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Abstract 

Segregation and mixing effects of particle diameter distributions are numerically 
investigated in the riser section of a circulating fluidized bed. A granular kinetic 
theory based approach, which implements the Eulerian quadrature-based 
moment method to describe the particle phase, is coupled to an Eulerian  
multi-fluid solver through a population balance model. The gas-solid multiphase 
flow is two-dimensional, transient and isothermal. The particle distributions fed 
from each side inlet of the riser have different variances, but the same mean 
diameter. The core-annular regime used as a numerical benchmark for riser flows 
is well predicted. A comparison in the homogeneity of particle mixing is made 
from the lower-order moments of the particle distribution obtained at various 
positions and at different axial lengths along the riser. It is seen that the relative 
standard deviation of the particle distribution varies spatially, indicating dynamic 
mixing inside the riser. 
Keywords: mixing, riser, multiphase, quadrature method of moments. 

1 Introduction 

Multiphase flows involving solid particles in contact with a carrier gas in 
circulating fluidized beds (CFB) are ubiquitous in most chemical, petrochemical 
and pharmaceutical industries. Gas-fluidized circulating beds are commonly used 
in coal combustion, the catalytic cracking of crude oil, pharmaceutical 
granulation, etc. Quantitative understanding of the hydrodynamics of fluidization 
is needed for the design and scale-up of these processes. In these processes, the 
knowledge of particle segregation and mixing is limited. Nevertheless, there are 
applications in which it is important to avoid particle segregation, e.g. in 
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catalytic fluidized bed reactors, whereas in other applications it is necessary to 
achieve complete segregation or mixing, e.g. in fluidized bed combustors [1]. 
Usually, segregation is referred to as the spatial (both axial and radial) 
distribution of particles of different size and/or density. Dependence on the size 
and/or density differences is linked to operating conditions [2]. In a CFB riser, 
the solids size and/or density distribution gives rise to radial segregation 
resulting in a core-annulus structure, in which particles flow downwards along 
the walls in clusters while strands of particles move upwards, together with the 
dispersed particles in the centre [3]. The single-particle terminal velocity is often 
a decisive parameter affecting axial segregation in fluidized beds [4], while core-
annulus flow is attributed to the radial segregation of the particles. Karri and 
Knowlton [5] experimentally found that the particle diameter distribution in the 
core is smaller than in the annulus due to shear and recirculation/backmixing 
effects generated from the solids downflow near the wall. Numerical studies 
using computational fluid dynamics (CFD) on solids segregation/mixing have 
been reported for binary, ternary [6,7] and even quaternary [8] mixtures of 
particles of varying size/density. To simulate a realistic particle distribution, the 
approach followed by most researchers [9,10] is the use of discrete 
approximations of the continuous size distribution function. However, this 
sectional approach is not feasible when the distribution is broad as it requires a 
large number of discrete sizes to accurately represent the size distribution leading 
to high computational costs even for relatively simple situations. Recently, Fan 
and Fox [11] have implemented a direct quadrature-based moment method to 
simulate segregation phenomena for a continuous distribution, thus avoiding the 
need for discrete approximations. In this method, the particle distribution is 
represented through a finite number of nodes, commonly referred to as abscissas, 
in the quadrature method. The evolution of these nodes is tracked through the 
lower-order moments of the distribution. As such, only a few nodes suffice to 
represent the entire distribution thus representing an attractive alternative to the 
traditional discrete approaches [11]. In the present study, the mixing effect of 
particle diameter distributions in a riser is numerically investigated using the 
quadrature method of moments (QMOM) in a multi-fluid CFD code, based on an 
Eulerian-Eulerian approach. The influence of polydispersity on the core-annulus 
flow profile is discussed. The standard deviation and mean determined through 
the lower-order moments of the distributions are calculated at various positions 
and at different axial lengths along the riser. These are used to study the 
influence of the particle distribution on the overall flow behavior and in 
particular, the mixing and segregation effects in the riser.   

2 Numerical approach 

A multi-fluid model based on the Eulerian-Eulerian approach is used. The 
conservation equations are solved for each phase in the Eulerian frame. The gas 
phase is considered as the primary phase, whereas the solid phase is considered 
as secondary or dispersed phase. For the gas phase the mass and momentum 
conservation equations are Reynolds averaged. The effects of turbulence are 
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taken into account via a dispersed k-ε turbulence model, which is an extension of 
the single-phase k-ε model [12], adapted for gas–solid interactions. For the solid 
phase, the transport equations for mass, momentum and granular temperature are 
obtained via the kinetic theory of granular flow (KTGF) [13].  

2.1 Population balance model (PBM) 

The general form of a particle population balance conservation equation, as 
written by Ramkrishna [14] is: 

[ ( ; )] .[ ( ; ) ] ( ; )ss s sn x t n x t u S x t
t
  

 



                         (1) 

where  
( ; ) ( ; ) ( ; ).S x t B x t D x t   

     In eq. 1, the number of particles, n, is distributed with respect to some 

intrinsic parameter, x (say particle size). The variables s and su


 refer to the 

density and velocity vector of the particles respectively. The source terms B and 
D represent birth and death rates due to aggregation, breakage, etc. Several 
approaches for solving these equations are available, the most common being the 
discrete approach. However, a computationally attractive approach is the method 
of moments in which the population balance is formulated in terms of the lower-
order moments in closed form [15]. For a homogeneous system, considering the 
number density function n(x;t) in terms of the particle size length (i.e. x≡L), the 
kth moment is defined by: 

0
( ) ( ; )k

km t L n L t dL


   k = 0, 1,…..,2N-1.                     (2) 

     It is important to note that, usually, L is referred to as an internal coordinate in 
contrast to x and t, which are external coordinates. A number of lower-order 
moments are sufficient to represent the particle number density, total surface area 
and total volume of the particles. The resulting moment transport equation 
obtained by applying the above moment transform to eq. 1 is: 

( ) .( ) ( ).k ks k s s k sm u m B D
t
  

  


                (3) 

     A major drawback of this method is the need for an exact closure model for 
the source contributions. An exact closure is only available for constant or 
simple linear forms of the aggregation kernel and size-independent growth [15]. 
This constraint is, however, avoided by replacing the exact closure by an 
approximation of the unclosed terms using an ad hoc Gaussian quadrature 
formula. 

2.1.1 The quadrature approximation (or Gaussian quadrature) 
In order to solve the transport equations (eq. 3) for the moments, a Gaussian 
quadrature is used to approximate the integral (eq. 2) by a finite summation of 
the products of weight, and abscissa, L  [15] as: 

0
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     Thus a quadrature approximation of order N is defined by its N weights j  

and abscissas jL  and can be calculated from the first 2N moments 

0 1 2 1, ..., Nm m m   by writing the recursive relationship for the polynomials in terms 

of the moments .km  From a practical point of view, the system is ill-conditioned 

because the direct solution would require a non-linear search. McGraw [16] 
recommends the use of Product Difference (PD) algorithm, first described by 
Gordon [17]. The PD algorithm requires only the moments as inputs and gives 
the weights and abscissas as output. This algorithm is based on the minimization 
of the error introduced by replacing the integral in eq. (2) with its quadrature 
approximation by deriving a tridiagonal matrix of rank N/2 and finding its 
eigenvalues and eigenvectors. 

2.2 Coupling CFD and PBM 

The population balance model is coupled to the hydrodynamic model through a 
Sauter mean diameter, 32d , of the particle distribution given as:  

3

3
32 2

2

.i i

i i

N d m
d

mN d
 


             (5) 

     Here, 32d  is calculated from the ratio of the moments, 3m and 2m . This value 

is then replaced with the particle diameter in the drag model and updated with 
every time step. The use of the Sauter mean diameter causes only a single set of 
Navier-Stokes equations to be solved. As such, the particle distribution and with 
it, the moments, will be transported at the same velocity of the solids phase. This 
implies that particles of different sizes will have the same velocity. 

3 System description  

The riser set-up used in the present study is similar to the one used in the 
challenge problem reported by Knowlton et al [18] and explained in detail by 
Benyahia et al [19,20]. Knowlton et al [18] presented their experimental data 
obtained from a CFB column riser with FCC particles at the 8th International 
Fluidization Conference. They measured solids concentration and flux at given 
locations of the riser and observed core-annulus flow behavior along the riser 
height. The geometry of the 0.2-m riser with a total height of 14.2 m is similar to 
the experimental set-up used by Knowlton et al. [18]. The bottom inlet of the 
riser is a gas distributor yielding a superficial velocity of 5.2 m/s. Gas and solids 
are fed from two side inlets with a velocity of 0.476 m/s. The total solids volume 
fraction at the riser inlets is 40%. Although the original geometry of the riser has 
a single solid inlet [18], the main reason for selecting a two-inlet geometry 
design is to obtain mixing effects in the riser entrance zone similar to the 
experimental results [19]. At the inlets, the velocity and volume fraction of both 
the phases are specified. At the outlet, only the pressure (atmospheric) is 
specified. At the walls, the gas velocities are set equal to zero by introducing a 
no-slip boundary condition. The partial-slip boundary condition for the solids at 
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the wall is specified by applying an equation for the tangential velocity of the 
particles [21] using a specularity coefficient of 0.0001. The value is justified 
because an increase in the specularity coefficient would result in a reduction of 
the solids volume fraction at the walls, causing the core-annulus behavior to 
disappear [22]. Two lognormal distribution functions with a mean average 
diameter, aved of 77 μm and a relative standard deviation, / aved  of 0.2 and 0.5 

are implemented at the side-inlets. The corresponding 32d  of the inlet feed 

distribution are 83.3 μm and 120.3 μm respectively. This approach is also a 
check to ensure that the QMOM model returns the correct non-varying average 
diameter as the statistical mean. In the simulations, only the first six moments of 
the lognormal distributions are tracked (i.e. 0 1 5, ,..,m m m ), which implies the use 

of a 3-node quadrature approximation (i.e. N = 3). 

4 Results and discussion 

A two-dimensional transient model approach incorporating the kinetic theory for 
the solid particles is used in the commercial code Fluent, version 6.3, to simulate 
the gas-solids flow in the riser. A transient two-dimensional approach simulates 
the dynamic behavior of a multiphase flow in a Circulating Fluidized Bed (CFB) 
within a reasonable period of time [23]. The simulations are continued for 40 s of 
real time. The time-averaged distribution of the variables is then computed 
considering the last 30 s of the simulation. Both log-normal ( / aved = 0.2, 0.5) 

and monosize ( d  77 μm) particle distributions at the inlet are simulated for 
comparison with the experimental observations of Knowlton et al [18]. It is 
noteworthy to mention that the value of 77 μm for the monosize distribution 
corresponds to the probabilistic mean diameter of the log-normal distribution to 
ensure a test-similarity. The flow patterns in the riser show a transient behavior 
of the solids volume fraction and the solids velocity profiles for both log-normal 
(fig. 1(i)(a) and 1(ii)(a)) and monosize (fig. 1(i)(b) and 1(ii)(b)) distributions. 
Note that fig. 1 corresponds to the lower and upper section of the riser 
respectively. In both the cases, the solids volume fraction is higher near the walls 
where the solids velocity is lower. Clusters are seen to be formed in the top of 
the riser and to flow downwards along the walls. In the centre of the riser, the 
solids velocity is considerably higher giving rise to core-annular flow: a dilute 
core region and a dense region near the walls. The core-annulus profile appears 
to be more uniform when the solids are log-normally distributed through their 
moments. This is probably due to the coupling of the gas-solid hydrodynamics 
with the population balance model through the Sauter mean diameter, 32d , which 

varies with the moments of the distribution. Figure 2 shows a comparison of the 
time-averaged solids density distribution ( s s  ) at a height of 3.9 m from the 

bottom of the riser. The flow in the core is better predicted using a log-normal 
size distribution than a monosize distribution. The core width agrees reasonably 
well with the experimental data. However, the solids density at the wall is under-
predicted, possibly due to inaccuracies in the applied wall boundary condition 
[20].  
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                  (i) Lower section           (ii) Upper section  

Figure 1: Comparison of the time-averaged (10-40s) solids volume fraction 
and velocity profiles for (a) log-normal and (b) monosize 
distribution, for the (i) lower (0-8 m) and (ii) upper (8-14 m) 
section of  the riser.  

     Although the density of the solid particles used in the experimental set-up 
[18] is slightly different from the density of the particles used in the present 
study, a good qualitative fit for the time-averaged profile of the solids mass flux 
is obtained in the core of the riser when using a log-normal distribution. Similar 
to the experimental observations [18], the solids mass flux is found to be 
maximum at the central core of the riser (see fig. 3), although the solids density 
is at its lowest value there (see fig. 2). This is attributed with the core-annulus 
behavior i.e. with a high upward solids (and gas) axial velocity in the core and a 
low downward solids (and gas) axial velocity in the annulus of the riser. Thus a 
particle distribution captures a more realistic dynamic flow behavior in a gas-
solid riser. Figure 4 show a comparison of the time-averaged solids volume 
fraction profile for the log-normal and monosize distributions respectively. The 
effect of riser height on solids volume fraction is investigated by studying the 
profiles at 1m, 3.9 m and 10 m from the bottom of the riser. Although a core-
annular flow is observed in both the cases, there is a slight variation in the radial 
distribution of the solids volume fraction with the height of the riser. 
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Figure 2: Time-averaged solids density distribution, using both log-normal 
and monosize distribution at 3.9 m from the bottom of the riser, 
compared with the numerical simulation [19] and experimental 
data [18].  

 

Figure 3: Time-averaged solids mass flux distribution using a log-normal 
distribution at 3.9 m from the bottom of the riser, compared with 
the numerical simulation [19] and experimental data [18].  

     The log-normal disribution almost maintains the core-annulus pattern higher 
up the riser (e.g. at 10 m) whereas this pattern is assymetrically flattened in a 
monosize distribution. Indeed, the time-averaged profile of solids volume 
fraction differs remarkably along the height of the riser, as shown in fig. 4(b). A 
shift in the solids (and gas) axial velocity towards the right wall (see fig. 1(ii)) is 
indicated by a two-fold decrease in its solids volume fraction compared to the 
left wall. The difference in the solids flow behaviour in both the cases indicates 
that the particle distribution does, in fact, influence the gas-solid hydrodynamics 
in the riser. 
     A similar conclusion can be drawn from the time-averaged axial solids 
velocity profiles given in fig. 5. 
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(b) 

Figure 4: Effect of riser height on the time-averaged solids volume fraction 
profile in the riser for (a) log-normal and (b) monosize 
distribution.  

 

(a) 

 
(b) 

Figure 5: Effect of riser height on the time-averaged solids velocity profile 
in the riser for (a) log-normal and (b) monosize distribution. 
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     As seen in fig. 5, the peak of the solids axial velocity shifts slowly towards 
the wall along with the height of the riser, but in different directions. This shift in 
the peak of the the dilute core zone is slightly more for the monosize distribution 
(also see fig. 1). The influence of the particle distribution on the hydrodynamic 
behaviour in the riser can thus be clearly seen through the comparison in fig. 5. 
At the wall, the solids have a negative axial velocity which indicates the 
downward movement of clusters along the walls. Remark that the calculated 
solids axial velocities are higher for the monosize distribution, due to a smaller 
width of the core.  
     To evaluate mixing of the particle distributions, a user-defined subroutine is 
written to obtain the values of the moments calculated for various positions and 
for multiple cross-sectional surfaces at different axial locations along the riser. 
The mean,  , and standard deviation,  , is then calculated from the following: 

1

0

m

m
                                            (6) 

 
2

2 1

0 0

.
m m

m m


 
   

 
                        (7) 

     Applying these formulas give the values of the mean and the standard 
deviation of the local and global distributions respectively.  The standard 
deviation gives insight on how the particles are distributed over a surface 
depending on their size. The smaller the standard deviation (i.e. smaller range of 
different sizes), the more segregated is the particle distribution in the surface. 
The larger this value (i.e. larger range of different sizes), the more mixed is the 
distribution. Based on a standard deviation, it is possible to conclude whether 
two or more surface distributions are equally mixed or not. Through the 
calculation of the mean of the distribution for a surface, it is possible to 
determine differences in the sizes of the particles present in these surfaces. The 
mean, together with the standard deviation, are thus a measure of the radial 
segregation along the riser height. The results obtained at 1 m, 3.9 m and 10m 
from the bottom of the riser are listed in table 1 and table 2 respectively at a 
simulated time of 40 s. Note that the left and right positions in table 1 refer to 5 
mm radial distance from the left and the right wall of the riser respectively, while 
the middle refers to the mid-point of the cross-sectional surface. The mixing and 
segregation of the lognormal distributions and the effect on the riser 
hydrodynamics can be observed from the results of table 1 and 2. From table 1, it 
can be concluded that the radial mixing of particles over a cross section of the 
riser along the height of the riser is very dynamic. At a height of 1m, the two 
distributions are mixing in the middle because the standard deviation of the 
distribution in the middle lies between the values of those at the walls. Higher up 
the riser i.e. at 3.9 m and further at 10 m from the bottom, it is observed that the 
distribution in the middle becomes more segregated, meaning that only a fraction 
of the particles introduced in the riser resides in the middle part of the riser. This 
also indicates the formation of a core-annular regime higher up the riser.  
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Table 1:  Estimation of the local particle diameter distribution over a surface 
for three positions along the riser height. 

Height from the bottom of 
the riser (m)   

Radial position  
Left  Middle  Right  

Average diameter, local  

1.0 7.70 10-5 7.70 10-5 7.70 10-5 
3.9  7.70 10-5 7.70 10-5 7.70 10-5 
10.0 7.70 10-5 7.70 10-5 7.70 10-5 
 Standard deviation, local  

1.0  3.72 10-5 3.41 10-5 3.01 10-5 
3.9  3.52 10-5 2.75 10-5 3.02 10-5 
10.0 3.25 10-5 2.96 10-5 3.01 10-5 
 Spread ratio, local local/ '   

1.0  1.0 0.92 0.81 
3.9  1.0 0.78 0.86 
10.0 1.0 0.91 0.93 

Table 2:  Estimation of the global particle diameter distribution for different 
radial surfaces along the riser height.  

Parameters of distribution  Height from the bottom of the riser (m) 
1.0   3.9  10.0  

Average diameter, global  7.70  10-5 7.70  10-5 7.70  10-5 

Standard deviation, global  3.37 10-5 2.93 10-5 3.02 10-5 

Spread ratio, global global/ '    1.0 0.87 0.89 

Rel. std. deviation, global global/   0.438 0.38 0.392 

 

The surface-averaged mean and standard deviation of the lognormal distributions 
are given in table 2 for surfaces at different radial cross-sections along the height 
of the riser. 
     It can be concluded that the distribution of particles along the riser height 
show segregation which depends on the hydrodynamic conditions of the riser. 
The correspondence of the local and the global mean with the mean average 
diameter of the distributions indicates the robustness of the QMOM model in 
returning the correct average diameter for multiple distributions with a varying 
standard deviation. These observations confirm that the gas-solid simulation in a 
riser using particle distributions show segregation and mixing effects, which is 
influenced by the overall riser hydrodynamics. 

5 Conclusion 

The Quadrature-based Method of Moment (QMOM) has been successfully 
applied to solve the evolution of a continuous particle distribution in a multi-
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fluid CFD model for flows in a gas-solid riser. The core-annulus profile usually 
observed in riser flow is well predicted by this model. The simulation results 
considering a log-normal particle diameter distribution give a better qualitative 
fit with the experimental data as compared to the fit when using a monosize 
distribution. In comparison with the results for a monosize distribution, the core-
annulus profile is much more uniform and maintained higher up in the riser for 
the log-normal distribution. It can be said that polydispersity has an influence on 
the gas-solid hydrodynamics of a riser, especially on the core-annulus flow 
profile. The radial segregation and mixing for the particle distributions, 
calculated for various positions and for multiple cross-sectional surfaces at 
different axial locations along the riser, is evaluated from the local and surface-
averaged moments of the distribution. It is seen that the radial mixing profile is 
dynamic as it changes along the height of the riser.  Although the distributions 
are quite mixed in the middle of a cross-sectional surface close to the inlet, it 
becomes more segregated as it approaches the outlet.  The effect of mixing 
homogeneity due to particles size distribution on the hydrodynamic conditions of 
a riser is investigated. Spatial segregation of particles can be observed if, 
according to their size, different velocities of the particles are computed. For this, 
a modification in the quadrature-based moment method is necessary. 
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