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ABSTRACT

In this work, a novel homotopy analysis method for the solution of two-fluid models is presented. A
fully developed bubbly through a pipe is considered. Different physical and mathematical properties of
the two-fluid model were identified. The problem was solved in the central region of the pipe where
the wall forces were neglected, which implies that void fractions and velocity profiles are not affected
by the wall. The system of equations was reduced to a single equation without parameters with an
intrinsic length scale L. Away from the wall of the pipe, the flat void fraction depends on the applied
pressure gradient, the density of different phases and gravity. It was also found that the effective specific
weight of the fluid column was cancelled by the pressure gradient.
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1 INTRODUCTION

For the simulation of two-phase flows, the two-fluid model proposed by Ishii [1] is widely
used. This model is based on the time averaging of two-phase field equations. The averaging
process used in Ishii model needs to be accompanied with several closure approximations,
which lack practical understanding. For example, lift term that models transversal force
influencing particles or bubbles in a velocity field is not completely understood. In the current
work, we analyse the two-fluid model by considering a fully developed bubbly flow in a
circular pipe. Our main objective is to look into the generic properties of the model.

We first recall the two-fluid model in brief, with algebraic manipulations of the equations.
The solution of the system is first provided away from the wall which follows the solution of
the complete system.

2 MATHEMATICAL FORMULATION
We consider the mass and momentum conservation equations with no temperature effects
similar to Drew and Passman [2], assumption.

0 —

KL 1Y (€10, T5) = O, (1)
0 (eprvi) — .
ot + V. (erpicvi U) = V. [€x(Tye + T£9)] + €xpred + My, 2

in which k is a phase (L for liquid, G for gas), €, is the volumetric fraction of phase k, \Tk is
the corresponding velocity, py is the density, T} is the stress tensor, defined as
T = —pid + e [VoE + (Vo)) 3)

where py, is the pressure, and  is the viscosity Tf¢ is the Reynolds like stress due to
statistical fluctuations, modelled by Nigmatulin [3]
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17¢ = —€p.[Alvg — V1?1 + B(vg — v)(wg — v, (4)

where values for A and B are % and %, respectively. Assume Vg ';’L = ;’r and define
v, =|X7r| . In eqn (2), M}, represents the interfacial momentum exchange, which relates to the
actual force between phases (M},) according to

My = priVer — Ty Ve + My, (5)
where values at the interphase are represented by subscript i. Different models exist for M,
in particular for the liquid phase (k = L) Antal et al. [4] used

M, = p,Ve, —u,(Vv, + V) + PL(A|13r|21 + B(ﬁr®ﬁr)) + Mj, (6)
whereas on the other hand Drew and Passman [2], used
M, =p,; Ve, — [PL(ab|ﬁr|21 + az(ﬁr- ﬁr))]VEL —pLeLV. "®v,) + M, (7
where a = —%and b= %. The pressure at the interphase (p;;) can be derived from the
expression by Stuhmiller [5],
. 1
PL-PLi = CpLElerlsz = 7 3
We will consider drag, lift and wall forces,
Mj = M + My + Mg, )
with
D D 3 &g >3
MG = _ML = —§R—bCDpLUr|‘Ur|, (10)
24
Cp = —(1+ 0.1Re’7%), 11
b = o= (1+0.1Re%7) (1
_ 2RppLlvr| _ M
Re == Fm = ey (12)
M* = —M;* = —CLeap, V- A(VAD), (13)
MéW — _M£W
2
2 Rp\] .. €cpi|u] Ry
_ 1wy [Cwl + Cw2 <%)] ny if TR, [Cwl + Cw2 (%)] >0, (14)
2 )
. EGPL|u||| Ry
: el o (%) <o
wy = v — [, 5], (15)
Cy1 =—0.1,C,, = 0.147, (16)
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where, Y, is the distance to the wall, N the exterior unit normal and R, the bubble radius.

Considering incompressible unidirectional laminar fully developed flow of Newtonian
fluid with bubble floating through a vertical cylindrical duct. The set of five differential
equations corresponding to five unknown functions, i.e., v, (1), vs (1), p.(r, 2), e (1, Z) and
€ (1, z), as follows.

Momentum conservation equation of the gas phase in the radial direction I

ap v,  pvf Ry )
—b 3= 1
T+ it g+ (G + g )| = 0 (7

where R is the internal radius of the duct.
Momentum conservation equation of the gas phase in the axial direction Z

apG 3Cp

67’ —PcY9 — 8R Lvrlvrl (18)

Relative velocity V, is calculated by using the above equation, which is considered

uniform. Momentum conservation equation of the liquid phase in the radial direction I

OpL d dv;, deg
Lo T T o [ApLe, (1 _ZEL)VrZ] + CLEGpLUrW + G, (1 — €)vf o
€EGPLVY ( Ry ) , 0€g
C Cpo———|—C —-—
R, w1t Cwa (R—71) 1PLVr or (19)
Momentum conservation equation of the liquid phase in the axial direction Z
apL 1 d vl 3¢€g av; aeG
€L ar _ror [reLﬂL ar +5 8R, = Copovrlve| —eLpLg + Copy —— ar or- (20)
Jump condition at the interphase is given by
20
P — DL =R__CpL(1_EG)Vr2- 2n
b
3 PROBLEM SOLUTION
3.1 Region away from the wall
We define
1 apP 8p
P = Perr = €1LPL t €6P6, P = ;f p-ds, P 6_ PY, (22)
where S is the cross-sectional area of the pipe.
Eliminating the drag force from eqns (18) and (20), and using €; = ((p ’; G)) we get
dp —~ _ (p=pg) uL @ ( 9vL vy, Oeg
Lt(p-pg =22 (rZ8) 4 (C, - D 255 (23)

On the other hand, replacing eqns (19) and (21) into eqn (17) we get, after multiplication

€L
Y ooy
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(p —pc) 1 dp CL dv, Ry
(oo —po) (pr—pa) 0z (2C— A, ar ' (2C — DR, (Gon + @R - r))
(GtAe) 1 ap
2C—A) (o —po)or (24)

As a result, the system is reduced to only two equations. Introducing non-dimensional
variables:

ap* 1 a 2upv(C-A v C T R R
P _ _p’L2=I1LL( )’ x _vL_CL *=—,R*=—,RZ=—b,E=
0z (pL—pg) 0z 9(pL=pe)CL v 2(C-4)’ L L
Cwy _ Cw,
2(C-ARy’ 2(c-A) (25)

From eqns (23) and (24), using the scaled variables in eqn (25) and assuming the wall-
force terms are negligible, the system is reduced to following ordinary differential equation

2 aZEL (aEL) (EL)Z aEL (C1+4) (i dey, aZEL) _
(€) 52+ 2 - Cle t o T T e |9 o o

€, -1 (BEL)2]=6,,”Z 3 (26)

. This equation is valid where the wall force is not active (R -r> %),

— _ (P—pe)

h =
where €, (pL=P¢G)
It can be seen that the right-hand side is a constant, independent of I' . The values of the

constants A and B are ﬁxed A= % ,B = i) and considered following two set of Values for

C; and C,, with C; = —— and C, =1, taken for Antal et al. [4] (Model I), and C; = — and

C, = 0, for Drew and Passman [2] (Model II).
In the case of Model I, eqn (26) is reduced to

2 *
(€2 +e (J2) + 0 2 g @n

* r* or* 0z

which is the equation of laminar fully developed bubbly flow far from the wall and contains
no parameter except constant on the right-hand side. Eqn (27) can be solved to get a different

solution for pressure gradient and the amount of gas in the flow. By using I’ =0, £_(0)

eqn (27) can be rewritten as

opP*
5, &= —€,(0)(1+4), (28)
finally resulting in
e N> (€,)? e
(EL)Za L L(a_rL) FE D =~ ()1 + ), 29)

If the model of Drew and Passman is used we following equation is obtained

e\ (e,)? ¢,
2 —
€L (8r ) + r* or* €L

33 1 deg, BZEL dey, 2 _
+ole o+ 53) + (52) ] = e (0@ +2),

(EL)Z(;
(30)
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where A is a measure of the difference between the applied pressure gradient and the effective
weight of the mixture at the centre of the pipe. With the given initial conditions €, (0) and
€, (0) we then solve eqns (29) and (30).

4 SOLUTION OF THE PROBLEM
In the previous section problem in the region where the wall forces are not active. In addition,

all applied pressure gradients were not considered as when —(’)pL / OZ is greater than p, g,

at the centre by adjusting the void fraction, the pressure gradient cannot be balanced. This is
valid even if the void fraction is assumed zero.

Eqns (17)~21) can be solved for V (I) and &g(r), which after mathematical

manipulation and elimination of drag coefficient results in

Jap;. 10 dv;, dv; Oeg
— - =—— — —_— —_—— 31
£ + (1 —€c)pLg + €cPcg o (1 —€x)u 67‘] + Copy, o or’ (€2))
deg 1 1 ov Rp\ V2
EG ?Urg I:(E - A + Cl) - geG:l = _EGCLv‘I" a_; - EG (CWI + sz E) R_:J' (32)
with following boundary conditions
ov de
—-(0) =0,v,(R) = 0,—2(0) = 0. (33)
ar or
Using the non-dimensional parameter defined in eqn (25) we get the following form
oP oL ovoe; 1 ov  0voeg 0%v
— —e,=C——+-(1—-€)—+———+1 —€;,)=—, 34
0z  p,— pg € Zor or r( 66)6r+8r6r+( EG)OrZ (34
1
deg (j —A+ C1) , 0€g ( 1 ) 3 ov g Deg (35)
“or 20c—4)  Coar\to(c-a)) " “Gor "CTR-—7
subject to boundary conditions
dv;, deg
FO=0 w0 Fo=0
_ op L
where P = 3z + PYEPYS (36)

Eqns (34)—(36) are solved in Mathematica [6], for a wide set of values by using the
homotopy analysis method (HAM). Zero-order deformation of the system of equations, the
linear operator L and the non-linear operator N are defined as

2
L(f) = % 37)

d
L) =22 (38)

oL dvde; 1 v  0dvoeg

6p+ (
0z p,—pg €6 2or or r “a dr Or or

a )6217
) orz

N(f) =

(39)
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Deg
R-—71

1
N(g) = e aﬁw_ezaﬁ(;
“ar 2(C-A) ¢ ar \10(C — A)

In the view of boundary condition, the initial guess and boundary condition are

v
)+EGE+EGG+

f(0) =5 (Pr? — PR?),

9 =5,

fR,h) =0;£(0,h) = 0;g(0,h) =0,

L{fm (0} — (1 — xn)L{fo} = XimRim
L{gm(x)} - (1 - xm)L{go} = XmRZm:

and the mth order deformation is
-1

3

1
Rim (Vin—1, €m-1) = €gm-1(r) + C; V/(r)egm-1(r) + ;Vrln—1(7’)

21D

m-1 1

- Z €6i (W1 (1) + ) Vi (1egm_1_; (1)

j=0 j=

(=]

m-—1

il ) ey Winay () = X,
=0

(%A +C)

20 £

J m-1

1
- mz Z €6k (r) €6k (M €Gm—1-; ()

k=0 j=0

Rom(Vin—1, €m—1) = €gj (r)E,Gm—l—j(r)

m-1
, D
+ z EGj(r)Vm—l—j(r) + EsGm—l(r) + meGm—l(r)’
Jj=0

where

X = {0 whenm < 1.
m 0 otherwise
Zero-order and first-order solution by using HAM are

_R* PR* R2x2+x4+Px4+1 PR? 4+ Pi?
fo=12730 " 10 "0 " 30 T3¢ x)

_147x* R’ PpR¥  R%' 49Lx® 3x* 3px* 3R¥ xS

T 2000 10 20 20 T 500R, T 20 T 40 20 12
1
+§(—R2+x2)

9o
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_43241R4 7159PR* 16R® 7PR® P2?R® 11R® 23PR®

1= 780000 90000 ' 1125 4500 1500 ' 42000 21000
49LRS  147LPR® 7R*x? 7159x* 7159Px*

T 25000R, 25000R, 25 ' 180000 ' 90000

17R?x* 23PR%*x* P?R*x* R*x*  49Lx°

7900 1800 300 _ 600 ' 25000R,

147LPx> 7x®% 43Px® PZx® RZ*x® PR?x® 8
25000k, T 1500 © 3000 ' 250 ' 600 ' 300 _ 1680

Px® (—PR?*+ Px?)

0 1 (49)

3 272391x% 3853R?x? 4147PR?x%? 551R*x? N PR*x? N R6x?
91 = 2000000 20000 40000 10000 1000 50
PR®x% R8x% 7203LRx%* 147Rx® 147PRx® 49R3x3

200 T 200 500000, 5000 _ 10000 _ 3750
81193Lx3 147LR%x® 49LPR%x® 147LPR*x3

T 500000R, ~ 2500R, _ 5000R, _ S000R,
8913x* 1959Px* 32R2x* 11PR%x* 3P2R2x*

* 40000 * 16000 * 625 100 400
9R*x* 3PR*x* 3R®x* + 21609L%x* + 49Rx>
40 50 40 1000000R, 2500

+_1421Lx5+833pr5+1421LR2x5+929x6+11Px6
12500R, ' 25000R, ' 12500R, 18000 = 90
P?x® 13R?*x® PR?*x® 13R*x® 399Lx” 133x%
+ + + + - -
80 30 8 60  5000R, 600
161Px® 161Px® 133R%x% 3x1° 21609R%x

2400 2400 600 ' 40 +1000000(R+x)
147R%x 147PR*x 7203LR3x

" 10000(R + x) 20000(R +x) 250000R,(R + x)
N (=R?+x?) 21609R%Log[—R +x] 147R*Log[—R + x]

2 1000000 10000
147PR*Log[-R + x] 49R®Log[—R + x]

20000 10000
7203LR3Log[—R + x] (50)

250000R,, ’

and so on.

5 RESULTS AND DISCUSSION
Analysis of the two-fluid model in case of upward bubbly flows shows that there exists a so-
called peak in the void fraction in the close vicinity of the wall. It is evident that, for the gas—
liquid mixture to flow upward, the pressure gradient must overcome the horizontally
averaged weight pg. It is clear that the bubble should vanish on the wall.
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Figs 1 and 2 show upward flow which is away from the wall for the different values of A.
The greater value of A indicates, greater pressure gradient as compared to effective weight.
Graphs for model I and model II are shown and upward motion is rapid for large values of A.
Fig. 3 shows a comparison of the model I and model II. It can be seen that both models
converge approximately to the same value.

Figs 4-6, show the downward flow of void space for model I and model II for different
values of €;(0). The gravity effect dominates pressure gradient and bubble moves towards
the lower wall. Figs 7-9 shows the variation of initial coordinate €, (0), on both model I and
model II. For upward flow a greater value of €;(0), show a quick rise of the bubble. Close
to the wall, forces are effective, eqns (33)—(35) in non-dimensional form are simulated by
using homotopy analysis method. The results shown in Figs 10—12 are for different values of
bubble radius Ry, intrinsic length L and A'. It is seen that void fraction profile decreases as the
absolute value of applied pressure gradient increases, peak enlarges and radical position of
maximum moves towards the wall. This is due to the result of the rise in lift force that comply
to increasing liquid velocity gradient at the region close to the wall.

In fully developed laminar flow the solutions of the two-fluid model are such that the
effective weight at the centre of the pipe (i.e., perg) practically balances the applied pressure
gradient. Also at some particular limiting value of r = r*called critical radius at which
solution is unreal, i.e., the value of liquid fraction either become zero or greater than one.

3=0.0100
DEF A=0.0010
1=0.0001

a4

Figure 1: Upward flow for model I. Figure 2: Upward flow for model II.
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Figure 3: Upward flow for A=0:0001. Figure 4: Downward flow for model 1.
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Figure 5: Downward flow for model II. ~ Figure 6: Comparison of downward flow
for model I and model II for
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Figure 7: £ (1) for different £, (0)  Figure8: &6 (") for different &g (0)

model 1. model II.
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Figure 9: Comparison of &g (I‘*) for model Figure 10: Void fraction profile variation in

Ro.
Iand model I for & (0)=0.016.
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Figure 11: Velocity profile for variation of L. Figure 12: Liquid velocity profile for
variation of upward flow.

In current work several physical and mathematical properties of the two-fluid model in
the simple case of a laminar fully developed bubbly flow in case of a circular pipe have been
identified. In vertical two-phase flow, it is found that the pressure gradient is cancelled with
the effective specific weight of the fluid column. It is also found that the lift force balances
the applied pressure gradient. For reduced gravity values, a prominent effect of lift force was
observed. In future work, the effect of different boundary conditions on the model will be
studied.
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