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Abstract 

A new model of LES is proposed together with a new methodology for the 
simulation of concentration fields of contaminant coherent with the LES 
methodology. In this paper a new LES model is proposed. The closure relation 
for the generalised SGS turbulent stress tensor: a) complies with the principle of 
turbulent frame indifference; b) takes into account both the anisotropy of the 
turbulence velocity scales and turbulence length scales; c) removes any balance 
assumption between the production and dissipation of SGS turbulent kinetic 
energy. In the proposed model: a) the closure coefficient which appears in the 
closure relation for the generalised SGS turbulent stress tensor is theoretically 
and uniquely determined without adopting Germano’s dynamic procedure; b) the 
generalised SGS turbulent stress tensor is related exclusively to the generalised 
SGS turbulent kinetic energy (which is calculated by means of its balance 
equation) and the modified Leonard tensor. The calculation of the viscous 
dissipation is carried out by integrating its exact balance equation. In this paper 
the form invariance and frame dependence of the above mentioned equation of 
the viscous dissipation transport is shown. The concentration field is simulated 
by the spatially filtered equation of the concentration. In this equation the      
first-order tensor (produced by the correlation between the velocity and the 
concentration) is related to the gradient of the resolved concentration according 
to an original dynamic Germano procedure. 
Keywords:  concentration, contaminant, LES, turbulence. 

1 A new LES model 

In order to remove the assumption of alignment between the unresolved part of 
the generalised SGS turbulent stress tensor and the resolved strain rate tensor and 
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to take into account the anisotropy of the unresolved scales of turbulence, the 
generalised SGS turbulent stress tensor is expressed in the following form 

2m
mnij ij ijmnL Sτ ν= −                                              (1) 

in which mnS  is the resolved strain rate tensor and m
i jL  is the modified Leonard 

tensor. The eddy viscosity is expressed in the above-mentioned equation by a 
fourth-order tensor proportional to the product of a second-order tensor, bij, 
which represents the turbulence velocity scales, and a second-order tensor, dmn, 
which represents the turbulence length scales, according to the following 
equation: 

ijmn ij mnCb dν =    where   ij jib b=  ,     =mn nmd d .                     (2) 

The expression of the eddy viscosity in terms of a fourth-order tensor enables the 
anisotropic character of the turbulence to be fully represented, since it does not 
either assume the existence of a single turbulence velocity scale and or a single 
turbulence length scale, as is found in models in which the viscosity is expressed 
as a scalar. The second-order tensor which represents the turbulence velocity 
scales is defined as 

=
m
ij

ij m
kk

L
b E

L
                                               (3) 

where E is the SGS turbulent kinetic energy. The second-order tensor dmn is 
defined as 

( )
1
3

1 2 3/= ∆ ∆ ∆ ∆ ∆mn m nd  

in which ∆i is the vector of which the components are the filter dimensions in the 
three coordinate directions.  
     In this manner it is assumed that the anisotropy of the unresolved turbulence 
velocity scales, expressed by tensor bij, is equal to the anisotropy of the smallest 
resolved scales, associated with the modified Leonard tensor. This assumption is 
based on scale similarity, according to which the scales that are contiguous in the 
wavenumber space have strict dynamic analogies related to the energy exchange 
processes which occur between them. 
Introducing eqn (2) and (3) into (1) gives:  

1 m
ij ij( r )Lτ = +        where       2 mn mn m

kk

Er Cd S
L

= −                    (4) 

In order to close the equations governing the turbulent flows, it is necessary to 
determine the coefficient C which appears in eqn (4.a) or else, the coefficient r 
which appears in eqn (4.b).  
     In this paper the coefficient r is determined without Germano’s dynamic 
procedure, the inconsistencies of which are fundamentally linked to the fact that 
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in the wall region the dimensions of the filters used in the dynamic procedure are 
larger than those of the largest eddies governing the energy and momentum 
transfer. 
     The coefficient r is uniquely and theoretically determined by using the 
relation between the generalised SGS turbulent kinetic energy and the 
generalised SGS turbulent stress tensor. In fact, by definition, the generalised 
SGS turbulent kinetic energy is equal to half the trace of the generalised SGS 
turbulent stress tensor.  

2 1 m
kk kkE ( r )Lτ = = +     i.e.       

2 m
kk

m
kk

E L
r

L
−

=                           (5) 

introducing  (5) into (4) gives 
 

2 21
m

m mkk
ij ij ijm m

kk kk

E L EL L
L L

τ
   −

= + =   
   

                           (6) 

 
The closure relation (6) is obtained without any assumption of local balance 
between the production and dissipation of generalised SGS turbulent kinetic 
energy and may thus be considered applicable to LES with the filter width falling 
into the range of wave numbers greater than the wave number corresponding to 
the maximum turbulent kinetic energy.  
     The closure relation for the generalised SGS turbulent stress tensor (6): a) 
complies with the principle of turbulent frame indifference given that it relates 
only objective tensors [1]; b) takes into account both the anisotropy of the 
turbulence velocity scales and turbulence length scales; c) assumes scale 
similarity in the definition of the second-order tensor representing the turbulent 
velocity scales; d) guarantees an adequate energy drain from the grid scales to 
the subgrid scales and guarantees backscatter; e) overcomes the inconsistencies 
linked to the dynamic calculation of the closure coefficient used in the modelling 
of the generalised SGS turbulent stress tensor. 
     The generalised SGS turbulent kinetic energy, E, is calculated by solving its 
balance equation, defined by the following equation: 

( ) ( )
21

2
mk k m k k k

mk Ok k
m m m m m m m

p,u(u ,u ,u ) u u uDE E F ,u ,
Dt x x x x x x x

ττ
τ ν τ ντ

∂  ∂ ∂ ∂ ∂∂
= − − − + + −  

∂ ∂ ∂ ∂ ∂ ∂ ∂ 
  (7) 

Equation (7) is form-invariant under Euclidean transformations of the frame and 
frame-indifferent [5]. The last term on the right of (7) is defined SGS viscous 
dissipation: 

i i

j j

u u
,

x x
ε ντ

 ∂ ∂
=   ∂ ∂ 

                                    (8) 

   
     In the proposed LES model a further balance equation is introduced for the 
subgrid viscous dissipation ε. This equation, expressed in terms of the 
generalized central moments, takes the form: 
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     (9)                                                      

This equation is form-invariant under Euclidean transformations of the frame but 
is not frame-indifferent [5]. 
     In the balance equation of the SGS kinetic energy (7) and in the balance 
equation of the SGS viscous dissipation (9) some tensors are unknown. 
     These unknown tensor are calculated by means of the closure relations. 
     These relations define the above mentioned unknown tensors as a function of 
known quantities by coefficients. 
     The calculation of these coefficients is carried out adopting the Germano’s 
dynamic procedure. 

2 The spatially filtered concentration equation 

The filtered equation of the concentration of suspended solids is 

           ( ) 0i
i i

i i

u CC u C u C
t x x

∂∂ ∂
+ + − =

∂ ∂ ∂
                                 (10) 

where C  represents the spatially filtered concentration field.  
     The last term of equation (10) is a first-order tensor given by the generalised 
central moment relative to the velocity vector and the concentration and is 
defined as follows 

( ) ( )τ= = −i i i ia u ,C uC uC                                       (11)                                                  

The above tensor can be split in terms of generalised central moments 
                           = + +C C C

i i i ia L C R                     (12) 
where                

( )τ= = −C
i i i iL u ,C u C u C                                    (13) 

      ( ) ( ) ( )C ' ' ' ' ' '
i i i i i iC u ,C u ,C u C u C u C u Cτ τ= + = − + −                    (14) 

 
( )τ= = −C ' ' ' ' ' '

i i i iR u ,C u C u C                                  (15) 
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The sum of the second and third term on the right hand side of eqn (12) 
represents an unknown first- order tensor. In this paper a new closure relation for 
this unknown tensor is proposed. 
     The closure relation between this unresolved tensor and the gradient of the 
filtered concentration is defined by a second-order tensor which is assumed 
proportional to the subgrid turbulent velocity scale and the subgrid turbulence 
length scale: 

                                             C
ij c ijc Edν =                                               (16) 

The above closure relation is: 

                                       ∂
+ = +

∂
c c
i i c in

n

CC R c Ed
x

                                       (17) 

Let ( )iT u ,C  be the generalised central moment at the test level related to the 
velocity vector and the concentration, the following first-order tensor is defined 

         ( )= = − ii i iA T u ,C u C u C                               (18) 

where the symbol ( ).  indicates the filter operation at the test level. 
     In terms of generalised central moments iA can be split as: 

           = + +
T T TC C C

i i i iA L C R                                  (19) 

where:          

                                  ( )TC
i i iiL T u ,C u C u C= = −                              (20) 

( ) ( )  
= + = − + − 

 

TC ' ' ' ' ' '
i i ii i iC T u ,C T u ,C u C u C u C u C                (21)  

( )TC ' ' ' ' ' '
i i i iR T u ,C u C u C= = −                             (22) 

The sum of the last two terms on the right hand side of eqn (19) is an unknown 
quantity that is modelled with an expression analogous to equation (17):  

∂
+ =

∂
T TC C T T

i i c in
n

CC R c E d
x

                            (23) 

The calculation of the coefficient cc  is carried out by using the following 
identity:  

i i i iA a u C u C− = −                                       (24) 
 

Equation (24), with the use of the closure relations expressed by eqns (17) and 
(23), becomes 
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∂ ∂
− = − − + + −

∂ ∂
T T

r in r in i i i i i i
n n

C Cc Ed c E d uC u C u C u C uC u C
x x

        (25) 

where ET indicates the SGS kinetic energy relative to the test-filter and  dT
in 

indicates the second-order tensor associated with the subgrid turbulence length 
scales relative to the test-filter. 
     Equation (25) allows the dynamic calculation of the coefficient  cc. 
     The numerical integration of eqn (10) for the simulation of the filtered 
concentration field of suspended solids may be carried out once the boundary 
conditions have been defined. 
     The plane in proximity to the bottom, which defines the boundary for the 
concentration field, is placed immediately above the viscous sublayer, inside the 
buffer layer: the “Reference Concentration”, Cr is imposed on that plane as a 
boundary condition. 
     This reference concentration is calculated as function of the resolved 
tangential stress at the bottom, and the critical stress representing the threshold 
beyond which the movement of solid particles from the bottom is produced. 
     In particular, in the proposed model, the value of local and instantaneous 
reference concentration, Cr, is related to the resolved velocity field at the bottom 
by means of the formula proposed by Van Rijn [9]. The aforesaid Van Rijn’s 
formula reads: 

,
p

r ,
*

D TC ,
a D

  
=   

  

1 5

0 30 015                                 (26) 

in which 

a: distance from the bottom at which Cr is calculated 

Dp: diameter of the solid particles 

                        
/

* p
( )g

D D
δ
ν
− =   

1 31                                (27) 

δ : relative density of the particle 

ν : kinetic viscosity  

2 2
* *

2
*

crit

crit

u uT
u
−

=                                   (28) 

and the quantity 
2
*u  which appears in eqn (28) is linked to the tangential stress at 

the bottom, τf , produced at each time step by the tangent resolved velocity 
component at the bottom, u , by means of the following relation: 

2
*  =

τ
ν

ρ
∂

=
∂

f uu
y

                                    (29) 
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3 Results and discussion 

The proposed model is used to simulate the phenomenon of the re-suspension 
(from the bottom) of solid particles in a lid-driven cavity. 
     The values of the diameter and the relative density of the solid particles are, 
respectively, equal to 100 µm and 1.65. 
     The simulation of the lid driven cavity flow is performed at Reynolds number 
Re = 72,000 which is based on the lid velocity Ulid and the cavity length B. The 
Ulid is directed towards the growing  x axis. 
 

 

Figure 1: Vortex identification with λ2 method, x-z plane. 

     In fig. 1 is shown, with the λ2 visualisation method (Joeng & Hussain, [8]), an 
instantaneous longitudinal section of the turbulent resolved velocity field inside 
the lid driven cavity at Re = 72,000. The near wall vortex structures (inside the 
turbulent boundary layer) are clearly identified: the dimensions of the spatial 
discretisation steps allow the optimal simulation of the above mentioned vortex 
structures that govern the transport, the production and the dissipation of the 
turbulent kinetic energy. 
     As can be seen in fig. 1, starting from the top right hand corner and going 
towards the bottom, vortex structures of small dimensions following the main 
flow (which moves in a clockwise direction) are formed along the right vertical 
wall and grow in dimension. In correspondence with the abscissa x = 2, the main 
clockwise moving vortex structure is at a minimum distance from the bottom, 
and from there it moves away transporting towards the centre of the domain the 
small secondary vortexes that form on the bottom. At the same time, in 
proximity to the bottom right corner, a vortex structure (that moves in a 
clockwise direction and is confined to the area between the main clockwise 
vortex and the walls) is formed and destroyed. 
     In fig. 2-5 is shown a sequence of longitudinal sections of instantaneous 
concentration fields inside the lid driven cavity produced by a re-suspension 
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from the bottom of the solid particles caused by a turbulent flow characterised by 
Re = 72,000. In this case the maximum tangential stresses at the bottom are 
produced in correspondence with the clockwise moving vortex structure and 
with the appearance of the anti-clockwise vortex structure confined to the bottom 
right hand corner. The particles, that are re-suspended from the bottom in 
correspondence with x<2, are transported upwards by the main clockwise vortex 
rapidly scattered in the whole calculation domain; the particles, that are re-
suspended from the bottom in correspondence with x>2, are caught by the anti-
clockwise vortex structure confined to the bottom right hand corner where they 
tend to precipitate.  
     The visualized concentration values, expressed as a percentage of volume 
fraction, are inclusive among 1x10-4 and 2.4x10-1. 
 

 

Figure 2: Lid Driven Cavity: filtered concentration field. 

 

Figure 3: Lid Driven Cavity: filtered concentration field. 
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Figure 4: Lid Driven Cavity: filtered concentration field. 

 
Figure 5: Lid Driven Cavity: filtered concentration field. 

4 Conclusions 

In this paper a new LES model is presented together with a new methodology for 
the simulation of concentration fields of solids in suspension which is coherent 
with the LES methodology. The proposed closure relation for the generalized 
SGS turbulent stress tensor: a) complies with the principle of turbulent frame 
indifference; b) takes into account both the anisotropy of the turbulence velocity 
scales and turbulence length scales. The concentration field is simulated by the 
spatially filtered equation of the concentration. In this equation the first order 
tensor (produced by the correlation between velocity and concentration) is 
related to the gradient of the concentrations resolved according to an original 
dynamic Germano procedure.  
     By the proposed model the phenomenon of re-suspension, from the bottom, 
of solid particles in a lid driven cavity at Re = 72.000 is simulated. 
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