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Abstract 

A one-dimensional numerical model has been developed for the interaction of an 
ultrasound field with a free and an encapsulated gas bubble immersed in a liquid. 
The model includes several approaches to simulations of this type. First, the 
calculation of the radius of the bubble can be performed by                    
Rayleigh–Plesset-type equations, while the distribution of the gas-dynamic 
parameters within the bubble is calculated by solving the equations of gas 
dynamics which are represented in terms of Lagrangian coordinates. Second, a 
through calculation can be carried out by solving the equations of fluid dynamics 
for both the interior of the bubble and the surrounding liquid. These numerical 
approaches can be applied to both free and encapsulated (contrast agent) bubbles. 
In the case of an encapsulated bubble, the equations describing the radial 
oscillation of a bubble enclosed in a fluid or solid shell are used. Simulations for 
a wide range of driving frequencies and bubble radii have been conducted. The 
obtained results demonstrate wide capabilities of the developed model.  
Keywords:  contrast agents, encapsulation, ultrasound, fluid dynamics, radial 
oscillation, rheological behaviour, numerical simulation.  

1 Introduction 

The wide application of ultrasound contrast agents in medicine and the variety of 
materials used for the encapsulation of contrast agent microbubbles have given 
rise to numerous theoretical, numerical and experimental investigations in this 
field [1]. The non-Newtonian behaviour of blood and intricate rheological 
properties of encapsulating shells hamper the theoretical description of the 
dynamics of contrast agents in an ultrasound field. Depending on their material,  
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encapsulating shells can exhibit the properties of a viscoelastic solid       
(Kelvin–Voigt solid), a viscoelastic fluid with stress relaxation (Maxwell fluid), 
as well as properties whose rheological law is still not understood. Buckling of 
lipid monolayer coatings is an example [2]. In [3], a model for large-amplitude 
oscillations of thin-shelled microbubbles has been developed. Theoretical 
analysis of small-amplitude oscillations of encapsulated bubbles with shell 
thickness exceeding 15 nm was carried out in [4]. The behaviour of the gas 
within a free or an encapsulated bubble can also be different from the 
assumptions underlying Rayleigh–Plesset-type equations. First, heat transfer 
between the gas and the surrounding liquid (or the shell) can impact the flow 
pattern around the bubble. This dissipative process can change significantly the 
dynamics of the surrounding liquid. Second, the distribution of the gas-dynamic 
parameters within the bubble can be nonstationary rather than homogeneous, as 
commonly supposed.  

The purpose of the present paper is to develop a theoretical and a numerical 
models that make it possible to examine different scenarios for the behavior of 
free and encapsulated bubbles in both small- and finite-amplitude ultrasound 
fields, taking adequate account of existent physical processes.  

2 Theoretical model  

The proposed model describes oscillations of a free or encapsulated bubble in 
two different formulations. In the first case, the velocity of the bubble surface is 
found by solving a Rayleigh–Plesset-type equation. This velocity is then used as 
the boundary condition at the gas-liquid interface in the gas-dynamic problem 
which describes the gas motion within the bubble for a given time layer. The gas 
pressure obtained by solving this problem is then used to determine the velocity 
of the bubble surface for the next time step. In the second case, the motion of 
both the gas within the bubble and the surrounding liquid (as well as of the shell 
if it is present) is simulated by solving a respective gas-dynamic problem.  

2.1 Limitations and assumptions  

It is supposed that the gas inside the bubble is heat-conducting and its calorific 
and thermal state equations are known and can be specified either analytically or 
in tabulated form. If a Rayleigh–Plesset-type equation is used, the gas motion is 
described by a polytropic equation, normally in the adiabatic approximation. The 
surrounding liquid is assumed to be compressible with a barotropic equation of 
state, such as the empiric Tait equation. It is also supposed that the surrounding 
liquid is at constant temperature and behaves as a Newtonian or a more complex 
fluid. The shell of the bubble is also at constant temperature, can be either 
compressible or incompressible, and its rheological behaviour can follow either a 
fluid or a solid. Mass transfer between the gas and the surrounding liquid (or the 
encapsulating layer) is assumed to be absent.  
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2.2 Rayleigh–Plesset-type model for bubble oscillations  

The present model allows the calculation of oscillations of a free or encapsulated 
bubble by a Rayleigh–Plesset-type equation. This approximation is applied both 
as an independent approach and in combination with gas-dynamic equations for 
the determination of the boundary conditions at the interface with the gas.  

2.2.1 Model for a free bubble  
The radial velocity of the surface of a bubble can be obtained from a     
Rayleigh–Plesset-type equation the general form of which can be represented as  

 ( )γρησ ,,,,,,,,, 00 cPPPvRFv acg= ,   Rv = , (1) 

where ν is the radial velocity of the bubble surface, the overdot denotes the time 
derivative, R is the time-varying radius of the bubble, P0 is the initial pressure in 
the surrounding liquid, Pg is the gas pressure, Pac is the imposed acoustic 
pressure, σ is the surface tension, η is the liquid viscosity, ρ0 is the equilibrium 
liquid density, c is the speed of sound in the liquid, and γ is the ratio of specific 
heats. A particular form of eqn. (1) is chosen depending on the problem 
parameters. For example, if the radial motion of the bubble is described by the 
Keller–Miksis model [5], eqn. (1) takes the form  
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where RP  is given by 
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The time-varying gas pressure ( )tPg  is calculated either from the adiabatic law, 
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in the case that the calculation is carried out by using the Keller–Miksis model 
alone, or from the gas-dynamic problem, as the value of the gas pressure at the 
inner bubble surface. 

The imposed acoustic pressure ( )tPac  is specified by  

 ( ) ( )ftPtP Aac π2sin= , (5) 

where PA is the pressure amplitude and f is the driving frequency. 
Let us denote eqns. (2)-(5), or similar equations of the family of      

Rayleigh–Plesset-type equations such as the original Rayleigh–Plesset equation 
[6] or the Herring–Flynn equation [7], by S0B. 
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2.2.2 Model for a contrast agent bubble  
In the case of an encapsulated bubble, equations for the velocities of the inner 
and outer surfaces of the shell can also be written in the form similar to eqn. (1). 
The arguments of the function F  on the right-hand side of eqn. (1) will now be 
geometrical, physical, thermodynamic and rheological parameters of the bubble, 
the shell and the surrounding liquid. 

In [8], an equation for the radial motion of an encapsulated bubble was 
derived assuming that the shell is incompressible, the surrounding liquid is 
weakly compressible, and both the shell and the liquid are viscoelastic fluids 
following the linear 3-constant Oldroyd constitutive equation [9]. Using the 
results of [8], one obtains  
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where the function G  is given by  
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and the following nondimensional quantities are introduced  

( ) ( )3 3 3
1 20 10 2 2 1 2 2 1 1, 1, ,R R R R Rα α δ β ρ ρ δ ρ= − = = = − . 

From this point on, the subscript 1 corresponds to the parameters of the shell or 
its inner surface, while the subscript 2, to the surrounding liquid or the outer 
surface of the shell. The subscript i = 1 or 2 with the same meaning and the 
subscript 0 denotes the initial values. Di, R2 and Pg0 are calculated from  
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 ( )0 0 1 10 2 202 2gP t P R Rσ σ= + + , (9) 
where λi1 is the relaxation time and λi2 is the retardation time. These times are the 
parameters of the Oldroyd constitutive equation [9].  

Thus, the velocity of the surface of an encapsulated bubble can be obtained 
by solving the differential equations (6)-(9). Let us denote this system as S0S. 

2.3 Model for the gas dynamics inside a bubble  

As the problem under consideration is one-dimensional, it is reasonable to solve 
it using the Lagrangian method. The continuity equation, written in Lagrangian 
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mass coordinates, for the case of spherical symmetry, and with respect to density 
per unit spatial angle, takes the form [10]  

 ( )
m
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, (10) 

where ρ and u are the density and the velocity of the gas, respectively, and the 
relation between the Euler and the mass coordinates is given by dm = ρr2dr .The 
equation of motion in the Lagrangian coordinates is written as 
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where p is the gas pressure. 
The small size of the bubble and the high value of the speed of sound lead to 

very small time steps. As a result, the solution of the problem is reached over a 
very large number of time steps. In addition, in some cases it is necessary to 
trace the medium parameters for a large number of oscillations. These 
circumstances make high demands to the accuracy of energy computation. 
Therefore it is reasonable to take the equation of energy in the divergent form 
taking into account heat conductivity,  
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where ε is the internal energy per unit mass, λT is the gas heat conductivity 
coefficient and T is the temperature. 

The surface tension pressure on the bubble surface is given by 

 2P
Rσ
σ

= . (13) 

To close the set of eqns. (10)-(13), it should be supplemented with a state 
equation, p = p(ρ,ε). If the temperature distribution within the gas is required, an 
equation for temperature, T = T(ρ,ε), should be added as well. For a perfect gas, 
these equations can be written as p = (γ-1)ρε and T = ε/cv, where cv is the specific 
heat at constant volume. 

The boundary condition Ru v=  at the spherical surface of the bubble is sort 
of a piston, whose velocity v is calculated from the Rayleigh–Plesset-type 
equation (1). Let us denote the system of eqns. (10)-(13), which describes the 
dynamics of heat-conducting gas inside the bubble, as S1.  

2.4 Model for the encapsulating shell and the surrounding liquid  

If both the surrounding liquid and the shell are compressible, the continuity 
equations for them are given by eqn. (10) with the respective density for each 
medium. The equations of motion for both media take the form  
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where Srr is the radial component of the stress deviator. For example, for a 
viscoelastic plastic solid, Srк  and the viscous stress tensor qrr are given by [11]  
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where µi is the shear modulus and ηi is the shear viscosity for the liquid or the 
shell. For a viscoelastic fluid, Srr is specified by the Oldroyd equation [9],  
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where urr = ∂u/∂r denotes the radial component of the rate-of-strain tensor. The 
energy equation in this case is given by  
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To close the set of the equations, a state equation for each media is also required. 
For the surrounding liquid, as well as if the shell is treated as a fluid, the Tait 
equation can be used, 

 ( )
0

n

p A Bρρ
ρ

 
= − 

 
, (19) 

where A, B and n are constants. If the shell is treated as a solid, the Tillotson 
equation can be applied. Let us denote eqns. (14)-(19), with eqns. (15) and (16), 
or eqn. (17), or a different rheological law, by S2.  

3 Numerical model 

Differential equations with partial derivatives are solved by finite-difference 
schemes [11, 12] and ordinary differential equations are solved using methods 
described in [13]. 

3.1 Variants of the model  

The numerical model has three regimes for the computation of the radial 
oscillation of a free or encapsulated bubble. If the systems S0B or S0S, based on 
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Rayleigh–Plesset-type equations, are solved, this approximation is called       
zero-order approximation and denoted by M0I, where I = B for a free bubble and 
I = S for an encapsulated bubble.  

The next approximation is that the dynamics of the gas within the bubble is 
modeled by the gas-dynamic equations S1. In this case, the boundary condition 
on the surface of a bubble with radius R or R1 is obtained from the systems S0B 
and S0S for a free and an encapsulated bubble, respectively. The gas pressure at 
surface of the bubble that is used in the systems S0 is calculated from the system 
S1. This variant of the numerical model is called M1I.  

Finally, a through calculation can be carried out where the motion of the 
liquid around a free or encapsulated bubble is simulated by the system S2 and 
the motion of the gas within the bubble by the system S1. This approximation is 
called second-order approximation and denoted by M2I. In this case, a 
simultaneous calculation by the model M0 is also possible, which allows 
comparing these two solutions in real time directly in the course of computer 
simulations.  

3.2 Software implementation of the model  

The software suite for solving the above-mentioned differential equations is 
based on the program package OLYMPUS. It has an easy-to-use interface that 
allows the variation of the control parameters of the problem in real time, if 
necessary. The visual control of the simulation and on-line comparison of its 
results is provided by the graphics display system.  

4 Numerical examples 

As an example of the capabilities of the developed numerical model, let us 
consider oscillations of an air bubble of radius R0 = 1 µm in water at the 
atmospheric pressure P0 = 105 Pa, which undergoes an ultrasonic wave field with 
a frequency of 1 MHz and a pressure amplitude of PA = 2P0. 

Figure 1 shows the time-dependent radius of a free bubble that was calculated 
for the three approximations M0B, M1B and M2B. The solid line represents the 
radius of a bubble with a fluid shell the thickness of which is approximately 
3.5% of the initial radius of the bubble and the density is larger than the density 
of water by a factor of 1.1. The data are given for six acoustic cycles. One can 
see that for first two cycles, all the curves are close to one another. After the third 
cycle, however, significant differences are observed in both the amplitude and 
the frequency of the oscillations. The maximum amplitudes of the oscillations 
correspond to the calculations in the fully hydrodynamic approximations M2 for 
both free and encapsulated bubbles. It should be noted that for the calculation by 
the model M1, the amplitude of the oscillation gradually increases as well. 

Let us consider the behaviour of the radial velocity of a free bubble shown in 
fig. 2. The results were obtained by using the models M0 and M1. The scale of 
the plot is limited to ± 100 m/s in order to have a possibility to trace the 
behaviour of the velocity near zero. It should be noted that the absolute values of 
velocities during the expansion and compression of the bubble reached 700 m/s. 
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Figure 1: The time-dependent radius of a free bubble for three variants of 
calculation by the models M0B, M1B and M2B. The solid line shows 
the results obtained by the model M2S for an encapsulated bubble 
with a fluid shell. 

 

Figure 2: The velocity of the bubble surface calculated by the model M0B 
with eqn. (2) and by the model M1B taking account of the gas 
motion within the bubble.  

     This fact shows that the compressibility of the surrounding liquid should be 
taken into account. A visible difference between the two velocity curves appears 
at the end of the third cycle, whereupon one can see that the period of the main 
oscillation of the bubble obtained by the model M1 becomes different from the 
period calculated from the model M0. This effect can be accounted for by the 
irreversibility of the oscillatory process when the dynamics of the gas within the 
bubble is modeled in the regime of sonoluminescence, see [14]. The violation of 
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reversibility arises from the fact that the pressure at the surface of the bubble is 
different for the stages of expansion and compression at the same value of the 
radius of the bubble. As a consequence, a gradual pumping of energy into the 
bubble occurs, which in turn affects the frequency characteristic of the oscillation 
of the bubble.  

5 Conclusions 

The developed model is a logical extension and improvement of the model 
proposed in [14]. It makes possible both widening the circle of numerical 
simulations on oscillations of free gas bubbles in liquids in response to an 
imposed strong ultrasound field and solving similar problems for encapsulated 
bubbles with different rheological models for the encapsulating shell. The model 
also allows one to apply different rheological laws to the surrounding liquid, 
which makes possible the simulation of more complicated media than Newtonian 
fluids, such as blood. 

Comparing the results of numerical simulations carried out in different 
formulations, one can determine the validity of one or another of the models 
describing the oscillation of a free or contrast agent bubble. For example, in the 
simulation performed in the present paper, the models M0B, M1B and M2B 
provide quite comparable results. Whereas results that are obtained when the 
compressibility of the surrounding liquid is neglected (not presented here) show 
that this neglect is inadmissible.  

The implementation of the described model is a handy and flexible tool for 
simulating various aspects of the oscillatory dynamics of free and contrast agent 
bubbles in both small- and large-amplitude ultrasound fields. Further 
improvement of the model will lie in the description of mass transfer at the 
surface of a gas bubble and taking account of the vapour component of this 
process.  
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