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Abstract

Analytic formulas for averaged elastic and strength characteristics of folded
structure’s determination are identified. They are based on the introduction of a
hypothesis about momentless action of its elements (web covers) in a charge
operation and on phased deletion from action ex-post buckling. Dimensionless
coefficients contained in the structural formulas, which appear on the solution
process of formulated problems, are to be determined from experimental
evidence on tension, compression and pure shear in two-planes. In a tension-
compression process the folded structures should be considered heterogeneous
material with averaged plasto-elastic behaviors, which has relations between
averaged voltages and averaged appropriate deformations and has a deformations
stepwise change area (conditional plastic flow).

Keywords: folded structures, cell of cyclicity, averaged elastic and strength
characteristics, modulus of elasticity, deformation curve, structural formulas,
theoretical and experimental method.

1 Introduction

In many cases, the use of composite materials is the most efficient in
constructions (three-layer or multilayer) with cores, which have good mechanical
strength, rigidity, vibration, sound and heat insulation characteristics. These
characteristics of cores of some structures have been well studied today. A large
number of publications, a detailed analysis of which is contained, in particular, in
a review article [1] are devoted to their research.

Most often in three-layer and multilayer structures, the cores have a
honeycomb ([2, 10] etc.) structure. In the calculations of such structures the real
cores are usually replaced by some homogeneous continuum, which averaged
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mechanical and thermal characteristics are determined by the principle of
equivalence of real and replacing core [3-5]. At such replacement of real
honeycomb with orthotropic continuum for the strength calculations averaged
elastic module in the tangential directions and the shear modulus in the
tangential plane are set equal to zero, and the elastic modulus in the transverse
direction and shear module in the transverse plane is determined by theoretical or
experimental methods [8, 10]. Formulas for their determination are given, in
particular, in references [3, 4] that, as a first approximation of formulas, have
been obtained by the energy method [3], or the method of displacements and
forces [6]. Along with these, there are other theoretical methods for determining
the averaged elastic characteristics of periodic structures based, in particular, on
the method of averaging the solution of problems by Bakhvalov and Ponasenko
[7].

In recent years, ways of production of the folded structures from flat sheets
cores [11, 12] develop very intensively. Such cores compared with honeycomb
cores have a number of fundamental differences and advantages. In this paper we
consider one of these folded structures. We develop relevant theoretical and
experimental method to determine the homogenized elastic and strength
characteristics of which.

1.1 Formulation of the problem

Consider folded structure with a quadriradiare core [11], formed from a flat sheet
blank with thickness ¢ by means of its gradual transformation into a state of

relief, as shown in Figure 1a. We assume that, in general, /| #/,, @ # ¢, and
all four sloping walls 1,1',2,2" of the periodicity cells isolated from the core
are a parallelogram, symmetrically placed relative to the plane )C()1 Z . Therefore,
the middle planes G(k) of each of them reasonable classified as a local oblique
coordinate system X, Ok Vi andx,: Ok y,i, in which (Fig. 1a) X, =x,'( and the

radius vectors of the points O, %) given by a representation

P = xkefk) +yke§k), ) = x;el(k') +y,’{e§k') (1.1
In them unit vectors efk) R efk') satisfies the equations
el.(k)efk) =1, ei(k')efk') =1, el(k)egk) = el(k')egk') =CoS ¢, (1.2)

which according to Fig. la and 1b with unit vectors #, j, K of orthogonal
Cartesian coordinate system related with dependencies
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ioF) — 7o) () — 5, (K) _
e, =ie/ ' =cosa,, ie,’ =ie,  =siny

jé =cosy, jei') =—cosy, jel' = je") =0 W)

ke =ke\" =sina,, ke|” =ke{”) =—sina,

kel = kel") =0

(b)

Figure 1.

Parameterizations (1.1) correspond to the basis vectors (for the elements
1"and 2" compiled following relations must be marked with strokes)

rl(k) = ﬁr(k)/axk = el(k), rz(k) = 8r(k)/8yk = egk) (1.4)
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co- and contravariant components of metric tensor

a' =" =1, afy) =al) =" = cos g, (1.5)
oo L ey cosy (16)
® g sinfg W W, sin’
(k) k (k) Dr

whereq,, = al(f)ag) - al(f)al(f) =1-cos’ ¢, =sin’ ¢, .

For the displacement vectors of core walls we accept following
representations
k k k k k k k
U =uel el 1 m® 2 (el + Ve, )
—t/2< 7, <t/2
1.7)
where e(ik) are the reciprocal basis vectors satisfying the conditions
i LK) gl oei 1 si_ C iy a —el ol (k) -
€ne; =0, (6; =1,6, =0wherei # j), () = €(1)€)- M are the unit
vectors normal to the plane o satisfying  the  equations

el.(k)m(k) =0, mm" =1.
According to the Kirchhoff-Love model, with an average bending for the
(k) (k)

k)’

will take place following dependences.

=), 4 =)

where =0 Ox, . By wusing these relations for the covariant
. * y g

functions i’ and y

components of the tangential deformations are established following relations.

0 =gt z(k)aeff) (1.8)
where
1 1
gl(f) _ u(f) n —w(f)w(f), 5512“) _ v(f) n —w(f)w(yk)
T2 ’ 2 7 (1.9)
Zgl(f) = u(yk) + v,(f) + wff)wfy]‘)
&) =wl), &) =wh, &) =uw (1.10)

Under the assumption of linear elastic behavior of core material when it is

loading the contravariant components of the tension tensors in the walls G&)

(k)

with deformation tensor components &, are related by the elasticity

correlation of the following form

WIT Transactions on Engineering Sciences, Vol 72, © 2011 WIT Press
www.witpress.com, ISSN 1743-3533 (on-line)



Materials Characterisation V. 231

ij E ijml _Z(k
o =1 El )

where FE,Vv are the Young’s modulus of elasticity and Poisson's ratio of wall
material, and E(’j")ﬂ is the tetravalent tensor of the elastic characteristics,

components of which for an isotropic material in plane stress state are defined by
correlations

(k) (%)™ (k) )
Substitution of formulas (1.6) to the correlations (1.12) leads to the formulas

1 151122

(k) sin? 0, > (k)

y . 1—-v
ijml __ ij ml Jjl jm
E’" =va’ .a +—2 (a(k) ()+a() (k ) (1.12)

s 2 2
_ prn _Ysin g, +cos g
O ind ’
sin” @,

112 _ pl12 _ pl21] _ 211l _ 1222 2122 2212
Ew =Euy =By =Ey =Eg =Ey" =Ey =
cos g,

. 4 b
sin” ¢,

1111 2222
By =B =

_ ool
_E(k) =

1+cos’ ¢, —vsin® g,

1212 2121 1221 2112
E22 = g2 pl2n_ pai

(1.13)
® ~Fw TR T Ew 2sin’ @,

We assume that under the loading of the core in the sandwich and multilayer
structural elements in its walls because of their small thickness realized the flat
and membranaceous stress-strain state. In this case, accumulated in them
potential energy of deformation is permissible to calculate by the following
formulas

_H ( gn +2a(‘2£1(§)+0'(k)g§2 )sm(pkdxkdyk (1.14)

where do, =./a,dx,dy, =sin@,dx,dy, is the area of infinitely small

element of the middle plane of k -th core wall, and the components of the

(k)

deformation &, are defined by correlations (1.9). These correlations are written

in linear approximation by dropping the nonlinear terms. After the transition
from a flat membrane state in the perturbed moment state possible due to a loss
of stability of the flat form of equilibrium. To study the perturbed neutral
equilibrium state we will use the variational equation of the Ritz method,
compiled on the basis of relations (1.8)—(1.11).

In the space V of a selected cell of periodicity, referred to orthogonal
Cartesian coordinates X, y and Zz , averaged elastic properties of the core should
be considered orthotropic. The elastic modulus of the first kind £ in the
direction z and the modules of the transverse shifts G_, G in the planes xz

and yz must be determined within the bounds of the model of a transversely
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soft core. If the displacement vector of any point M € V' provide an expansion
U =ui+vj+wk and in cross-sections X = const, y =const, z = const

introduce the averaged voltage 0~'x2,0~'y2,

strain energy will be determined by the expression

G, the accumulated in the volume

I= %w (6o7.+6,7, +6.7. AV (1.15)

where for calculation the transverse shear strain y,_, 7, and axial strain &, of

the homogenized medium in the linear approximation we have the kinematic
relations

_Ou ow _Ov Oow _ow

=4 —,y,. =—+—,86 =— 1.16
z o T & (116

Vi

Using of the principle of equivalence of real and replacing conditional core with
average elastic and strength characteristics requires to preparation of the
equality.

@) (1.17)

which will be used for further calculations.

2 Critical values of the tensions formed in the walls of the
core when it is loading

Assume that in walls of the core in terms of loading formed homogeneous in

L . 1 _2 12
their middle plane tensions Oky> k) and O

To produce the approximate structural formulas for using of theoretical and
experimental method [8], the edges of the walls

x,=0,x,=1,y,=0,y,=d will be assumed simply supported.
Whether for these or other types of loading in the walls of the core forms only

. . 11 2 12
compressive tensions O ) and Ok)> and Ok) =0, when taken under

considerationt pinning the edges of the walls to construct the solution of the

(k)

stability function W'’ can be represented as

W) = AW sin P70 g M) @.1)
I} d
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where m=1,2,....n=1,2,... are the wave numbers. Then with the
introduction of the dimensionless parameters

22
Bi=—" o =0y o) -

For definition of critical value o, (] kl) it is possible to receive the formula

) 2
ol =W L _gp: p o TE [ij 22)

*) sintgp, " 12(1—\/2) A
where
o (g ) +aminipieos’y, | p, 23)
K= 2 2 2 » Di=—= .
m +a,fin s @,

In general, the subcritical tension state, when O'(lkl) 0, O'(lkz) #0 and

O'(Zkz) #0 to construct the solution of the stability function W(k) can be
represented as
.y . T —kex
w) = sin lyk sin (ykd ) (2.4)
k

In a case O'(lkl) = O'(2 kz) =0, using the (2.4) for determination the minimum

. . 12 . . . .
critical tension Ok = Tas it possible to receive an approximate formula

2
") _ by 2 / 2 (2.5)
7. =534+4—=|D,\/1+cos 1+ cos _
éo [ dzj : Dy [ Py 1+cos’ g, J

3 Determination of elastic and strength characteristics

Displacement vector in a space ¥ of core we can represent in the form
z . .
UZZ(MOI+VOJ+WOk), 0<z<h 3.1

where u, = const,v, =const and W, =const — moving the points of the
boundary plane z=h, with a net in-plane shear
x0,z(u, #0,v, =0,w, =0),0,z(u, =0,v, #0,w, =0)  and tension-
compression in the direction of the axis 0,z . We denote

U = e el (k-1202) G
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displacement vectors of faces X, = xl' = 11 and x, = x; =0 walls of the filler,

and for the displacements U (&) of the points M, €0 we take the

approximations
X NOX X
v =2ty v =2, ot :[ -1—2] Uy
1 1 2 (3.3)
U(z') _ l—ﬁ U(Z')
L, )"

The condition of equivalence of the real and the conventional core requires the
satisfaction of the equality

Ul +vy j+wyk = U(()k) = u((]k)e(‘k} + v((]k)e(zk} + w((]k)m(k) (k=1,2,12") (3.4)

S . k .

Scalar multiplication of both sides by vectors ei( ) and using (1.2) (1.3), we
arrive to the dependencies
W =y, cosa, +w, sina,, W =u, siny +v, cos
0o T U 1 0 15 Voo T U SINY TV, 4

(1) _ ; (1)
Uy’ =u,cosa, +w,sina,, v,

(2) _ ; 2 _y o
Uy’ =u,cosa, —w,sina,, v, =u,siny +v,cosy

(2) _ i (2) ) g
Uy ' =u,CoSa, —W,sIna,, v, =u,siny —v,cosy

u

=u, siny —v, cosy 35)

In component form the vector equalities (3.4) lead to the approximating
functions

W = 1222 [y, 4@ = 122 | (3.6)
12 12

By the substitution into the linear kinematic relations

9 2y o)y 2gh) ) 40 6

compute the components of deformation in the walls of the core in the membrane
approximation.
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Compiled on the basis of the relations, we consider the case of the periodicity
cell of core by tension and compression along the axis z (Wo #0,u, =v, = 0)

in the case of loading we can get formulas:

e = el =sin” o =t o) = o)) =) =) =0 (3.8)
no_ ) E sin”a, w,
O 71—y 7O T V2 sint g, b
E i :
ol = — E(Zkz)”gl(l) =(vsin® g, +cos’ g, )O'(lkl)
12 2F

Oy = 1-12 E(lkz)“gl(f) =—Cos ¢ko-(1k1) (3.9

From which follows that in the condition of tensile fracture of core (W, >0 ) is
possible because of the destruction of the adhesive layer connecting the core with
a bearing layer, and while compression (W, < 0) due to loss of stability of the

walls in her bilateral compression and shear.
When we approximating the displacements of the averaged core (3.1), it
formed the strains and stresses
W, u v, - W,
(3.10)

u V,

~1 ~2

63=ze_0,(;3=Gyz_0
h h

where the homogenized elastic modules £_, G and Gyz must be determined.

By using the relations (3.10) in accordance with expression (1.15) for calculation
I we arrive at the formulas in the case 1, =v, =0

I' =hd(ctga, +ciga, ) sinyé > w, (3.11)
I =d(ctga, +ciga, )siny E.w, (3.12)

and by using relations (3.8) and (3.9), in accordance with (1.14) for calculation

1

*) we arrive to the formulas
- sin ¢, sin o
. E . 3 2
joo= sin” «, &(k =1’2’1!’2!) (3.14)

® 71—y 2sin’ o,
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By substituting relations (3.12) , (3.14) from equation (1.17) we can obtain a
formula to determine £

E t 2, sin’ @,
o= 5 — (3.15)
1-v- h (ctgoz1 + ctgaz) o sin” @,
and using (3.13) from (1.17) we can obtain the following dependence
- t 2 . :
67 > oy, sina, sin g, (3.16)

~ hsiny (ctga, +ciga,) 5

In the case of the maximum tensile stresses O'(1 ,:),0(2 kz),O'(1 kz) are largest in the

. . . . ) . 4
wall, in which the maximum value is 6, =sin” ¢, / sin” @, .The process of

destruction in it begins when certain tensile strength ¢ is reached. As in real

cores, angles &, and @, do not have significant difference, it is possible to

assume that when the strength reaches (7(111) or 6(121) the simultaneous failure of all

four walls of the core begins. Under these assumptions to determine the limit

33

c .~ at which the core is destroyed we can create equality

+

to

2
Zsin a, sing, (3.17)

Gy =
* hsiny (ctga, +ciga, ) o

From it by the experimentally determined value & i3 determined the quantity

o’.

When compressing of the core begins its destruction due to the destruction of

the buckling of the wall, which formed the voltage O'(1 kl) at a given dimensions
4, =vsin® @, +cos’ ¢, and cos@, = _0(1;)/0_(1;)

reaches a critical value

2 2 i 2
'k t 7 Esin” o t
o), =K | =k" & (—j (3.18)
12(l—v )sm o, \ l2(l—v )sm o,
Assuming further that for the real core loss of stability of a wall immediately
causes a loss of stability of a second wall, we form the equation G(Ikl)* = G(Ikl) ,

from which to determine the lateral deformation at the moment of loss of
stability [9] by using relations (3.9) and (3.18) follows the formula

* 2 2
[ﬁj :Kj_[ij G.19)
h 12\ A
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where K)(Cl) ~ Kiz) ~ K . However

©’E P& sin’a
6P =K, . ( ) > k (3.20)
12(1 -’ )sml//(ctgcz1 +etga, )\ h) 1T sin’ g,

For given parameters FE ,V,t/ h,ak and @, of the core the experimentally
determined value of critical stress G of the derived formula (3.20) is

determined by a dimensionless coefficient K .

Elastic and strength characteristics of the core in a shift in planes XoZ YoZ
are defined by analogy with the stated above.

4 Conclusions

Theoretical and the experimental methods presented in this article allow to
define the averaged elastic and strength characteristics of sandwich folded fillers
on the basis of use of analytical expressions for definition of the critical tensions
formed in walls of a filler while loading.
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