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ABSTRACT 
Mass exchange through gas–liquid interfaces, whose liquid side has a turbulent nature, are still difficult 
to quantify due to the unclosed set of turbulence equations, which are also nonlinear. This paper 
describes an efficient method to overcome this difficulty, by substituting the statistical variables of the 
original equations by statistical relationships furnished by the Random Square Waves (RSW) tool. 
Oscillatory records are simplified using random square waves (ideal and binary), which allow a 
theoretical statistical treatment of the signals. This tool was applied to the concentration boundary layer 
at the gas–liquid interface. Normalized mass fluxes and mean concentration profiles were obtained 
using Taylor-series-based solutions, which allow for consideration of transient situations through the 
successive calculation of the higher order coefficients (derivatives). Comparisons with experimental 
data available in open literature are presented as a first evaluation of the Taylor series, showing 
promising results. This method is a viable tool, and this study shows novel conclusions that reproduce 
general tendencies observed in one-dimensional mass transfer phenomena in boundary layers. 
Keywords:  turbulent mass flux, concentration profile, gas–liquid interfaces, RSW, turbulence statistics. 

1  INTRODUCTION 
Physical phenomena that depend on gas–liquid free interfaces, such as the dissolution of 
substances into water bodies, still await a definitive quantification and understanding 
regarding the boundary layer details, mainly due the turbulent nature of the boundary layer. 
     In this study, the focus is the liquid side of the interface. It is known that, in addition to 
molecular diffusion, it is necessary to consider the mixing of the liquid promoted by the 
turbulent eddies created by the flow field, usually named as a turbulent diffusion [1]. 
     Many studies correlate the so-called mass transfer coefficient and ad-hoc parameters, such 
as the boundary layer thickness, the mean time of exposure, or the renewal rate of the surface 
(see [2] and [3] for a broad review of conceptual models for interfacial transfer). A still 
limited number of measurements near the surface are available in the open literature [4–8], 
[12–14], [16], [17] conducted to confirm conclusions derived from conceptual and semi-
empirical models, and to shed light on the details of the turbulent movements close to mobile 
interfaces. However, accurate results are still difficult to obtain due the small thickness (10–
100 μm) of the concentration boundary layer [8], together with optical complexities linked 
to the measurement technique, such as noise, surface localization, and needed corrections 
due to laser attenuation and to optical blurring [10], [11]. 
     Testing possibilities of numerical tools, DNS studies were done for example by [19], [20] 
for isotropic turbulence and a wide range of Schmidt and Reynolds numbers. The numerical 
results suggest that small eddies increase their effect on the mass flux as the Reynolds and 
Schmidt numbers increase. It is also suggested that numerical results agree with the surface 
divergence model proposed by [21] and given by 𝐾~ඥ𝜑𝐷, being KL the mass transfer 
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divergence. U, V are orthogonal superficial velocity components. It is assumed by several 
authors [18], [23] that 𝜑 has a key role in transfer processes. Because divergence considers 
the turbulent movement of the superficial velocity components, it points to the importance of 
elucidating how the structure of turbulence combines with the molecular diffusion to control 
the mass exchange in the adjacent region of the gas–liquid interface. 
     In a study of long maturation, Schulz and co-workers [9], [15], [16], [25–27] progressively 
presented the tool “Random Square Waves”, which was applied to an interface boundary 
layer. The starting equation is the Reynolds averaged mass conservation equation, where 
the Reynolds decomposition of variables, given by a mean parcel and a fluctuating parcel, is 
the main assumption. For the scalar field the decomposition leads to 𝐹 ൌ 𝐹ത  𝑓, and for 
the velocity field it leads to 𝑼 ൌ ሺ𝑈, 𝑉, 𝑊ሻ ൌ ሺ𝑈ഥ  𝑢, 𝑉ത  𝑣, 𝑊ഥ  𝑤ሻ. Eqn (1) expresses the 
mass conservation equation in its usual form: 

𝜕𝐹
𝜕𝑡

 𝑼 ∙ 𝛻𝐹 ൌ 𝐷 ∙ 𝛻ଶ𝐹. (1)

     F, 𝐹ത, and f are the instantaneous, mean, and fluctuating scalar variable; U, 𝑈ഥ, u; V, 𝑉ത, v; 
W, 𝑊ഥ , and w are the instantaneous, mean and fluctuating x, y, and z components of the 
velocity, respectively. When generating conservation equations for the statistical moments 
of the scalar fluctuations (moments given by θ=1, 2, 3…) eqn 2 is obtained (see [15]): 

𝑓ఏതതതത 𝜕𝐹ത

𝜕𝑡


1
𝜃  1

𝜕𝑓ఏାଵതതതതതത

𝜕𝑡
 𝑓ఏതതതതሾሺ𝑈ഥ, 𝑉ത, 𝑊ഥ ሻ ∙ 𝛻𝐹തሿ 

1
𝜃  1

ൣሺ𝑈ഥ, 𝑉ത, 𝑊ഥ ሻ ∙ 𝛻𝑓ఏାଵതതതതതത൧ 

൫𝑓ఏ𝑢തതതതത, 𝑓ఏ𝑣തതതതത, 𝑓ఏ𝑤തതതതതത൯ ∙ 𝛻𝐹ത 
1

𝜃  1
𝛻 ∙ ሾሺ𝑢, 𝑣, 𝑤ሻ𝑓ఏାଵሿതതതതതതതതതതതതതതതതതതത ൌ 𝐷ൣ𝑓ఏതതതത𝛻ଶ𝐹ത  𝑓ఏ𝛻ଶ𝑓തതതതതതതതത൧. (2)

     Most of the studies in the literature assume unidirectional mass flux trough a flat-interface, 
and no dominant velocity, so that eqn (2) can be simplified to eqn (3), taken here as the 
governing equation for the gas–liquid system: 

𝑓ఏതതതത 𝜕𝐹ത

𝜕𝑡


1
𝜃  1

𝜕𝑓ఏାଵതതതതതത

𝜕𝑡
 𝑓ఏ𝑤തതതതതത 𝜕𝐹ത

𝜕𝑧


1
𝜃  1

𝜕𝑤𝑓ఏାଵതതതതതതതതത

𝜕𝑧
ൌ 𝐷 𝑓ఏതതതത 𝜕ଶ𝐹ത

𝜕𝑧ଶ  𝑓ఏ
𝜕ଶ𝑓̅

𝜕𝑧ଶ

തതതതതതതതത
൩. (3)

     According to the authors’ knowledge, studies conducted until now with eqn (3) assumed 
the condition of uniform attenuation/reduction of the wave amplitude (scalar fluctuations) 
along the boundary layer. Table 1 summarizes the main studies on RSW, all for a constant 
value of the reduction function αf that quantifies attenuation. Although theoretical results for 
concentration profiles are in good agreement with measured data, the experiments of [16] 
already showed that f is not constant. In order to obtain a better understanding of the 
interfacial mass exchange process, this study presents the theoretical description of the RSW 
method including the variable reduction function αf, and furnishes first results for transient 
problems with variable f. 

2  GENERAL ASPECTS OF THE RSW METHOD 
The Random Square Waves tool approximates fluctuating records by a bimodal random 
function as shown in Fig. 1, with two extreme values: Fp and Fn. Here Fp is the saturation 
concentration of a soluble gas in the liquid (taken at the surface of the liquid) and Fn (< Fp) 
is taken as the homogeneous gas concentration in the bulk liquid. 
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Table 1:  Chronological development of RSW method. 

Author Regime-study type Main results

[24] Transient-theoretical 
Introduced RSW tool by idealizing fluctuations and 
defining a 1st statistical function (partition n). 

[9] 
[16] 

Transient-theoretical 
and experimental 

Definition of 2nd statistical function (reduction αf). 
Measuring αf profiles in oscillating grid tank using 
LIF.

[25] Transient-theoretical 
Definition of 3rd statistical function (superposition β). 
Concentration profile obtained numerically. 

[15] Transient-theoretical 
Concentration profile obtained for a wide range of αf 
values. 

[26] Stationary-theoretical Theoretical solutions obtained for stationary regime. 

[27] Stationary-theoretical 

Relevant functions in mass transport theoretically 
estimated: turbulent and diffusive flux, concentration 
central moments, velocity fluctuation RMS, among 
others. 

 
 

 

Figure 1:    (a) RSW tool. Extreme values Fp and Fn (solid line) may not be attained by the 
real fluctuation (dotted line); (b) Mean amplitude reduction denoted by P and N. 

     The partition function n (see Table 1), ranging between 0 and 1, is the portion of time that 
the square wave is greater than 𝐹ത (or equals Fp). This definition implies that n coincides with 
the normalized concentration 𝑛 ൌ ሺ𝐹ത െ 𝐹ሻ/൫𝐹 െ 𝐹൯. 
     The reduction function αf (see Table 1), ranging between 0 and 1, quantifies the decay of 
the amplitude using the variables P and N of Fig. 1(b), calculated as N=f n(Fp-Fn) and P=f 
(1-n)(Fp-Fn). αf =0 means no attenuation, and αf =1 means fully attenuation. 
     The superposition function β (see Table 1), ranging between 0 and 1, is the portion of time 
in which velocity and scalar fluctuations (w and f) are simultaneously positive. 
     Using n, f and  in the Reynolds averaged equations, [25] presented eqn (2) for any 
moment θ. Here eqns (4), (5), and (6) are used for θ=1, 2 and 3, respectively. 
 

1 െ 𝑛 ൌ 𝑆
𝑑ଶ𝑛
𝑑𝑧∗ଶ െ

𝑑𝛷
𝑑𝑧∗ , (4)

െ𝑛ሺ1 െ 𝑛ሻ𝐴ଶ  𝛷
𝑑𝑛
𝑑𝑧∗ 

1
2

𝑑
𝑑𝑧∗

ሾ𝛷𝐴ሺ1 െ 2𝑛ሻሿ ൌ 𝑆𝑛ሺ1 െ 𝑛ሻ𝐴
𝑑ଶሾሺ1 െ 2𝑛ሻ𝐴ሿ

𝑑𝑧∗ଶ , (5)
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𝑛ሺ1 െ 𝑛ሻ𝐴ଶሾെሺ1 െ 2𝑛ሻ𝐴  1 െ 𝑛ሿ  𝛷ሺ1 െ 2𝑛ሻ𝐴
𝑑𝑛
𝑑𝑧∗ 

𝑑
𝑑𝑧∗

𝛷𝐴ଶሺ1 െ 3𝑛  3𝑛ଶሻ

3
 

ൌ 𝑆𝑛ሺ1 െ 𝑛ሻ𝐴ଶ

⎣
⎢
⎢
⎡ሼ1 െ 𝐴ሺ1 െ 2𝑛ሻሽ

𝑑ଶ𝑛

𝑑𝑧∗ଶ  ሼ1 െ 2𝑛  2𝑛ଶሽ
𝑑ଶ𝐴

𝑑𝑧∗ଶ 

2ሼ2𝑛 െ 1ሽ
𝑑𝑛
𝑑𝑧∗

𝑑𝐴
𝑑𝑧∗ ⎦

⎥
⎥
⎤

. 

(6)

     Φ is the dimensionless turbulent flux given by eqn (7) (=IJ* in the original study of 
[15]). A=1-f and S=D/KLE is a dimensionless diffusivity, being E the length in z* that 
implies in a proper variation of F. E is used to define the dimensionless distance z*=z/E.  

𝛷 ൌ
𝑛ሺ𝑛 െ 1ሻሺ1 െ 𝛼ሻ

ඥ𝜔ଶതതതത
𝐸𝐾

ට𝑛ሺ𝑛 െ 1ሻ 
𝛽ሺ1 െ 𝛽ሻ
ሺ2𝛽 െ 1ሻଶ

 . (7)

     ඥ𝜔ଶതതതത is the root mean square of the velocity fluctuations. It can be seen that the 1D RSW 
problem reduces to the three unknown functions n, A, and Φ, thus needing only three 
equations to obtain a solution. In this sense, the RSW method leads to closed sets of equations 
for 1D turbulence problems.  
     The boundary conditions for the function n are: 1) first type: n(z*=0.0)=1.0, 
n(z*→∞)=0.0; and 2) second type: dn/dz*(z*→∞)=0.0. In boundary layer problems the 
conditions imposed at z*→∞ are generally not useful, so that boundary layer thicknesses are 
commonly defined conditionally for n=0.01. In the present study it was adequate to apply 
boundary conditions as proposed in Fig. 2. 
 

 

Figure 2:    Boundary conditions adopted for defining E in the present study, conditioned by 
the evolution of the partition function n. 

     The condition dn/dz*(z*=1.0)=0.0 is also shown in Fig. 2. By evaluating eqns (5) 
and (6) at z*=1.0 using the shown boundary conditions, the coupled eqns (8a) and (8b) 
are obtained 

𝐴௭∗ୀଵ
𝑑𝛷
𝑑𝑧∗

௭∗ୀଵ
 𝛷௭∗ୀଵ

𝑑𝐴
𝑑𝑧∗

௭∗ୀଵ
ൌ 0, (8a) 
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𝐴௭∗ୀଵ 𝐴௭∗ୀଵ
𝑑𝛷
𝑑𝑧∗

௭∗ୀଵ
 2𝛷௭∗ୀଵ

𝑑𝐴
𝑑𝑧∗

௭∗ୀଵ
൨ ൌ 0. (8b) 

     By assuming Az*=1≠0.0 and z*=1≠0.0, eqns (8a) and (8b) have the single solution 
d/dz*(z*=1.0)=dA/dz*(z*=1.0)=0.0. This led to take z*=1 and A z*=1  as parameters, with 
the simplified notation 1 and A1. The solution d/dz*(z*=1.0)=0.0 applied into eqn (4) 
produces d2n/dz*2(z*=1.0)=1/S. By firstly derivating eqns (4), (5), and (6), then evaluating 
them at z*=1.0 through the know results of d2n/dz*2, d/dz*, and dA/dz*, we obtain higher 
order derivatives at this position. Table 2 summarizes the derivatives of first, second, and 
third order. 

Table 2:  First, second and third order derivatives of the functions n, A and  at z*=1.0. 

Function 
Order

1st 2nd 3rd

𝑛 0 
1
𝑆

 െ ൬
Φଵ

Aଵ
൰ ൬

1
𝑆

൰
ଶ

ሺ1 െ Aଵሻ 

𝐴 0 െ
ሺ1 െ Aଵሻ

𝑆
 െ ൬

Φଵ

Aଵ
൰ ൬

1
𝑆

൰
ଶ

ሺ1 െ Aଵሻଶ െ ൬
Aଵ

Φଵ
൰ ൬

1
𝑆

൰ ሺ1 െ 3Aଵሻ 

Φ 0 െ ൬
Φଵ

Aଵ
൰

ሺ1 െ Aଵሻ

𝑆
 ൬

Φଵ

Aଵ
൰

ଶ

൬
1
𝑆

൰
ଶ

ሺ1 െ Aଵሻଶ െ ൬
1
𝑆

൰ ሺ1  3Aଵሻ 

 
     This inductive process can be repeated until the desired accuracy (error) of the functions 
n, A, and Φ at a desired position is attained, related to the number of terms in Taylor series 
of these functions. The position for the control of the quality of the obtained solution is 
chosen as z*=0.0, where it is known that n=1.0. The power series can be expressed for 𝑛, 𝐴 
and Φ as given in eqns (9a), (9b) and (9c), respectively: 

𝑛 ൌ 𝑛௭∗ୀଵ  ሺ𝑧∗ െ 1ሻ
𝑑𝑛
𝑑𝑧∗

௭∗ୀଵ
 ሺ𝑧∗ െ 1ሻଶ 𝑑ଶ𝑛

𝑑𝑧∗ଶ
௭∗ୀଵ

 ሺ𝑧∗ െ 1ሻଷ 𝑑ଷ𝑛

𝑑𝑧∗ଷ
௭∗ୀଵ

 ⋯, (9a) 

𝐴 ൌ 𝐴௭∗ୀଵ  ሺ𝑧∗ െ 1ሻ
𝑑𝐴
𝑑𝑧∗

௭∗ୀଵ
 ሺ𝑧∗ െ 1ሻଶ 𝑑ଶ𝐴

𝑑𝑧∗ଶ
௭∗ୀଵ

 ሺ𝑧∗ െ 1ሻଷ 𝑑ଷ𝐴

𝑑𝑧∗ଷ
௭∗ୀଵ

 ⋯, (9b) 

𝛷 ൌ 𝛷௭∗ୀଵ  ሺ𝑧∗ െ 1ሻ
𝑑𝛷
𝑑𝑧∗

௭∗ୀଵ
 ሺ𝑧∗ െ 1ሻଶ 𝑑ଶ𝛷

𝑑𝑧∗ଶ
௭∗ୀଵ

 ሺ𝑧∗ െ 1ሻଷ 𝑑ଷ𝛷

𝑑𝑧∗ଷ
௭∗ୀଵ

 ⋯. (9c) 

     The first lower order derivatives of Table 2 convert eqns (9a), (9b), and (9c) into eqns 
(10a), (10b), and (10 c). 

𝑛 ൌ
ሺ𝑧∗ െ 1ሻଶ

𝑆
െ ൬

𝛷ଵ

𝐴ଵ
൰

ሺ1 െ 𝐴ଵሻሺ𝑧∗ െ 1ሻଷ

𝑆ଶ  ⋯, (10a)

𝐴 ൌ 𝐴ଵ െ
1 െ 𝐴ଵ

𝑆
ሺ𝑧∗ െ 1ሻଶ െ ቈ൬

𝛷ଵ

𝐴ଵ
൰ ൬

1 െ 𝐴ଵ

𝑆
൰

ଶ

െ 𝐴ଵ ൬
1 െ 3𝐴ଵ

𝑆𝛷ଵ
൰ ሺ𝑧∗ െ 1ሻଷ  ⋯, (10b)
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𝛷 ൌ 𝛷ଵ െ
𝛷ଵሺ1 െ 𝐴ଵሻሺ𝑧∗ െ 1ሻଶ

𝑆𝐴ଵ
 ሺ𝑧∗ െ 1ሻଷ ൝ቈ

𝛷ଵሺ1 െ 𝐴ଵሻ

𝑆𝐴ଵ


ଶ

െ
1  3𝐴ଵ

𝑆
ൡ  ⋯. (10c)

     To obtain higher order coefficients a code was developed in the MATLAB® symbolic 
environment furnishing the vector [n(p), A(p), (p)], where (p) indicates de pth order derivative. 
Eqns (10a), (10b), and (10c) also show that higher values of S imply in a lower number of 
terms in the three power series. This procedure (higher value of S) is used here to check the 
quality of the profiles obtained and the needed convergence.  
     Further, the experimental trend obtained by [16] for f was used as a boundary condition 
for A=1-f in the form A(z*=0)=0, while the conclusions of the experimental and theoretical 
analysis of [11] were used as boundary conditions for  in the form (z*=0)=0 and 
d/dz*(z*=0)=0. This implied adding a 19th parcel to the Taylor series for n, A, and , 
and also a 20th parcel to the Taylor series of . 

3  OBTAINED PROFILES AND QUALITATIVE COMPARISON WITH 
EXPERIMENTAL DATA 

Fig. 3 depicts the theoretical profiles of n, A, and Φ for 0.0≤ z/≤ 1.0 using 18 calculated 
parcels of the Taylor series, and the mentioned parcels for boundary conditions at z*=0. The 
values of the control parameters A1 and 1 are shown in Fig. 3, while S was taken as S=1000. 
Experimental data of [9] are also shown for qualitative comparisons. To allow this 
comparison, the z axis is normalized with the usual boundary layer thickness  at n=0.01. 
The positions z* at which  is attained are shown in Table 3. It must be commented that the 
data of [9] produce S~1.0, while the calculations were performed with S=1000 to facilitate 
the convergence of the Taylor series (reducing the number of parcels of the series). The 
present comparison is, thus, qualitative. It is firstly observed that the calculated n profile 
follows the general trend of experimental observations of the literature, i.e., decreases from 
its maximum value (n=1.0 at the interface) to the value n=0.01 at z/=1.0. It is further 
observed that, for 1<103, the different curves converge to the condition represented by the 
thin gray lines. Table 3 also shows that * converges to ~0.2165 for the lower values of 1. 
 

 

Figure 3:    Profiles of variables related to mass transfer in the boundary layer: n, A and 
Ф/Ф1. Parameter values: S = 1000, A1 = 0.5 and Ф1 shown in the figure. The gray 
cloud represents the data of [9]. 

82  Computational and Experimental Methods in Multiphase and Complex Flow X

 
 www.witpress.com, ISSN 1743-3533 (on-line) 
WIT Transactions on Engineering Sciences, Vol 123, © 2019 WIT Press



Table 3:  Control parameters A1, 1 and characteristic lengths , c’of the boundary layer. 

 A1=0.45 A1=0.50 A1=0.75 

1 
*=/E 

(n=0.01) 
*c’=c'/E 
(n=0.01)

*=/E 
(n=0.01)

*c’=c'/E 
(n=0.01)

*=/E 
(n=0.01)

*c’=c'/E 
(n=0.01) 

1.0 104 0.4010 0.1386 0.3145 0.08314 0.2190 0.07390 

8.0 103 0.3058 0.08314 0.2513 0.07390 0.2181 0.07390 

5.0 103 0.2284 0.07390 0.2229 0.07390 0.2173 0.07390 

1.0 103 0.2169 0.07390 0.2169 0.07390 0.2166 0.07390 

1.0 102 0.2170 0.07390 0.2165 0.07390 0.2165 0.07390 

1.0 101 0.2165 0.07390 0.2165 0.07390 0.2165 0.07390 

1.0 100 0.2165 0.07390 0.2165 0.07390 0.2165 0.07390 
 
     In Fig. 3, 1 follows the expected behaviour of increasing turbulent mass flux with z/ 
in the boundary layer. In real situations for fixed liquid volumes, the profile of 1 firstly 
increases near the interface (in the boundary layer), and further decreases tending to zero in 
the bulk liquid (outside the boundary layer), as already discussed by [11]. 
     From Fig. 3, A also increases with z/ in the boundary layer, following experimental data 
obtained by [9] and shown in [16]. This result extends the discussion of [27], in which the 
focus was the stationary solution of RSW for constant A, showing now a wider range of 
application. A=0.0 is characteristic for damping (attenuation) of fluctuations due to molecular 
diffusivity near the interface. Because molecular diffusion is important in the so called “outer 
diffusive layer” (see the BOKVS interfacial structure in [22] and [27], for example), low 
values of A also occur in this layer. 
     In Table 3, *c’ is the position of the peak at z* of the function that expresses the RMS 
fluctuation of concentration, and used in the subsequent discussion.  
     Fig. 4 shows the same curves of Fig. 3, but for A1=0.75. It can be seen that n, A, and  
collapse to single curves. Because A is a measure of attenuation due to diffusivity, this result 
suggests that lower attenuations generate profiles less sensitive (or no sensitive) to variations 
of 1, the turbulent mass flux taken as control parameter, for 1.0≤ 1≤ 104 and S=1000. 
     Fig. 5(a) shows the comparison between measured and calculated concentration 
fluctuation intensities, given as the root mean square c’ of the concentration fluctuations c, 

𝑐′ ൌ ඥ𝑐ଶതതത, and the RSW equation 𝑐′ ൌ 𝐴ඥ𝑛ሺ1 െ 𝑛ሻ (see [16]). The experimental data were 
obtained by [9] and discussed by [16] and [27]. The z axis is normalized with the position of 
the peak of c’ in order to facilitate comparisons with measurements. As can be seen, the 
calculated profile of A follows the cloud of measured profiles. 
     Having the position of the peak of c’ of Fig. 5(a), it was also possible to compare 
experimental and theoretical profiles of A against z/c’, as shown in Fig. 5(b). The growing 
of A with z/c’ for z/c’→0.0 is observed in both the measured data and the theoretical curve, 
and they show similar slopes for the interval 0.0 <z/c’<~1.3. As differences between the two 
results it is observed that the cloud of data decreases for z/c’ >~2.5, which is not followed by 
the calculated curve. This last theoretical result is more closely related to the boundary 
conditions applied at z*=1, and to the imposed value S=1000 for the momentary convergence 
analysis, which not necessarily reproduce the data of [9]. 
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Figure 4:    Profiles of variables related to mass transfer in the boundary layer: n, A and 
Ф/Ф1. Parameter values: S = 1000, A1 = 0.75 and Ф1 shown in the figure. The 
evolution of the different variables collapse to single curves. 

(a) (b)

Figure 5:    The comparison between measured and calculated concentration fluctuation 

intensities: (a) Profiles of the experimental 𝑐′ ൌ ඥ𝑐ଶതതത and the theoretical RSW 

equation 𝑐ᇱ ൌ 𝐴ඥ𝑛ሺ1 െ 𝑛ሻ for A1=0.5; (b) Profiles of experimental and 
theoretical A. The solid line is the calculated curve for A1=0.5. The gray cloud 
represents data of [9].  

     In the present study /1 increases with the second power of z* for z*→0.0, one of the 
possibilities discussed by [11]. This result shows that the proposed Taylor series of  
converges, and that the condition d/dz*=0.0 at z*=0.0 is adequate to obtain realistic trends. 
The proportionality between /1 and z*2 for free slip surfaces may thus be incorporated by 
the present formulation. This result is shown in Fig. 6, where the theoretical results of /1 
obtained for A1=0.5 are plotted against z* in logarithm scale. 
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Figure 6:    Calculated profile of /1. The trend to the slope 2.0 close to the interface shows 
the adequacy of the result, considering discussions and experimental data of the 
literature (see [11]), and the convergence of the method. A1=0.5. 

     The results presented in Figs 3–6 express the evolution of relevant variables in 
concentration boundary layers. It is shown that the RWS tool is adequate to quantify scalar 
boundary layers, being dependent of a number of control parameters (A1, 1, and S). These 
parameters allow quantifying the whole set of coefficients of the Taylor series that expresses 
n, (partition function) A (complementary of the reduction function), and  (nondimensional 
turbulent mass flux). In the present study 18 coefficients were calculated for each series. By 
reducing the value of S, more parcels should be added to the solution. 

4  CONCLUSIONS 
The mathematical tool of Random Square Waves (RSW) for the study of gas exchanges 
across a turbulent gas–liquid interface was described. It was shown that the originally open 
set of statistical equations for turbulence can be closed by applying this tool. The condition 
of transient one dimensional mass transfer considering a variable reduction function f  was 
adopted for the calculations. It was shown that the RSW tool for 1 D transfer depends on 
three functions: the partition function n, the reduction function af (or its complementary A=1-
af), and the turbulent flux . As a consequence, only three equations are needed to calculate 
the turbulent parameters in the boundary layer. 
     The calculations show the first results of a novel form of quantifying the turbulent 
parameters n, A, and  in the concentration boundary layer, for which Taylor series are used.  
     To obtain the successive derivatives of the variables under study that are needed for the 
Taylor series, adequate boundary conditions for the normalized concentration profile n were 
imposed at the normalized position z*=1.0, in the form: n*(z*=1.0)=0.0 and 
dn/dz*(z*=1.0)=0.0. Because the derivatives involve negative powers of the parameter S of 
the RSW tool, the present first calculations were performed using S=1000, so that only 18 
parcels were used to quantify the coefficients of the Taylor series of n, A, and To consider 
boundary conditions at z*=0, one parcel was added to the series of n and A and two parcels 
were added to the series of . All derivatives depend on the values of A and  at z*=1.0, 
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expressed as A1 and 1, respectively. In the present study three values of A1 were tested, 
together with seven values of 1, as shown in Table 3. 
     It was observed that the Taylor series applied to the RSW tool furnished good results: 

1. The calculated profile of the normalized concentration, n (or the partition function), 
showed the general behaviour observed in experimental results of the literature, 
decreasing from the value n=1.0 at the interface to the value n=0.01 at the end of the 
boundary layer. 

2. The calculated profile of the intensity of the concentration fluctuations c’ 
superposed very well measured profiles. 

3. The profiles of the functions A increased with the distance to the interface, following 
experimental results found in the literature. Close to the interface (z*=0) the 
calculated evolution of A superposed well measured evolutions of the literature. 
Differences observed between theoretical results and experimental data for great 
distances to the interface may be related to the boundary conditions adopted for 
z*=1.0. This situation indicates possible future steps in this research line. 

4. The calculated profiles of the functions  are adequate. In the present calculations 
the turbulent mass flux  increased with the second power of the distance to the 
interface, a possibility that is discussed in the literature. 

5. The RSW tool showed to be adequate for boundary layer studies. 

     Having obtained the above described positive results of the first application of Taylor 
series to the RSW tool, the reproduction of real conditions will be now pursued related to the 
value of S and alternative boundary conditions for z*=1.0. It implies in lowering the value of 
S, which results in using a larger number of terms in the Taylor series. Both measures are 
necessary and can now be conducted in the light of the present positive results. 
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