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Abstract

Design of hydraulic structures, optimal operation of reservoirs, and flood
forecasting involve estimation of flood flows Xj, with given prespecified return
period. We present here some theoretical aspects concerning the fitting of
statistical distributions to annual maximal flows, which is a privileged tool for
determining Xj and its confidence intervals. We also present the Halphen
distributions of type A, B and B~* and a synthesis of the most recent theoretical
developments about them.

Introduction

Engineering activities such as the design of hydraulic structures, the
management of water resources systems, and the prevention of flood damage,
all require an estimation of flood characteristics. This estimation must be as
precise as possible because over-estimation can lead to a large increase in costs,
while an under-estimation can lead to high risk of flood damage and to the loss
of human life.

Hydrological frequency analysis deals with the estimation of flood
characteristics such as the probability of occurrence of a given flood, or of the
flood corresponding to a given return period.

To assist engineers in performing hydrological frequency analysis, we have
developed the software Ajuste II. This publication presents theoretical aspects
of that software, while companion paper presents its software aspects and an
application.
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244 Hydraulic Engineering Software

Definition of risk and return period

The main objective of hydrological frequency analysis is to establish the relation
between extreme hydrological events (floods, droughts, etc.) and their
exceedance (or non-exceedance) probability. An extreme hydrological event
is a situation that can lead to a risk. In hydrology, such an event is related to a
return period T. The extreme hydrological event and the interpretation of the
return period depend on the type of risk and the random variable considered .

For example, to determine the size of a hydraulic structure, it is important to
evaluate the risk of failure (overflow). Let us suppose that the maximum annual
flood corresponds to a random variable X having a probability density function
(p.d.f.) denoted f(x;Q), where 0 = (0̂ 0̂  ..., dp) is a set of parameters. The
cumulative distribution function (c.d.f) is given by :

(1.)

and hydrological risk defined as the probability for a maximum annual flood X
to be superior to some critical value x^ :

= l-F(*,;8) (2.)

Let us consider the following two complementary and mutually exclusive
events:

J = {Z>jcJand7 = {̂ <*J (3.)

where A represents a failure event (an overflow for example), and A a non-
failure event. These two events describe a Bernoulli trial with :

Prob{̂ } = p and Prob{7} - 1 - p (4.)

If Z is the time (in years) between two failure events A = {X > xj, we can
show that Z is a random variable distributed as a geometric distribution with
p.d.f. Prob(Z = z) = (l -/?)*"'/>, (z= 1,2,3, ... ). We can deduce that:

4Z] = - =7% (5.)

where E[Z] = T is the mean time between two events A = {X> xj. T is called
the return period for the event A = {X > xj. If we define the critical value in
terms of the return period T(XT= xj, we obtain from equations (2) and (5) :

8) = l (6.)
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Hydraulic Engineering Software 245

The value Xj, is called the quantile of return period T and is a function of the
parameters 6 , the cumulative distribution function F and T given by :

(7.)

where F~* is the inverse of the cumulative distribution function F.

In practice, Xj. is estimated by fitting a statistical distribution to a sample of
maximum annual floods constructed from historical records of daily flows. To
apply this methodology, the sample has to meet some statistical hypotheses. In
particular, the observations must be independant and identically distributed
(iid):

a) independence means no autocorrelation and can be verified by Wald-
Wolfowitz test [11];

b) identically distributed means that the observations come from the same
statistical population F(x;0), which implies :

- Stationarity (Kendall test [8]);
- Homogeneity (Mann and Whitney test [9]); and
- Absence of outliers (discordancy test adapted to each distribution, for

example the Grubbs and Beck test [6] for the normal distribution).

When the observations are independent and identically distributed, it is possible
to obtain an estimate Xj. of x^ (given by eqn 7.) using the equation :

* '̂ (8.)

Hence, it suffices to estimate the distribution parameters (cf. section on
parameter estimation) by 0 and then use equation (8.) in order to obtain the
estimation X? of the unknown value x^.

Adaptation to droughts

Low flows (droughts) may affect hydropower production which may be
insufficient to satisfy the demand. To manage adequately the hydropower
production, it is necessary to understand this type of event. We must evaluate
the non-exceedance probability of the critical value y^.

In that case, hydrological risk is the probability for minimum flow Y to be
inferior or equal to that critical value y# which is the probability that the event
B = {Y<yj} occurs. If we assume that the minimum annual flow 7 is also

distributed according to the distribution F, and that prob{£) = 1 - TT, it is
possible to define (in an entirely analogous manner than for maximum annual
flood) the hydrological risk and the annual minimum flow of return period T:
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246 Hydraulic Engineering Software

Q) = l-x (9.)

If we consider the critical value in terms of the return period T (y^ = ŷ ), we
obtain :

(10.)

and

(11.)

Table 1 summarizes the principal output from frequency analysis and illustrates
the correspondence between flood and drought events.

Table 1. Output from frequency analysis.

Extreme
event

Flood

Drought

Random
variable

X

Y

Failure

/4 = (Jf>xJ

a=(7<x,)

Risk

1
P —

1-̂ 1
T

Flow of return
period T

'̂H4

yr = {̂-A
[T'-J

Parameter estimation

Usually, it is difficult, if not impossible, to identify exactly the form of the
cumulative distribution function F of the data. The theoretical moments and the
quantiles for a hydrological random variable are unknown. However,
estimation of the parameters of a given distribution F can be obtained from a
series of observations (x̂ ,x̂ ,...xj of the random variable X. It is then possible to
estimate the unknown quantiles Jtj,

Many parameter estimation methods exist for most common distributions used
in hydrology. In particular, the following can be considered :

• the maximum likelihood method;
• the methods of moments :

- Direct method of moments (for example for log-Pearson type
III, Bob6e [2]) ;

- Sundry averages method (Bobee [3]), which use moments of
order; -1, 0 and 1;
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Hydraulic Engineering Software 247

- Indirect method of moments on the Log of the observations
(for example for log-Pearson type III, WRC [13]).

Many studies have been conducted to compare the estimation methods for a
given distribution. We note in particular, the study related to the gamma family
(Gamma, Log Gamma, Pearson, Log Pearson, Generalized Gamma) by
Messaoudi [10]. Based on that study, we have chosen the estimation methods
in function of their predictive ability (Cunnane [5]) :

Table 2 shows the estimation methods we have implemented for each
distribution included in Ajuste II..

Table 2. List of distributions and estimation methods in Ajuste II

Distributions Estimation methods

Gamma
Generalized Gamma
Pearson Type 3
Log-Pearson Type 3

Inverted Gamma
Generalised extreme value

Gumbel
Weibull
Halphen (type A, B and B'*
Normal
Log-normal (2 parameters)
Log-normal (3 parameters)
Exponential (2 parameters)

Maximum Likelihood, Method of moments
Maximum Likelihood, Method of moments
Maximum Likelihood, Method of moments
Direct method of moments, Sundry averages
method, Method of moments on the Log of
the observations
Maximum likelihood
Maximum Likelihood, Method of moments,
Probability weighted moments
Maximum Likelihood, Method of moments
Maximum Likelihood, Method of moments
Maximum Likelihood
Maximum Likelihood
Maximum Likelihood
Maximum Likelihood, Method of moments
Maximum Likelihood

Halphen distributions

One of the most interesting characteristics of Ajuste II is the possibility to fit
the Halphen distributions [7] These distributions, denoted type A, B and B'*,
have been presented by Bobee et al. [4] and are summarized here.

The p.d.f. for the type A is given by :

1 I , x m
-a\ — + —

,777 X
(12)
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248 Hydraulic Engineering Software

where u and a > 0 are shape parameters, and m > 0 is a scale parameter. The
constant Kĵ l a) is a modified Bessel function of the second kind (Watson,

1966).

For the type B, the p.d.f. is given by :

2
exp

m \
(13.)

where the constant efj(d) is the exponential factorial function defined by

Halphen as :

(14.)

and for the type B~*, the p.d.f. is given by :

/̂ _, (*; e,m, u) = -̂ -7* ^ ' exp x>0 (15.)

One of the statistical characteristics of those distributions is that they possess
joint sufficient and complete statistics, which lead to the existence of unbiased
estimators with minimum variance for the parameters. Given that property, it
can be shown (Bickel et Doksum [1]) that optimal estimators exist and are
functions of the maximum likelihood estimators. The Halphen distributions are
the only three parameter distribution used in hydrology that have that statistical
characteristic.

For the type A, maximum likelihood estimators are the unique solution of the
system :

m H
(16.)

A

, _
= lnG

where A is the arithmetic mean, H the harmonic mean, and G the geometric
mean.

The systems of ML-equations associated to the Halphen distributions are non-
linear and must be solved using iterative procedures. They involve the Bessel
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Hydraulic Engineering Software 249

and exponential factorial functions and are difficult to manipulate. Numerical
problems pertaining to the estimation of the parameters a and u have led us to
consider a two step estimation. This approach consists first to obtain some
estimates a and m of the parameters a and m, using a fixed parameter v. Then,
we maximize the partial maximum likelihood function L(u\ a,m) to determine
an optimal value for v and obtain the corresponding optimal values of a and
m.

Finaly, since m is a scale parameter, it is possible to show that if X > 0 is
Halphen of type A, B or EH distributed, then the random variable Y=kX (where
KO) is of the same distribution. That is, if X - h£x',a,m,u) then
Y = kX - hj(x;a,km,v).

It is also possible to show that there exists a general relation between the
distributions of type B and B~* such that if X ~ /7̂ ./(x;a,/w,u) then

Conclusions

Hydrological frequency analysis is an important tool for engineers to design
hydraulic structures, to manage water resources systems, and to prevent flood
damage. This analysis must be as precise as possible to avoid large increase in
costs and loss of human life.

In this paper, we have presented some theoretical aspects of hydrological
frequency analysis, in particular how to establish the relation between extreme
hydrological events (floods, droughts, etc.) and their exceedance (or non-
exceedance) probability. We have shown how to estimate the critical value Xj.
associated with a return period T.

Also, we have presented some theoretical aspect of the Halphen distributions.
Those distributions are complex since they involve the Bessel and exponential
factorial functions. The systems of ML-equations are non-linear and must be
solved using Newton-Raphson method. Furthermore, there is no explicit
function for the estimation x^ of x^. Therefore, numerical approximations have
to be used.

To help engineers perform hydrological frequency analysis, we have developed
the software Ajuste II. In the second part of this paper ('Ajuste II :
Hydrological frequency analysis software, Part 2 : Software aspects and
applications") we present some features of that software, how we have solved
some numerical problems encountered during the development, and an
application.
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