-linear effects, contact geometry
update and equilibrium iterations.

The state of equilibrium is characterised by condition that the internal forces
equal the total external forces, i.e., the residual equals zero

res = fext − fint = 0. (13)

The total external forces consist of the applied external forces and the contact ones

fext = f −B�λ. (14)

The internal forces can be expressed as follows

fint =
∑

nelem

∫

Ve

Bs
�(ε) σ(ε) dV (15)

where Bs is an appropriate element matrix relating the element strain tensor ε with
nodal displacements while considering the geometric non-linearities, and σ is the
element stress tensor arising in general from non-linear material behaviour. We
sum over the total number of elements nelem.

The solution algorithm is shown in the following flowchart.

Initial step: Assemble stiffness matrix K = diag{K1, ..., Kp} and BE ;
Set i = 0; u0 = 0, λ0 = 0, f0

int = 0;
Step 1: Evaluate contact conditions BIi ;
Step 2: Solve contact problem for ∆λ→ ∆u ;
Step 3: λi = λi−1 + ∆λ, ui = ui−1 + ∆u ;

f i
int =

∑
nelem

∫
Ve

Bs
�(εi) σ(εi) dV

Assemble residual load vector resi = f −Bi�λi − f i
int ;

Check on convergence criteria ‖∆u‖
‖ui‖ < η1 , ‖resi‖

‖fi
ext‖ < η2 ;
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If fulfilled then STOP,
otherwise set i← i + 1 and go to Step 1

Step 2 represents the inner iteration loop for evaluation of the Lagrange multi-
pliers enforcing compatibility between the sub-domains along both fictitious and
contact interfaces and at nodes with the applied Dirichlet conditions.

5 Numerical experiments

To demonstrate the ability of our algorithms to solve contact problems, we show
results of two numerical experiments. The first case is concerned with contact
problem of two cylinders, and the second one with contact problem of the pin in
hole with small clearance.

5.1 Contact problem of two cylinders

Consider contact of two cylinders with parallel axes. We can consider only one half
of the problem due to its symmetry. The diameter of the upper cylinder Ru = 1 m
and of the lower one Rl = ∞. In spite of the fact that it is the 2D problem, it
is modelled with 3D continuum tri-linear elements with two layers of them along
the axis of symmetry of the upper cylinder. The model consists of 8904 elements
and 12765 nodes. The boundary conditions are imposed in such a way that they
generate, from the physical point of view, the plane strain problem. The material
properties are as follows: Young’s modulus E = 2.0×1011 Pa and Poisson’s ratio
ν = 0.3.

First, the upper cylinder is loaded by 40 MN/m along its upper line and the
problem is considered linearly elastic and linearly geometric. Fig. 3(a) shows solu-
tion in terms of the deformed mesh.

(a) Linear problem. (b) Non-linear problem.

Figure 3: The problem of two cylinders, deformed meshes.

 © 2007 WIT PressWIT Transactions on Engineering Sciences, Vol 55,
 www.witpress.com, ISSN 1743-3533 (on-line) 

Computer Methods and Experimental Measurements VIII  213



Next, the problem was computed on the same mesh with the same loading,
but we considered the linearly–elastic–perfectly–plastic material model with the
yield stress σY = 800 MPa. We also considered the geometric non-linearity. The
deformed mesh is depicted in fig. 3(b).

In the latter case we iterated in the outer loop in the sense of the solution algo-
rithm described in Section 4. The number of the outer iterations was 15. The num-
ber of iterations of the MPRGP algorithm for contact evaluation at each cycle of
the outer loop is shown in fig. 4.
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Figure 4: Number of MPRGP iterations at each cycle of the outer loop.

5.2 Pin-in-hole contact problem

Consider a problem of the circular pin in circular hole with small clearance. The
radius of the hole is 1 m and the pin has its radius 1% smaller. Again, the 2D
problem is modelled with 3D elements. The model consists of 15844 tri-linear
elements and 28828 nodes. The pin is loaded along its centre line by 133 MN/m.
The geometric non-linearity was considered. The material properties are the same
as in the previous case.

Fig. 5 shows the normal contact stress distribution along surface of the pin from
the plane of symmetry. The distribution of this stress along the hole is practically
identical.

6 Conclusion

Application of a new variant of the FETI domain decomposition method to solu-
tion to contact problems with additional non-linear effects was presented. It is
called the Total FETI method, and its basic idea, in comparison with the FETI
method, consists in replacement of the Dirichlet boundary conditions by the
Lagrange multipliers with physical meaning of forces in this context. This feature
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Figure 5: The pin-in-hole problem, normal contact stress on the pin, geometrically
non-linear case.

is of great importance from the computational point of view, because the magni-
tudes of defects of stiffness matrices of all the sub-domains are the same and their
magnitude is known beforehand. The numerical experiments show that algorithm
stemming from the TFETI method is applicable to solution to contact problems
accompanied by other non-linearities.
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