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Abstract

We consider the multiphase flow of immiscible particle-laden Bingham fluids in
a Hele-Shaw cell. The flow is described within the framework of
interpenetrating-continua model with account for particle velocity slip. Using
lubrication approximation, a system of governing equations is reduced to a
quasilinear equation in terms of pressure and transport equations for volume
concentrations of fluids and particles. The numerical solution is obtained on a
rectangular mesh using a finite-difference method. The pressure equation is
solved using an iterative algorithm and preconditioned Bi-Conjugated Gradient-
Stabilized method, while transport equations are solved using a second-order
TVD flux-limiting scheme with the Superbee limiter. The model and numerical
algorithm are validated against experiments on particle-free gravitational
slumping and viscous fingering, as well as against experiments of particle-laden
suspension flow with sediment layer growth. In particular, particle transport and
settling are validated against experimental data and an analytical formula for the
height of a packed bed. Numerical simulations show that the slumping rate of
Bingham fluid is significantly less pronounced than that of a Newtonian fluid
with the same density and viscosity. If a low viscosity fluid is injected after the
Bingham one, the Saffman-Taylor instability at the interface leads to the
development of fingers and origination of unyielded zones.

Keywords: Bingham rheology, viscous fingering, gravitational slumping,
particles, Hele-Shaw cell.
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1 Introduction

With the expansion and development of industrial processes and technologies
including hydraulic fracturing and cleanup of hydraulically fractured wells,
modeling of non-Newtonian fluid flows in naturally fractured reservoirs [1] and
hydraulic fractures [2] is becoming important. A theoretical analysis of such
flows is usually complicated and requires the formulation of mathematical
models accounting for various physical phenomena including development of
waves and instability at fluid-fluid interfaces, fluid slumping, particle transport
and settling, granular packing and fluid leak-off through porous walls into
surrounding rock formation.

A large number of papers deal with plane-parallel flows of Bingham fluids
between rigid boundaries (see review of analytical solutions for the velocity
profile of Bingham fluid flows in simple geometries [3] and more recent studies
[4, 5]). Only a few studies in the open literature are devoted to two-dimensional
flows of Bingham fluids. In [6, 7], the authors analyze the interaction of
Bingham fluids in a circular annulus in application to primary cementing of an
oil well. Study [8] deals with the instability of the front between Bingham fluids
in a Hele-Shaw cell within the framework of linear approach. It is found that the
instability condition is similar to those for Newtonian fluids, but involves yield
stresses. In the case considered, the fastest growing disturbances at the interface
between two fluids are those with the smallest wavelength, as there is no cut-off
mechanism, which exists in case of non-zero surface tension, where the fastest
growing disturbances have some finite wave length. Even at very small injection
velocity a large amplification is gained by small-wavelength disturbances. Small
fingers left behind in the beginning of the destabilization tend to stop.

To the best of our knowledge, a comprehensive analysis of interactions of
Bingham particle-laden fluids in a narrow slot has not been carried out yet. The
aim of the present study is to analyze various physical phenomena accompanying
multiphase flow in a Hele-Shaw cell, such as combined effect of gravitational
slumping and viscous fingering, particle settling and granular packing.

2 Two-continua model

We consider a flow of a mixture of non-Newtonian particle-laden fluids in a
fracture, which is modeled as a Hele-Shaw cell. The suspension flow is
described within the framework of the two-continuum approach [9-11], where
the two interpenetrating continua are assumed to be a carrier medium (fluid), and
a dispersed continuum (particles). Particles are assumed to be large enough to
omit their Brownian motion, and their diameter is much smaller than the length
scale of the flow. Carrier fluid is composed of several immiscible fluids. We do
not track the interface between the fluids, instead we describe the fluid
distribution in the slot by tracers, limited to three in this study, Co, C;, C,
(Co+Cy+C, = 1), each of which representing the concentration of a single carrier
fluid. We also assume that there will be a narrow mixing zone in the vicinity of
interfaces. This assumption is justified in the limit of low fluid miscibility and
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small surface tension, which is relevant for the applications targeted by this
paper. We introduce a Cartesian coordinate system with the origin at the middle-
plane of the slot and Oxy plane parallel to the walls (axis y is vertical). The full
system of 3D governing equations reads like:

o\l-C_C o
(atp)CI+diV[(1‘Cn)Cin]=0, i=012 thiv[cpvp]:o (1)
el : dpvp i 2
Pt i :—fo+Vijei+,ng—onp, P, i :_Vpp+vjrpei+Ppg+onp @)

Here, subscripts ‘f” and ‘p’ denote parameters of the fluids and particles, p; and
pp are pressures in the carrier fluid and the dispersed phase; ¥ and Tg are

viscous-stress tensors of the phases, n, is the number concentration of particles,
Fp is the force acting on a single particle; di/dt and dJ/dt are corresponding
material derivatives. Averaged densities of the phases are determined as follows:

p=[-C,)Cp!\ =012 p,=C,p} (3)
where p’ and p? are the substance densities of i-th fluid and the particles.

We assume that the particle-laden suspension is described by the Bingham
rheology. The stress tensor in the particulate phase can be neglected in the
continuum mechanics sense, based on assumption that particles do not oscillate,
so that their momentum is transferred with mass-averaged velocity only. The
stress tensor of the particle-laden suspension is as follows:

pl=—p 8" +70, 7l =70(eh), el :%(V"vif +V‘v§) 4
ij_ .1 ij_}-
rm—2(um+z'm‘;/‘ Ie Sdlvvf],r>rm’T: %ﬂsflsv 7:\/@ (5)
el =0, r<r

m

Here, un (Ci, Cp) is the plastic viscosity and 7,(C;, Cp) is the yield stress of the
mixture, 7 is the second invariant of the viscous stress tensor of the suspension
70, and y is the shear rate (doubled second invariant of the strain-rate tensor e;)).

The force acting on a single spherical particle moving in an unsteady shear
flow at low Reynolds number (based on the particle velocity slip) comprises
several components in addition to the Stokes drag [12]. In the conditions typical

of oilfield applications, the interphase momentum exchange can described by the
Stokes drag and the buoyancy force:

4 . «
F,= 67ro,uo(vf —vp)—§7m'3pfg, p; =Copd +C,p) +C,pJ (6)

*

Here, p; is the density of the carrier fluid substance (density of the carrier fluid

in the absence of particles).
We choose to determine the viscosity of the suspension by Scott’s formula
[13]:
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C -1.89
um(co,cl,cz,cp):u;i(co,cl,cz{l—C” j :

max
where ,,° is the viscosity of the particle-free mixture of fluids, Cpax is the

maximum packing concentration.
The boundary conditions for the system of governing equations (1)—(2), are as
follows:

x=0:v, =V (t,y,2),V, =V,(ty,2), C=C(t,y,2) (7

L WX -y, =v, =0,w, = J_r1@+vI =0 (8)
2 2 ot
here, w is the half-width of the slot, v, is the leak-off velocity in case of porous
walls.

We introduce the non-dimensional variables as follows (the dimensional
variables are denoted by a prime, when required to distinguish them from the
dimensionless ones):

7=+
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Here, L and U are slot length and velocity scaling factors, d is the slot width, p?

and o are substance density and plateau viscosity of the fluid ‘0’, Re is the
Reynolds number and Buy is the Buoyancy number based on the slot length L.
The non-dimensional densities of the carrier fluid, the dispersed phase, and the
mixture are as follows:

pf:(l_CpXCo+C1§1+Cz§2)v Py=Cly Pn=pPi+pP, (12)

The momentum conservation equations for the mixture and particles in the
non-dimensional form are written as follows:

dv dv
”R‘{”fdﬁpp th}—mwr"e Bupe, (19

e, v )- Stz(l_Co+Cl?+Czé’2Jez (14)
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The independent governing dimensionless parameters involved in the non-
dimensional system of governing equations are:

Ud 0 X
gzg,st:&,Fr:L,Re:pf 141:%5422% (15)

L 6rou,d @ u Py P

ol 7,d T T
gp:%’anoi’klzﬂ’kzzﬂz’Klzil”ﬂzfz (16)
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Here, 14 and 7 are viscosities and yield stresses of the fluids.

3 Lubrication approximation

We consider the asymptotic limit of Egs. (1), (13)—(14), which corresponds to
the suspension flow in a narrow fracture with the width varying slowly at the
large length scale:

e<<l, Vw<<1, St~1, Fr~1, Re~1, £ ~1, k ~1 17)
The following stretched variables are introduced:
Z=62,,W=6W,,V, =&V, ,W; =&W,,, P=¢g°p, (18)
The other variables are assumed to be of order unity.

Substituting relations (17), (18) into Eq. (13) and neglecting all terms of order
gand smaller, we obtain the following equations:

3&28113,5&“3“ —%,%—OB—RE—M (19)

= yBu = =
ox oL oy =l FrP U
Equations (19) are solved using the no-slip condition on the walls at z = +w/2

as follows:
2 2
0 = W ap{ z }_1_4Bnrm 2| B (20)
8u, ox||w/2 wiVp, || w/2

2 2
Vi =W(6p+ Bupmj{ z } _1_4Bnrm{ 4 } (21)
8u | oy w/2 wiVp,| | w/2

Note that the expressions for velocity components (20)—(21) are nonlinear
with respect to the pressure p; in contrast to the case of Newtonian fluid flow
(Bn = 0), where the non-linear terms are absent.

The expression for particle velocity slip can be obtained from Eg. (14),
which in the limit of £ — 0 is turned into the following expression:

St, C,+Cs+C C, |
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Exponent « in the expression (22) is a free parameter and it should be
determined according to the experimental data; in the simulations we use o =5
similar to [13, 14].

We now apply the cross-slot averaging procedure to governing equations (1),
(13)-(14) and the system of governing equations is reduced to the following
equations [11]:

aw(l_atcpk:‘+div(W[1—Cpk3in)=—2v|(1_Cpki, i=12 (23)

owC, . . w
P +d|v(pr[vf+ 7.])=0,: div| - g(g)vp ~WC,V, |= —@—ZW (24)
L2u, ot
- w? Bnz,
Vi=———G(p)Vp: G(p) =1-3p+4¢°, =
12u, wvp |
v No flux
E
Injection Flux ) )
R Initial distributions of Fluxis horizontal
Inlet concentrations N
concentrations hydrostatic pressure
0 No flux X
Figure 1: Schematics of boundary and initial conditions.

Note that in Egs. (23)—(24) differential operators div(-) and V act in (x, y) plane.

Width-averaged governing equations are subject to initial and boundary
conditions shown in Fig. 1. As the equations (23) and (24) are hyperbolic, we
specify initial distribution of the tracers C;j(x,y,0) and the particle concentration
Co(x,y,0), as well as the concentrations at the inlet C;(0,y,t), C,(0,y,t). There is no
flux through horizontal boundaries, specified injection flux at the inlet, and
condition of zero vertical velocity at the outlet. In order to solve the elliptic
equation for pressure (second in Eq. (24)), we reformulate these boundary
conditions (7)—(8) to either conditions of first or second kind at all boundaries of
the flow domain (i.e., pressure derivatives in the normal direction to all the
boundaries, except for the outlet where we prescribe hydrostatic pressure
distribution calculated as an integral over the height with account for a possibly
non-uniform density distribution).

4 Notes on the numerical solution

The system of Egs. (23)—(24) is solved numerically using the finite-difference
approach. We introduce staggered uniform rectangular mesh with step h, = L/N
in horizontal and h,= H/M in vertical direction (H is the slot height), At;>0 is
the time step. The discretization of governing equations is carried out using the
standard 5-point “star” stencil.
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Numerical solution is obtained using a semi-implicit approach, which allows
us to split the solution of equations for pressure and advection (similar to IMPES
scheme for fluid flows in porous media). At each time step, the equation for
pressure (24) is solved using an iterative algorithm. The non-linear correction to
fluid mobility G(¢) (see Eq. (24)) is calculated using pressure distribution at the
previous iteration (or at the previous time step, if it is the first iteration).
Regularization for Bingham viscosity is introduced, so that the mobility of
Bingham fluid G is positive everywhere in the flow domain (it is required to
avoid degeneration of linear system for pressure). The coefficients and free
terms, which depend on the fluid or particle concentrations, are calculated using
the distributions at the previous time step. The resulting linear system for
pressure is solved using Bi-Conjugated Gradient-Stabilized algorithm with
ILU(2) preconditioner [15]. We choose as convergence criterion the norm of
difference between pressure fields (relative to the total pressure norm) obtained
at the current and previous iterations becoming smaller than a pre-defined small
value. The next step involves the calculation of velocity fields for fluids and
particles followed by the solution of advection equations by a second-order TVD
flux-limiting scheme [16], where the time step is specified according to the CFL
condition.

5 Validation of the model and the numerical algorithm

The model and numerical algorithm are validated against the experiment on
gravitational slumping of heavy oil in a slot. Initially, left half of the slot is
occupied by oil and the right half by air. One of the intermediate positions of oil-
air interface observed in the experiment is shown in Fig. 2 by the white line
(photo). Dimensions of the slot are 0.15mx0.1m (LxH). Non-dimensional
parameters (15)—(16) are as follows: Bu=4.107 ¢=9.35.10" k=3.1.107
£=107 (Fluid 0 is oil, Fluid 1 is air). The numerical simulations of oil slumping
in a slot are carried out using 225x150 mesh, (Fig. 2, gray line, same time instant
after the start of slumping as in the photo). The evolution of the oil front is well
described by the simulations; the discrepancy is mainly due to no-slip of oil at
boundaries of the slot, which is not taken into account by the model.

The development of viscous fingers due to Saffman-Taylor instability at the
interface between two viscous fluids is validated against the experimental data

Figure 2: Oil-air interface in the slot.
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reported in [17] (Fig. 3). Water-glycerine solution (with a viscosity 84, 9 and 3
times larger than that of the water) is displaced by dyed water in a slot with
dimensions 0.2mx0.1m (LxH). Experiments were carried out in microgravity
conditions (during a parabolic flight of Airbus A300 Zero-G), and therefore, the
effect of gravity was almost eliminated.

t=01 0.4

Experiment

Simulations

Figure 3: Fingering in a slot [17] (top plots) against the numerical
simulations for different time instants (dimensionless).

It is found that the patterns of fingers observed in the experiment and
obtained numerically are similar in the case of the viscosity ratio of 9, although
the penetration length is overestimated. Simulations of injection carried out at
different viscosity ratios (84 and 3) showed an increase in the penetration length
with an increase in the viscosity ratio, which is in agreement with the
experimental data [17].

The shape of the fingers is affected by the surface tension (or diffusion)
significantly, as these mechanisms damp small wavelength instability [1]. In the
multiphase model (23)-(24) the finger width is determined by the numerical
diffusion at the interface induced by the finite-difference scheme. We believe
that for applications it is rather important to predict penetration length of fingers
and height-averaged concentration profiles, while the finger patterns are
excessively detailed information. Numerical simulations of viscous fingering
carried out using different meshes showed that height-averaged profiles (and
thus the penetration length) of the invading fluid depend on mesh resolution only
slightly. A comparison of height-averaged tracer concentration profiles with the
experimental data shown in Fig. 3, t = 0.4, is presented in Fig. 4 (left plot). The
width of the mixing zone obtained numerically is slightly larger than that seen in
experiment.
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Figure 4: Height-averaged fluid tracer concentration along a slot (left) and
distribution of particles in a slot (right).

The approach outlined in this paper was also used to run simulations of
particle-laden suspension flow in a rectangular slot. The single fluid carrying
particles is Newtonian. The values of the non-dimensional parameters (15)-(16)
specified in the simulations are as follows: the slot width-to-length ratio
£=3.3-10", height-to-length ratio is 0.1, the inlet concentration C, = 0.02, the
maximum packing concentration C,,« = 0.65, the exponent in the expression for
settling velocity a = 5, the buoyancy number Bu =848, the particle-to-fluid
density ratio ¢, =2.6, and the other parameters are irrelevant for this case,
dimensionless time is t = 26.

Such flow can develop a packed bed of particles at the bottom of the slot. An
analytical solution of the packed-bed height at final equilibrium is given by:

2 a-1
H :tza (pp_pf)g Cp 1- Cp (25)
9/”0 C X C X

ma

ma

Here H is height, t is time since the start of injection, C, is the inlet particle
volume fraction, and « is an exponent in the expression for particle settling
velocity (22). This analytical result considers a 1D approximation for the flow
under the assumptions that the interface is flat and the concentration just above
the interface is equal to the inlet concentration.

Figure 4 (right plot) compares the analytical solution (25) with the
distribution of particles obtained in the simulation and in the experiment. There
is good agreement between those results, the analytical formula for the height of
packed bed on the bottom of a slot and the experimental data, validating the
approach described above.

6 Results and discussion

Using the approach outlined above, simulations are carried out to study particle-
free fluid-fluid interaction in a slot in the presence of both gravitational slumping
and numerical diffusion (no particles). We consider a rectangular slot with aspect
ratio 1:1, width-to-length ratio &=28.6-10". Several injection sequences are
considered. Each sequence comprises a train of fluids, each characterized by its
rheology and density, and a particular volume of each of these fluids. The aim of
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these simulations is to study the effect of the sequence characteristics on
fingering. For each sequence, three fluids are considered: Fluid 0 is Bingham,
while Fluids 1 and 2 are Newtonian. The values of the non-dimensional
parameters (15)-(16) specified in the simulations are as follows: Bu=12.9,
Bn=1.48 k, =8.72:10" k,=1.43, &= % =05, 5 = 1, =0.

The details of the first sequence that was considered are as follows
(dimensionless time intervals of the sequences are shown in parenthesis): Fluid 2
(initially) — Fluid 0 (0.064) — Fluid 2 (0.026) — Fluid 1 (0.043) — No injection
(0.21). The results at the end of the sequence are shown in Figs. 4-5
(dimensionless time instants are shown in the right top corner of plots, Fluid 0 is
black, Fluid 1 is white and Fluid 2 is gray). In the absence of fingers, when the
Bingham fluid occupies the full height of the slot, the behavior is similar to that
of a Newtonian fluid: the Bingham correction to fluid mobility is small (which
corresponds to a narrow unyielded zone across the slot, see right column of plots
in Fig.5). In the presence of fingers of low-viscosity fluid, however, the
advection of Bingham fluid slows down, local pressure gradients decrease and
Fluid O becomes essentially unyielded (see the right bottom plot in Fig. 5).
Simulations are carried out to study the effect of yield stress (determined by the
Bingham number Bn). It is found that an increase in Bn leads to a decrease in
slumping rate of Bingham fluid and increase in finger penetration length.

1
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Figure 5: Distribution of fluids at t = 0.09 (top) and t = 0.133 (bottom).

The left plot in Fig. 6 shows the distribution of fluids with Bingham rheology
of Fluid 0 after the stop of injection (At = 0.21), while at the right plot we show
the distribution of fluids after the similar injection sequence, but with Newtonian
Fluid 0 (same viscosity and zero yield stress). As expected, slumping rate of
Bingham fluid is significantly lower than that of Newtonian one.
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Figure 6: Fluid distribution at t=0.343, black fluid is Bingham (left) and
Newtonian (right).

7 Conclusions

A model for particle-laden multiphase flow in a Hele-Shaw cell is formulated
within the framework of two-continuum approach. In the limit of a narrow slot,
the system of width-averaged equations is derived, which involves the transport
equations for concentration of fluids and particles, as well as an elliptic equation
in terms of pressure. The numerical solution is obtained using finite-difference
method and staggered rectangular grid. The non-linear equation for pressure is
solved using an iterative algorithm. At each iteration, the solution of a linear
system is carried out using a preconditioned Bi-Conjugated Gradient-Stabilized
method. Transport equations are solved using TVD flux-limiting scheme. The
simulations are run to first validate the approach using experiments of slumping
fluids, fingering and particle transport in a slot. After validation, simulations are
conducted to study the effect of Bingham rheology on the development of
fingers in a Hele-Shaw cell. It is found that in the presence of fingers at the
interface between Bingham and Newtonian fluids, the former becomes
essentially unyielded. A finite yield stress leads to significant decrease in fluid
mobility compared to the case of Newtonian rheology, which is found to mitigate
gravitational slumping. This study could be further extended by comparison of
the model predictions with actual lab data for non-Newtonian fluid-fluid
displacements. The model of particle transport could be developed further to take
into account the solid mechanics effects of particle jamming and transition to
close packing.
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