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Abstract 

The two-dimensional deformation of immiscible drop in simple shear flow was 
investigated using the front tracking method. Interface particles were traced by 
Runge–Kutta 2nd order method and the boundary immersed method was used for 
calculation of surface tension force at the global mesh. Isothermal, 
incompressible and creeping flow was assumed. The main purpose of this 
research is to analyze the effect of viscosity ratio and elasticity on the drop 
deformation. Oldroyd-B model was used as a constitutive equation with 
stabilizing schemes such as DEVSS-G/SUPG and matrix logarithm. As for the 
Newtonian drop deformation in the Newtonian matrix, there was no breakup 
until Ca=1 when the viscosity ratio was one. And the damped oscillation was 
observed when the viscosity ratio was not unity. The effect of elasticity on the 
drop deformation was also investigated. As De increased, the drop was more 
deformed and orientation angle declined to the shear direction. 
Keywords:  drop deformation, viscosity ratio, elasticity, front tracking method, 
immersed boundary method, DEVSS-G/SUPG, matrix logarithm. 

1 Introduction 

The study of drop deformation in simple shear flow provides an insight for 
understanding the physics of complex flows. Numerical analysis is required for 
analyzing applications including polymer processing and multi-phase flow in 
micro-channels. There have been several studies on the deformation of a drop in 
shear flow since the pioneering works of Taylor [1,2]. Also numerical approaches 
[3,4] for the same problem showed good agreements with experiments for 
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Newtonian fluids. As for viscoelastic fluids, however, there seems to be a gap to 
reach a general consent among numerical solutions [5–7]. Here, the first attempt of 
the front tracking method was made to describe the deformation of the viscoelastic 
drop in the viscoelastic medium under shear flow.  

2 Mathematical formulation 
To understand the deformation of the interface in the viscoelastic multi-phase 
fluid, the viscoelastic instability and the capillary instability should be resolved 
simultaneously. Here, the numerical schemes such as DEVSS-G [8], SUPG [9] 
and matrix logarithm [10] were applied to stabilize governing equations. And 
Lagrangian particles (markers) on the interface were traced with Runge–Kutta 
2nd order method. 

2.1 Front tracking method 
Front tracking method is the method which tracks the position of the Lagrangian 
mesh (front mesh) presented as interface in the Eulerian mesh (global mesh) 
where real calculation is conducted using the values from the nodes of the 
Eulerian mesh [11]. Established method for the calculation of normal vector and 
curvature was used to fit a polynomial for the interface. This method requires the 
information on the position of the markers nearby, where the quadratic 
interpolation for the position of the interface was good enough for accurate 
results [12]. Besides this method, another approach for the calculation of surface 
tension using the tangential vector of the front element was developed [13]. This 
approach is not only simple but also very accurate since total force on any closed 
surface is calculated as zero. Here, the surface tension at the interface was 
calculated according to this method. Using Frenet–Serret theorem [14], the 
surface tension at the interface, ef  is as below: 
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where σ  is the surface tension coefficient, δ is the Dirac delta function and s∆  
is the average length of the segment of front element. n , t  are the outward 
normal vector and tangential vector at the node of front mesh, κ is the twice 
mean curvature of the interface. Though the surface tension is calculated at the 
front mesh, it is necessary to transfer the values of the front mesh to the global 
mesh. The interchange of the information between two meshes is possible using 
immersed boundary method [15,16]. In this method, the information between 
front mesh and global mesh can be transferred using Dirac delta function as 
follows: 

( ) ( ) ( )ij l l l
l

F f sδ= − ∆∑x x x x ,                                     (2) 

( ) ( ) ( )l x y ij l
ij

f h h F δ= −∑x x x x ,                                    (3) 

where h  is the size of the global element, ( )ijF x  and ( )lf x  are the values at the 
node of global mesh and front mesh, respectively. For two dimensional case, 
delta function is defined as below: 
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( ) ( ) ( )d x d yδ =x .                                           (4) 
According to Peskin [15]  
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In this research, the characteristic length h was set to the minimum of the 
diagonal length of the global element. 
     Markers representing the interface are positioned with equal distance at the 
initial state. However, the size of the front element changes as the calculation 
proceeds since the deformation of the interface changes with time and position. 
Because large variation of the sizes of front elements would exert a bad influence 
on the solution, a remeshing algorithm for maintaining the size of the front 
element in a certain range is necessary. In other words, addition or deletion of the 
front element should be conducted in case of need. In this research, the length of 
the front element, ls∆ was kept from 20% to 50% with respect to h . 

2.2 Governing equations 

Governing equations for the Newtonian fluid consist of momentum equation and 
continuity equation. When viscoelasticity is considered, the constitutive equation 
for the polymer stress should be added.  Here, Oldroyd-B model was used as a 
constitutive equation. Isothermal, incompressible and creeping flow was 
assumed. To stabilize the calculation, DEVSS-G scheme [8] and SUPG scheme 
[9] were adopted to the governing equations. Also, matrix logarithm [10] was 
applied to the constitutive equation. 

( ) ( )

1
1

1 1

1 1 1 1 1

1

1

( ) 0

( ) ( 1) ( )

( ) 0

0

n n
n n n

n n T

n n n T n T n
s

n

s
n

t

p

ds

η η β

σκ δ

+
+

+ +

+ + + + +

+

∆

+

−
+ ⋅∇ =

∆
− ∇ =

−∇ +∇ ⋅ ∇ + ∇ + − ∇⋅ +

+∇ ⋅ + =

∇ ⋅ =

∫

s s u s S

G u

u u G G

τ s n

u

      (6) 

Here, u  is the velocity, p  the pressure, η  the solution viscosity and λ  the 
relaxation time of polymer. 
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where S and f are the transformed matrix of s and f  into the global frame. 
More details for the matrix logarithm were referred to the literature [10]. I is the 
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identity tensor and the relation between the conformation tensor, c  and the extra 
stress tensor, τ  is as follows: 

( )pηβ
λ

= −τ c I .                                                (8) 

The polymer contribution to the viscosity, pβ  is defined as: 

p p
p

p s

η η
β

η η η
= =

+
.                                           (9) 

pη  and sη  mean the polymer viscosity and the solution viscosity, respectively. 
In this research, pβ  was set to 8/9. The problem was defined with a 
computational domain of width equal to 4 and height equal to 12. The initial 
drop was positioned at the center of the domain, coordinates (2,6)  with a radius, 
a  as 0.5. Center region was refined as a structured type for the accurate 
calculation of the interface (figure 1). For the simulation of large deformation or 
viscoelastic fluids, the mesh was more refined with structured elements as in UC 
type. More details on the meshes were shown in table 1. Side walls moved with a 
constant velocity to make simple shear flow with 1γ = . And the steady 
condition or periodic condition was imposed at the inlet. 
 

     
(a) UM1         (b) UM2         (c) UM3          (d) UC1         (e) UC2         

Figure 1: Mesh configuration. 

Table 1:  Mesh information. 

Name Elements Nodes DOF Δxmin=Δymin 
UM1 2,300 9,333 47,070 0.1 
UM2 7,935 31,909 160,058 0.05 
UM3 26,868 107,689 539,102 0.025 
UC1 4,032 16,361 82,510 0.1 
UC2 14,494 58,353 292,902 0.05 
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3 Results and discussion 

Dimensionless numbers in this problem are capillary number and Deborah 
number; 

m a
Ca

η γ
σ

= ,                                             (10) 

De λγ= .                                             (11) 
As Ca means the ratio between the surface tension force and viscous force, mη is 
the viscosity of the outside matrix and σ is the surface tension coefficient. λ  is 
the relaxation time of the fluid. To characterize the shape of deformed drop, the 
deformation parameter, D is defined as ( ) /( )D L B L B= − + , where L and B are 
two principal directions of deformed shape, respectively. And the orientation 
angle is defined as longitudinal direction with respect to the shear direction, as 
illustrated in figure 2. 
 

 

Figure 2: Characterization of the deformed drop. 

     In order to verify our algorithm, the steady solutions for the Newtonian drop 
in the Newtonian matrix were compared with previous results (figure 3). As Ca 
increases, D increases and orientation angle decreases. As the mesh is more 
refined, D value converges to the prediction of boundary integral method [17]. 
And other results of VOF [5] and of diffuse interface method [6] were in line 
with our results for the small deformation. Though the critical Capillary number, 

cCa  beyond which the drop is not capable of sustaining a stationary shape is 
known to be around 0.875 [17], here, the steady drop was obtained until 1Ca =  
when the viscosity ratio, α  was one. The major difference between the reference  
[17] and ours is the size of the computational domain with respect to the drop 
size and inlet condition. Though there was no remarkable difference whether 
periodic condition or steady condition was imposed since the flow domain is 
large enough comparing with drop size, the periodic effect could not be 
negligible if small computational domain was used as in reference [17]. With 
imposing periodic boundary condition at small domain, Zhou and Pozrikidis [17] 
solved the problem for periodically packed drops closely. While, the problem for 
the single drop was solved with steady inlet condition in this research. 
Considering hindering effect of the periodic condition on the drop deformation 
[18], the difference for cCa could be reasonable.  
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(b) Orientation angle 

Figure 3: Steady drop deformation with increasing Ca. 

     Shear flow is a mixture of stretching and rotation [19]. Both drop deformation 
and the rotation of interface are progressed simultaneously. The orientation angle 
decreases while the initial drop changes to the elongated shape as time passes. 
When the viscosity ratio was lower than unity, the elongated drop showed 
somewhat higher orientation angle at early stage because of higher mobility of 
the drop as shown in figure 4 (a).  Then, the drop was more elongated due to 
high shear force while orientation angle was getting decreased to minimize 
viscous dissipation [20]. If the orientation angle was close to zero like figure 4 
(c), the capillary force became higher than shear force at the head of elongated 
drop. Hence the drop shows a tendency of coming back to the initial shape. And 
the shrunk drop was deformed again by shear force. Repeating these behaviours, 
a damped oscillation in D was observed. Basically, oscillatory behaviour comes 
from different viscosity ratio. At the experiments of drop with zero interfacial 
tension when the viscosity ratio was 21, the rotation of the drop was reported 
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[21]. The same phenomenon was reproduced using perturbation theory [22] even 
though it showed some discrepancy with experimental results [21]. The 
simulation of three dimensional drop at similar condition reproduced periodic 
behaviour [23]. At the zero interfacial condition, namely Ca = ∞ and 10α = , the 
periodic oscillation in D was reproduced with our algorithm. Therefore, 
oscillation is attributed to different viscosity ratio. The damping behaviour may 
be originated from the surface tension, in other words Ca. 
 

 
(a) t=10               (b) t=20               (c) t=30   (d) t=40 

Figure 4: Oscillatory motion of the drop (UM2, Ca=1, α =0.01). 

     Damped oscillation behaviour in D was obvious in figure 5 when α was 10. 
At the same viscosity ratio, damped oscillation in D was reported using boundary 
integral method independent of Ca [17]. When 1α < , the smaller the viscosity 
ratio, the shorter the frequency of the oscillation, while vice versa for 1α >  as 
shown in figure 5. The larger drop viscosities and matrix lead to larger damping 
rate, which means that it would take more time to reach steady state. 
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Figure 5: Deformation parameter according to viscosity ratio (UM2, Ca=1). 

     When compared with the Newtonian drop, an interesting phenomenon was 
observed in the viscoelastic case. It was reported that the viscoelastic drop was 
less deformed than the Newtonian case [5]. As De increases, D increases and 
orientation angle decreases as shown in figure 6. In this case, both drop and 
matrix are viscoelastic. Though relaxation times should be defined for both 
fluids, the same relaxation times were used for both fluids in this study as a 
preliminary step. 
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             (a) Deformation parameter                           (b) Orientation angle 

Figure 6: Transient viscoelastic drop deformation in the viscoelastic flow 
(UC2). 
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Figure 7: Distribution of conformation tensor (UC2, De=2/2, Ca=0.1). 
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Figure 8: Distribution of conformation tensor (UC2, De=0.5/0.5, Ca=0.1). 

     At higher De, the drop was more elongated due to higher yyc (yy-component 
of the conformation tensor) at the waist of the drop than xxc  at the head of the 
drop, and the orientation angle was more tilted to the shear direction than the 
Newtonian case because of xyc distribution near the drop (figure 7). 
     At lower De, however, the drop was less deformed than the Newtonian case 
due to the additional yyc  distribution at the head of the drop. And the orientation 
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angle was less tilted to the shear direction due to the opposite sign of xyc  near 
the drop in comparison with higher De case. 

4 Conclusions 

Deformation of two dimensional drop in simple shear flow was investigated. 
Front tracking method showed stable results for interface position. In the 
Newtonian case, mesh convergence was accomplished. Damped oscillation 
behaviour in the prediction of drop deformation was reproduced when the 
viscosities of drop and matrix were different. With stabilizing schemes such as 
DEVSS-G/SUPG and matrix logarithm, numerical simulation for viscoelastic 
fluids was also successful. One of the main contributions is that this is the first 
application of front tracking method to the viscoelastic problem. Comparing with 
other results, we would get the reliability of our solutions. In this research, the 
viscoelastic drop showed an interesting phenomenon due to the distribution of 
conformation tensor near the drop. As De increases, the drop more deforms and 
inclines to the shear direction. Major contribution on the deformation of drop 
seems to come from the elasticity of fluid outside than from inside. 
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