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Abstract

Debris flows are rapid, unsteady gravity-driven flows which can cause vast
amounts of damage to infrastructures and endanger populations. It is therefore
crucial to be able to properly model the behaviour of these flows, to better predict
their impact. The aim of this study is to simulate these flows, determine how the
presence of an obstacle in the path of the flow influences the propagation of the
fluid, and to measure the pressures exerted by the flow on the obstacle, for various
flow regimes.

In this paper, we present a 2-D Smooth Particle Hydrodynamics (SPH) model
capable of simulating a viscoplastic fluid. The Herschel-Bulkley model, which can
accurately describe the behaviour of a muddy debris flow, is introduced in the SPH
equations of Ferrari et al. (A new 3D parallel SPH scheme for free surface flows.
Computers & Fluids, 38(6), pp. 1203–1217, 2009). The resulting code is validated
by simulating a steady flow. It is then used to simulate a Herschel-Bulkley fluid
propagating from a tank onto an incline and past a rectangular obstacle. The
simulations confirm the existence of two regimes observed experimentally: a dead-
zone regime for small values of the Froude number and a jet regime for large values
of the Froude number. Results show that the pressure exerted on the obstacle can be
described by a combination of a gravitational component and a kinetic component,
the latter taking over as the flow transitions from the dead-zone regime to the jet
regime.
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1 Introduction

Mountain areas are subjected to intense erosive processes. These processes can
yield large-scale gravity-driven flows of geomaterials: rock falls, landslides,
avalanches and debris flows, among others.

Debris flows in particular are rapid, unsteady gravity-driven flows constituted of
a matrix of water and fine sediment (clay, silt and sand) capable of carrying debris
of various sizes, including large boulders. When their fine fraction is large enough,
their behaviour is that of a shear-thinning viscoplastic fluid [1].

They can cause damage to infrastructures and property as well as endanger
populations [4]. It is therefore important to quantify the impact these flows can
have on structures. This paper focuses on the application of a 2-D SPH method
to the simulation of a free-surface flow of a Herschel-Bulkley fluid impacting
a rectangular obstacle. We observe the influence of the obstacle on the flow at
various regimes, and we study the pressure exerted by the flow on the obstacle.

2 The SPH method and its implementation

2.1 Smooth Particle Hydrodynamics

The SPH method is a mesh-free numerical method initially introduced by Gingold
and Monaghan [5] and Lucy [6] to study astrophysical problems. It has since found
many applications in fluid dynamics [7]. Because of its mesh-free nature, it is
particularly well-suited for the simulation of the propagation of free-surface flows
such as debris flows [8, 9].

The classical Navier–Stokes equations for a fluid are:

dρ

dt
= −ρdiv ~u (1)

D~u

Dt
=

1

ρ
div σ + ~g = −1

ρ
~∇P +

1

ρ
div τ + ~g (2)

where ρ is the density of the fluid, ~u the local velocity of the fluid and D~u/Dt its
material derivative, σ is the total stress tensor, τ is the deviatoric stress tensor, P
is the local pressure, and ~g is the gravity.

SPH consists in discretizing the continuous medium into particles that represent
small fluid elements, moving with the material velocity and carrying physical
properties such as density, pressure and stresses. SPH relies on an interpolation
to approximate the value of a function f and its spatial derivatives at any point ~x:

f(~x) =
N∑
j=1

mj

ρj
f(~xj)W (~x− ~xj) (3)

~∇f(~x) =
N∑
j=1

mj

ρj
f(~xj)~∇W (~x− ~xj) (4)
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where N is the number of SPH particles, and mj , ρj , ~xj are the mass, density and
position of particle j. W is the smoothing kernel function. Here, we use a cubic
spline [10].

The SPH code used in this study solves eqns (1-2) in two dimensions. A
flux term, introduced by Ferrari et al. [2], is added to the classical SPH mass-
conservation equation to stabilize the pressure field, yielding the following
equations:

dρi
dt

=
N∑
j=1

mj

[
(~vi − ~vj) · ~∇iWij + ~nij · ~∇iWij

(
c

ρj
(ρi − ρj)

)]
, (5)

dvαi
dt

=
N∑
j=1

∑
β

mj

(
σαβi
ρ2i

+
σαβj
ρ2j

)
∂Wij

∂xβi
+ gα (6)

=
N∑
j=1

−mj

(
Pi
ρ2i

+
Pj
ρ2j

)
∂Wij

∂xαi
+
∑
β

mj

(
ταβi
ρ2i

+
ταβj
ρ2j

)
∂Wij

∂xβi

+ gα,

where ~nij is a unitary vector pointing from particle i to particle j, c is the speed of
sound, and indices α and β refer to Cartesian coordinates.

The pressure P is computed from the density using the following equation of
state:

P = c2(ρ− ρ0), (7)

where ρ0 is a reference density. The value of c is chosen so that the artificial
compressibility is negligible. It is constant in our simulations.

2.2 Herschel-Bulkley model

The rheology of muddy debris flows can be described by the Herschel-Bulkley
model [1], in which the norm of the deviatoric stress tensor τ is given by the
following equation: {

|τ | = τc +Kγ̇n if γ̇ 6= 0,

|τ | ≤ τc otherwise,
(8)

where τc is the yield stress, K is the consistency and n the power-law index of the
Herschel-Bulkley fluid. γ̇ =

√
2tr ε̇2 is the shear rate, where ε̇ is the strain rate

tensor.
To simulate a Herschel-Bulkley fluid, we introduce an apparent dynamic

viscosity in our model:
ηapp =

τc
γ̇

+Kγ̇n−1. (9)

The SPH formulation of the strain rate tensor ε̇, on which γ̇ depends, is:

ε̇αβi = −1

2

N∑
j=1

mj

ρi

(
uαij

∂Wij

∂xβ
+ uβij

∂Wij

∂xα

)
, (10)
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and the deviatoric stress is then τ = 2ηappε̇.
However, as ηapp goes to infinity when γ̇ goes to zero, we introduce a maximum

viscosity ηmax:
τ = 2min(ηapp, ηmax)ε̇, (11)

meaning that for small values of γ̇, the fluid behaves like a highly viscous
Newtonian fluid.

2.3 Validation on steady flows

To validate our numerical model, we simulated a steady uniform free-surface flow
down a slope, for which an analytical solution exists [11]. For such flows of
Herschel-Bulkley fluids, a non-sheared zone (plug) forms above a sheared zone
of thickness:

hs = h− τc
ρg sin θ

, (12)

where h is the total height of the fluid and θ is the slope angle.
The velocity of the plug is given by:

uplug =
n

n+ 1

(
ρghn+1

s sin θ

K

)1/n

. (13)

The velocity profile in the sheared layer is given by:

ux(z) = uplug

[
1−

(
1− z

hs

)n+1
n

]
, 0 ≤ z ≤ hs. (14)

Figure 1 shows the numerical results obtained for a slope θ = 8° along with
the analytical solution. The agreement between the two profiles indicates that the
code is able to reproduce a steady free-surface flow of Herschel-Bulkley fluid very
accurately, and should be able to simulate the interaction between an unsteady flow
and a structure.

3 Numerical experiments and observations

3.1 Numerical setup

Figure 2 shows the numerical setup used in our simulations. It is inspired by
experiments conducted in a flume at our laboratory: fluid is released from a tank
by an opening at the bottom, onto an inclined plane. A rectangular obstacle is
placed in the path of the fluid, and the pressure exerted by the fluid on the obstacle
is recorded with a numerical sensor located in the middle of the wall facing the
incoming flow. The level of fluid in the tank is kept constant by inserting new
particles regularly, to maintain a steady regime behind the front of the flow.

Multiple runs were conducted, for slope angles varying between θ = 3° and 12°.
For each angle, we first ran a simulation to determine the height of the fluid h in
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Figure 1: Theoretical velocity profile (blue line) and numerical results (red dots)
for a free-surface Poiseuille flow of Herschel-Bulkley fluid. The error
bars indicate the variability between profiles taken at different positions
along the x-axis.
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Figure 2: Numerical setup used in the simulations.

the absence of the obstacle, and the average front velocity u. From these data we
can calculate the Froude number Fr = u/

√
gh cos θ of the flow. The range of

angles studied here corresponds to values of Fr ranging from 0.52 to 2.22.
A second simulation was then run with an obstacle in the path of the flow. The

height of the obstacle H was chosen so that the ratio H/h = 1.16 is the same
for all slope angles (in accordance with previous lab experiments). For each slope
angle, we observed the evolution of the free surface and the internal properties of
the flow. We also studied the evolution of the pressure exerted by the fluid on the
obstacle.
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Figure 3: Time evolution of the pressure on the obstacle in the dead-zone regime
(Fr = 1.00, left) and the jet regime (Fr = 2.06, right).

3.2 Flow regimes

Figure 3 shows the evolution of the pressure measured at the center of the obstacle
as a function of time, for Fr = 1.00 and Fr = 2.06.

Two regimes can be observed. For small values of the Froude number (Fr <
1.5), the fluid rises smoothly along the obstacle, and a large zone of motionless
fluid (a dead zone) forms at the foot of the wall. The pressure measured on the
obstacle rises smoothly and reaches a maximum after a few seconds. We call this
regime the dead-zone regime.

For Fr > 1.5, a vertical jet forms when the fluid impacts the obstacle. The
pressure peaks to its maximum value in a few tenths of a second, then decreases as
a small dead zone forms. We name this the jet regime.

3.3 Zone of influence

The presence of a dead zone alters the shape of the free surface of the fluid located
upstream of the obstacle. The region in which the free surface is modified is called
the zone of influence. Figure 4 shows the length of the zone of influence divided
by the obstacle height LZI/H as a function of Fr. In the jet regime, LZI is small
(less than 5H) and does not vary greatly with Fr. For Fr < 1.5, LZI grows
rapidly from 5H to 25H as the slope angle (and therefore Fr) decreases.

3.4 Pressure exerted on the obstacle

For each slope angle, we have recorded the evolution of the pressure on the
obstacle with a numerical sensor in the middle of the upstream wall. The maximum
values attained during each simulation are shown as a function of Fr on figure 5.
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Figure 4: Length of the zone of influence divided by the height of the obstacle.
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Figure 5: Maximum pressure recorded in the middle of the wall facing upstream.

The pressure does not decrease continuously when Fr decreases, but reaches a
local minimum at Fr = 1.5.

To better understand the interaction of the flow with the structure, we can
separate the pressure into two components and study their evolution as the
Froude number varies. The theoretical kinetic and gravitational components of the
pressure inside the fluid are defined as follows:

Pkin(z) =
1

2
ρu2(z), (15)

Pg(z) = ρg(h− z) cos θ, (16)

where u(z) is the local flow velocity.
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Figure 6: Ratio of the maximum total pressure over the gravitational component
(a) and the kinetic component (b).

The kinetic component of the force exerted by the fluid is then:

Fkin =

∫ h

0

1

2
ρu2(z)dz

=
1

2
ρhu2 =

1

2
βρhu2, (17)

where u is the average velocity of the flow, and β = u2/u2 = 1.11 in our case.
Likewise, the gravitational component of the force is:

Fg =

∫ h

0

ρg(h− z) cos θdz

= ρg cos θ

(
h2 − H2

2

)
=

1

2
ρgh2 cos θ. (18)

The average pressure components exerted by the fluid are thus:

Pkin =
Fkin
h

=
1

2
βρu2, (19)

Pg =
Fg
h

= ρgh cos θ, (20)

The pressure exerted by the flow on the obstacle can be analyzed by calculating,
for each slope angle, the ratio between the maximum value of the computed total
pressure Pmax and the theoretical components Pkin and Pg .

Figure 6 shows these ratios as a function of Fr. The ratio Pmax/Pg is nearly
constant for Fr < 1.5 and then grows rapidly for larger Fr, whereas Pmax/Pkin
decreases as Fr increases, to reach a nearly constant value for Fr > 1.5.

 
 www.witpress.com, ISSN 1743-3533 (on-line) 
WIT Transactions on Engineering Sciences, Vol 79, © 2013 WIT Press

406  Computational Methods in Multiphase Flow VII



4 Summary of the results

Our simulations have highlighted the existence of a transition between a dead-zone
regime and a jet regime, occurring in our case for a value of the Froude number
Fr = 1.5. These flow regimes are similar to those observed experimentally by
Tiberghien et al. [12] and the value of Fr at which the transition occurs in those
experiments is close to ours.

The transition between the two regimes is evidenced by the behaviour of the
pressure exerted on the obstacle, as figure 3 shows. The first regime corresponds
to a slow, smooth rise to the maximum pressure. In the second one however, the
pressure peaks quickly then stabilises at a lower value.

The transition is also visible in the evolution of LZI/H and Pmax as Fr varies,
as can be seen on figures 4 and 5. The maximum pressure exerted on the obstacle
does not decrease continuously as Fr decreases: its reaches a local minimum in
the region of transition.

Finally, tracing the ratios of Pmax/Pg and Pmax/Pkin indicates that the
maximum pressure is approximately proportional to its gravitational component
in the dead-zone regime, and to its kinetic component in the jet regime. In other
terms, for Fr < 1.5, the pressure is mostly determined by the weight of the fluid
located upstream of the obstacle, while for Fr > 1.5, the velocity of the flow is
the relevant factor.

It is interesting to note that these results are similar to observations made on
granular flows by Faug et al. [13].

5 Conclusion

We have presented a SPH model capable of simulating the interaction of unsteady
free-surface flows of a Herschel-Bulkley with a rigid obstacle.

We have observed a transition at Fr = 1.5 between two distinct flow regimes:
a dead-zone regime and a jet regime.

In the dead-zone regime, the pressure on the obstacle rises smoothly and its
maximum value is determined by its gravitational component. A large dead zone
forms, that can have a long-distance influence.

In the jet regime, the pressure peaks quickly after the impact on the obstacle
and its maximum value is determined by its kinetic component. In this regime, the
extent of the dead zone is very small.

Numerical pressure measurements show that even for small values of Fr, the
force on the obstacle can be significant. As such, it should not be neglected when
designing defense structures.
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