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Abstract 

The aim of this work is to present a model of load transfer between porous 
matrix and short fibres in ceramic matrix composites. This analysis is based on 
the earlier shear-lag models used for polymeric composites. However, geometry 
and strength of fibres in addition to the matrix porosity are included in the 
present analysis. The theoretical curves for the longitudinal and shear stresses 
distributions along the fibre-porous matrix interface are presented. They 
exhibited a maximum strength point at the middle of the short fibres. It became 
evident that the critical length is governed by the relative properties of the fibres, 
matrix and porosity, which greatly influenced the load carrying capacity of the 
fibres in the composites. In addition, the present simplified solution facilitates 
the understanding of the interface mechanism using porous matrix. 
Keywords:  modelling, ceramic matrix composites, shear-lag models, porous 
ceramics. 

1 Introduction 

Modern structural ceramic composites possess a number of unique properties 
that cannot be achieved by other materials. Therefore, they have a potential for 
saving energy, reducing wear, and increasing the lifetime of components [1]. 
However, regardless of their remarkable properties, structural ceramics are not as 
widely used in industry as they should and could be. Among the reasons for the 
reluctance of industry to introduce structural ceramic as components are [1]: 
 

• high price of ceramic parts,  
• insufficient knowledge in “traditional” metal-oriented engineering,  
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• low toughness,  
• need of redesigning components to meet specific requirements. 

     In the case of ceramic composites, the price factor is still the major limitation 
in terms of commercial applications. This is especially true for components made 
of composites with complex structures and requiring mechanical performance 
and reliability. To this aim, fibre-reinforced ceramic composites have been 
developed to overcome the fragility and unreliability of monolithic ceramics. 
Their main advantages are high-temperature resistance, low density, better 
corrosion resistance and adequate damage tolerance [2]. 
     There is a wide range of fibre-reinforced ceramic composites depending on 
the chemical composition of the matrix and reinforcement, although currently 
only Cf-C/SiC composites produced by silicon infiltration have reached 
commercial production. However, fibre-reinforced ceramic composites based on 
oxides (alumina, mullite) can provide key benefits about long-term stability 
under oxidizing atmospheres [2]. 
     Despite considerable interest in oxide ceramic composites in the past decade 
[3–5], there is still no production concept that meets the requirements in view of 
cost and performance. 
     This study aims to investigate the load transfer phenomenon in ceramic-ceramic 
short fibre composites, using a simplified mathematical model that aims to predict 
the actual effectiveness of reinforcement depending on the material properties. 

2 Modelling 

2.1 Previous considerations and analysis 

Considering a loaded composite made of a dense fibre with length 2L embedded in 
a porous matrix made of the same material of the fibre, hereby is assumed that no 
slippage occurs between fibre and matrix. It should be also considered that the 
Poisson’s ratio of fibre and matrix is the same, which implies on the inexistence of 
transversal stress when the loading is applied along the fibre. Considering the 
displacements in the fibre u and far away from the fibre v: (Fig. 1): 

 

Figure 1: Simplified scheme of the stress field around the fibre. (a) without 
loading; (b) loaded [6]. 
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From Hooke’s law: 

 
P

E E
A L

     (1)

Taking the differential: 
 

dP EA d

dx L dx


   (2)

 
Cox proposes a similar behaviour [7]: 

( )fdP
B u v

dx
   (3)

where Pf is the load acting on the fibre and B is a constant that depends on the 
fibre distribution and the Young’s Modulus of fibre and matrix. 
 
     Differentiation of Eq. (3) leads to: 

2

2
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B
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 (4) 

 
     The derivatives of u and v can be taken as the deformations in the fibre and 
matrix, respectively: 
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Substitution of (5) and (6) in (4), gives: 
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     A solution to this differential equation leads to: 

   sinh coshf f fP E A S x T x      (8) 

where: 
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f f

B

E A
   (9) 

and S and T are constants defined by the boundary conditions. 
     To simplify the solution, instead of the stress distribution proposed by Cox, a 
model proposing that the stress drop in the extremity of the fibre follows a 
quadratic behaviour. 
     To evaluate the model herein described, it is possible to apply the equations to 
a model composite, made of a porous alumina matrix and alumina fibres. Table 1 
summarizes the properties that are relevant for the calculation. 

Table 1:  Properties of the model composite. 

Property Value 
Fibre volume fraction 0.45 

Matrix porosity fraction 0.24 
Fibre length – 2l (mm) 50.8 

Fibre diameter (μm) 10 
Ratio Critical length/Length or α 0.25 

2.2 Proposed model 

According to Fig. 2, let us consider a composite with fibres whose length is 2L, 
diameter 2r and Young’s modulus Ef, embedded in a matrix with porosity ρ, 
made of the same material of the fibre. Hereby we define the critical length Lc, in 
which from the tip of the fibre the stress distribution isn’t constant by the shear-
lag between matrix and fibre. It is more feasible to work with α, the ratio 
between the critical length and fibre length, being Lc =α·L. 
 

 

Figure 2: Proposed stress distribution and boundary conditions. 
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     It can be proposed that the stress distribution between the points L-αL and L 
follows a behaviour such as: 

( )f x Ax B    (10) 

By using the boundary conditions given in Fig. 2, and substituting them in (10): 

( )  fE A L L B   (11) 

(1 )  fE AL B   (12) 
 

Isolating B in (12) and replacing in (11): 

(1 ) ( )    f fE AL E A L L     (13) 

fE A L     (14) 

And then: 

  fE
A

L

 


 (15) 

By replacing A from (12): 

(1 )   f
f

E
E B

 
 


 (16) 

Therefore, B is given by: 

1
1 1 fB E 


        

 (17) 

By replacing the constants in (10), we have the stress distribution behaviour: 
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 (18) 

     To determine the shear stresses along the fibre, the force equilibrium in a 
fibre element with diameter 2r and length dx is made in the x direction, resulting 
in: 

2 2 0r rdx        (19) 
 
Then, the shear stresses are given by: 
 

2

r d

dx

    (20) 
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By the differential of (18): 
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  (21) 

  
 

 

Figure 3: Stress distribution along the fibre for different matrix porosities. 
α=0.25. 

 
Figure 4: Force equilibrium in a fibre element whose length is dx. 

     With the stress distribution along the fibre, it is possible to calculate the 
average stress carried by the fibre in the composite, given by: 

0

1
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f f x dx
L

    (22) 

     For α ≥ 1, i.e. the fibre is shorter than the critical length: 
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            (23) 
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Figure 5: Shear stress distribution along the fibre for different matrix 

porosities. α=0.25. 

Then, 

1
2f fE
  


     
 (24) 

 
     And for 0 < α < 1, i.e., the fibre is longer than the critical length: 
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 (25) 

 
Therefore: 
 

1
2f fE
     

 
 (26) 

     With the average stresses well defined, we can define the stresses in the ply 
longitudinal and transversal directions. When the matrix material is the same as 
the fibre, it is possible to write the elastic modulus of the matrix as a function of 
the fibre modulus: 

bp
m fE E e  (27) 

where b is a shape factor that depends on the pore shape and distribution. 
 

Materials Characterisation V  171

 
 www.witpress.com, ISSN 1743-3533 (on-line) 
WIT Transactions on Engineering Sciences, Vol 72, © 2011 WIT Press



 

Figure 6: Longitudinal resistance of the composite [6]. 

 
     The stress on the transversal direction is proportional to the matrix maximum 
stress, given by: 
 

bp
T m fE e      (28) 

 
     The stress on the longitudinal direction is given by the average value between 
matrix and fibre, based on the volumetric fractions of fibre and matrix: 
 

   1 1 bp
L m f f f f f f fE e               (29) 

 
Therefore for 0 < α < 1: 
 

 1 1
2
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L f f f fE e E

          
 

 (30) 

 
     And for α > 1: 
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2
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L f f f fE e E

     


        
 (31) 
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Figure 7: Longitudinal ply ultimate strength, for different α. 

 

Figure 8: Longitudinal ply ultimate strength for different porosities. 

3 Conclusions 

A load transfer model was proposed to ceramic composites, which relates the 
matrix porosity and fibre length with the mechanical strength of such 
composites. It is hoped that the experimental validation of the model can be 
established or any changes aimed at increasing its accuracy can be made. 
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