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Abstract 

The paper demonstrates that more useful information can be extracted from the 
boiling analysis by consistently incorporating gross turbulence characteristics 
and appropriate local volume and time averaging.  
Keywords: heat transfer, nucleate boiling, flow boiling. 

1 Introduction 

Common practice in thermal engineering today is to use empirical correlations 
for heat transfer. Advances in the knowledge like turbulence modeling in two 
phase flow, tracing the history of origination of bubbles, droplets etc., dynamic 
two-phase flow pattern recognition etc., require more information from the heat 
transfer models like haw to consider the deviation from the developed 
turbulence, haw to provide internal characteristics of boiling like bubble 
departure diameters and frequencies and others. This paper demonstrates that 
more information can be exhausted from the analysis by consistently 
incorporating even of gross turbulence characteristics in the analysis and 
appropriate local volume and time averaging. 

2 Single phase flow 

The well-known Dittus-Boelter  empirical correlation [1] modeling single phase 
heat transfer in a pipe 
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reproduces for instance [2] data with a mean error of 3%, see Fig. 1a.  
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Figure 1: Predicted Nusselt number as a function of the computed:  
a) correlation [3]; b) small eddy wall renewal hypothesis using the 
blasius equation for the friction pressure loss. Data [2]. 

     Imagine a flow behind a spacer grid in bundle where the turbulence jumps to 
a maximum and then decay along the flow. Improvement of the heat transfer 
behind the grid and then exponential decay to the developed heat transfer is 
experimentally observed in [3] p. 7-43. Empirical correlation was proposed in [3] 
but an attempt to link deterministically this phenomenon with flow parameters 
was not done so far. Kolev [4], simulating boiling in a BWR bundle, reported the 
changes in the specific turbulent kinetic energy of the liquid and its dissipation as 
shown on Fig. 2.  
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Figure 2: Bundle 1-1, 1 OECD/NRC Benchmark test problem no. 5, [4]: 
Turbulence of boiling liquid in rod bundle computed with IVA 
computer code, [4]. a) Turbulent kinetic energy as a function of the 
axial coordinate; b) Dissipation of the turbulent kinetic energy as a 
function of the axial coordinate. 

     The jumps, behind the spacer grids are clearly visible. Obviously, the 
improvement of the heat transfer behind the grids is somehow connected to the 
turbulence, but how? How to connect the heat transfer to the turbulence 
characteristics in this case is our first subject to be solved. This author will first 
derive the equivalent to the Dittus and Boelter correlation starting with the 
visualization that before jumping apart from the wall, the turbulent eddies stay at 
the wall during the time , ,e l  , and receive heat from the wall by heat 
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conduction. Therefore, the average heat flux at the wall follows the analytical 
solution of the Fourier equation averaged over the period ,e l  
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     With this result the following ratio will be easily obtained  

  1/ 2

, , , ,wl wl e l e lq q          . (3) 

Therefore, increasing the frequency of turbulence with respect to steady 
developed flow increases heat transfer by following a square root function. 

     This is the asked relation. For practical application the reader will find in [5]: 

  22 0.8 0.4
, , 0.012Re Pre l h l lD a 
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, (4) 

 ,e l l lb    . (5) 

     The comparison of Eq. 2 in the form 

 
 

1/ 4
3 / 4

, 3 / 4 1/ 2
lim1/ 2 1/ 2

2
1 Re Pr

8
frwl h

fr l
w l l

q D
y

T T b




 
 

  
   

     


, (6) 

derived in [5] p. 79 with data given on Fig. 1b gives b = 98.32 resulting in a 
mean error of 6.4% and increasing divergence for lower Prandtl numbers. 
Replacing Eqs. 4 and 5 in 3 results in 
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3 Two phase flow boiling 

Integrating Eq. 2 for two phase flow in a channel results in 
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[5] p. 83. Now let us build the ratio of the two-phase Nusselt number to the 
Nusselt number computed so that all the two phase mass flow consists of 
continuum only. The result is 
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     Here the Nusselt number coNu  was computed assuming that the effective 

Reynolds number is computed so that all the two phase mass flow possesses the 
properties of the continuum  Reco h cD w  . 

We immediately recognize that the increase of the turbulence leading to 
increase of the friction pressure drop is responsible for the increased heat 
transfer from or to the wall in the two phase flow region. Here 2

co  is the 

Martinelli-Nelson multiplier.  

     Assuming a superposition of convective heat transfer and nucleate boiling as 

already done by many other authors results in 2 2
total boilingh h h  , where 

 1/ 42
co c coh h  . 

     The success of such approach depends on the accuracy of the two-phase 
pressure drop ratio. From Sani’s experiment [2] this author obtain 

    2
2 1519.69039exp 0.07719 167.21358exp 0.5413o tt ttX X     , (10) 

see Fig. 3a. Using for the nucleate boiling mode that will be discussed in the next 
chapter, [5], and the slightly corrected theoretical result  

  0.352
co coNu Nu   (11) 

results in mean averaged error of 11% compared to the Sani’s data [2]. Note, that 
the contribution of the forced convection in convection boiling is substantial as 
shown in Fig. 3b. Once again, this correlation can be additionally corrected due 
to existing of non-developed turbulence after spacer grids. 
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Figure 3: a) Friction pressure drop gradient divided by the friction pressure 
drop gradient computed if the total mass is flowing through the 
channel with liquid properties as a function of the Martinelli 
parameter: b) The part of nucleate boiling in flow boiling 
experiments performed by [2] computed with Chen’s model [6]. 
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4 Droplet deposition and local turbulence 

Droplets deposition mass flow rate  
32

w , known to be a function of the 

fluctuation velocity 1u of the carrying steam 
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[5] p. 172, influences dry out location. Here   is Zaichik’s reflection 

coefficient, 13  is the particle relaxation time. It is obvious that  
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Therefore, increasing the turbulent kinetic energy of the continuum with 
respect to the steady developed flow, increases droplet deposition by 
following a square root function. 

5 Internal characteristics of boiling 

5.1 Bubble departure diameter 

The bubble departure diameter at nuclide boiling is an important characteristic of 
the boiling process. It defines the bubble birth in a flow, influences flow and heat 
transfer characteristics. That the analytical description is a challenging problem 
is demonstrated on Fig. 4 where many theories are compared with data for water 
at atmospheric conditions and horizontal polished surface. When coupling the  
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Figure 4: Bubble departure diameter as a function of superheating. Saturated 
water pool boiling at 0.1 MPa pressure. For data sources and 
models used see [5, p. 418]. 
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acting forces in the momentum equations for normal and perpendicular 
directions with heat conduction into the liquid, the result is the following 
expression defining the bubble departure diameter 

    23

1 1 , 1 1 , 1 d d nc d d fcD D D D , (15) 

 [5, p. 424, 7]. Here 1 ,d ncD  and 1 ,d fcD  are bubble departure diameters for natural 

or forced convection only. The predictions in Figs. 5 and 6 demonstrate the 
progress regarding the state of the art.  
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Figure 5: a) Bubble departure diameter as a function of superheating. 
Saturated water pool boiling at 0.1 MPa pressure. For data sources 
used see [5, p. 426];  b)  Bubble  departure  diameter  as  a  function  of  
the superheat. Parameter: wetting angle. 
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Figure 6: a) Bubble departure diameter as function of mass flow rate. 
Saturated water flow boiling at 0.1 MPa pressure. Dhy = 0.019 m, 
Tw - T2 = 15 K. 1 For data sources used see  [5, p. 426]; b) Bubble 
departure diameter as a function of pressure. Saturated water pool 
boiling, superheat = 7.2 K. Data of Tolubinsky and Ostrovsky: 1 
Permalloy, 2 brass, 3 copper. Data of Semeria: 4 wire D = 0.8mm, 
5, 6 plate. 7 Model. For data sources used see [5, p. 427]. 
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The decreasing part after a maximum in Fig. 5a, data by Gaertner [8], can 
only be explained with a mutual bubble interaction shear force introduced 
into the momentum equation.  

     Neglecting this force causes monotonic increase of bubble departure size with 
increasing wall temperature difference which is the opposite of the 
experimentally observed trend. Water subcooling influences the maximum of 
bubble departure diameter as seen in Fig. 7. It is interesting to see that the theory 
gives a specific superheating value for a given sub-cooling at which bubbles can 
detach from a wall. At lower superheats we have the so called regime of the 
sliding bubbles. Knowing the bubble departure diameter and the law of bubble 
growth, the time for bubble growth 1d  until departure is easily computed. 

With the waiting time 1w until the bubble starts to grow, Han and Griffith [9], 

the bubble departure frequency is  1 1 11/w d wf      . This is an important 

characteristic influencing the heat flux at the wall but also the turbulence 
generation due to bubble generation. 
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Figure 7: Bubble departure diameter at horizontal surface without flow as 
function of the wall superheating at 1bar. Parameter – water sub-
cooling. Stagnant liquid. 

5.2 Turbulence generation due to nucleated boiling 

Boiling at hot surfaces can substantially modify the turbulence in the boundary 
layer depending on the bubble departure diameter. Because the bubble departure 
diameter 1dD is inversely proportional to the square of the velocity, with 

increasing velocity the diameter decreases. For bubble departure diameters 
comparable or larger than the viscous sub-layer the influence is important. This 
author identifies two mechanisms producing turbulence in this case: a) The 
expansion work of a single bubble in W/m³ is  

  3
1 2

2 2

1
1

6 dD p T p
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[10], being introduced into the surrounding liquid; b) The work for displacement 
of the surrounding liquid after the bubble departure in W/m³ is 

  23
1 21
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6 4
d

dD V
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, (15) 

[10], with a virtual mass coefficient equal to ½. Given the heat perimeter   of 
the channel over the section z  the total amount of turbulence production per 
unit volume within a boundary layer with thickness  is 
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     Here 1wf  is the bubble departure frequency. 

5.3 Heat transfer in nucleate boiling 

Now we realize that the turbulence generated by the bubble departure is an 
important mixing mechanism influencing the boiling heat transfer. Before detach 
away from the wall, the turbulent eddies stay at the wall during the time 11/ t

wf  

and receive heat from the wall by heat conduction. Therefore, the average heat 
flux at the wall follows again the analytical solution of the Fourier equation 
averaged over the period 11/ t
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     The idea to use the time-averaged heat flux at the wall stems from [20].  

In contrast to these authors the turbulence renewal period rather than the 
bubble departure time is used here.  

     The time- and space-averaged pulsation velocity is then  

 1/ 22 2 1
2 2,inf 1
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( / )
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d d

w
w d w d
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     The derivation was first published in [11], see also [10, p. 448].  Here 1wn are 

the active nucleation sides and 2
1 12B R dR d  turns out to be a property of the 

local thermal condition for thermal controlled bubble growth, see Appendix 13.1 
in [10, p. 386]. The above time- and space-averaged pulsation velocity is in fact 
the space-averaged micro-convection velocity , first computed in [12],  see also 
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[13, p. 12], which is then time averaged. The fluctuation frequency is therefore a 
function of the bubble departure frequency  
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but is not identical with it. Substituting Eq. (19) in (17) this author obtain in [11] 
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     Here  1/ 2

1 2 / 0.84c   is of order of unity. For the data comparison the value 

of c1 = 1.4626 was used. Because 1w  is a very rough estimate for the average 

waiting time and therefore the ratio 1 1/w d    is only approximately 

analytically known, we introduce a empirical constant that has to be close to 
unity in 2 1 1/w dc    . It turned out from comparison with data that c2 = 0.7  

[14]. 
     First of all Eq. 20 demonstrates, that it is impossible to predict boiling heat 
transfer without knowing the nucleation characteristics of the specific surfaces. 
This is exactly what makes the prediction of boiling so difficult. But if this 
function is known, as it is the case with the data of Wang and Dhir, and is well 
approximated as demonstrated in Fig. 8, the prediction of Eq. 20 as given in Fig, 
9a is astonishing. It not only discriminates the cases with different wetting angle 
for the boiling heat transfer (the larger wetting angle the better the boiling heat 
transfer), but inherently predicts critical heat flux (the larger wetting angle the 
smaller the CHF), and a mechanism which looks like a transition boiling. The 
effect of not performing a time averaging of the heat flux is demonstrated in Fig. 
9b. For the finally obtained equation the most unexpected effect introduced by 
the additional time averaging by considering the mutual bubble interaction is the 
capability to predict the critical heat flux.  
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Figure 8: Active nucleation site density as a function of the superheat. 
Comparison: best fit with Wang and Dhir’s primary data  [14]. 
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Figure 9: a) Heat flux as a function of the wall superheat: Prediction in [15] 
data by Eq. 20. Parameter: wetting angle. Best fit of the nucleation 
data as given in Fig. 10  [14]; b) Wang and Dhir experimental data 
for heat flux as a function of superheat for saturated water at 0.1 
MPa and for three different static contact angles: 1) 90 deg; 2) 35 
deg; and 3) 18 deg. 4), 5), 6) Prediction of the new theory for the 
corresponding static contact angles without taking into account the 
time averaging that is with c2 = 0  [14]. 
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Figure 10: a) Comparison between Chen correlation with Forster and Zuber 
[12] nucleate boiling model and the data by [2]; b) Comparison 
between the Chen correlation [6] with Kolev [14] nucleate boiling 
model. 

     The performance of Eq. 20 within the Chen’s flow boiling model is given in 

Fig. 10. This author’s recommendation to use in 2 2
total boilingh h h   Eqs. (11) 

and (20) is not because it will change the good performance of the Chen 
correlation, but because this approach predicts internal characteristics of the flow 
each of it validated by experiment analytically. This is important for the future 
use in multiphase CFD where details about the flow field generation have to be 
also predicted by constitutive relation as summarized in this paper. 
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5.4 Film boiling on a vertical surface at mixed convection 

Film boiling at vertical surface, Fig. 11, at mixed convection is well described by 
integrating the mass momentum and energy conservation equations over a single 
cycle of instability wave length. The averaged film boiling heat transfer 
coefficient obtained by this author in [16] is 

 FB

sp
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h
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where 2 / 3ncc  , and 1fcc   and 
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, (24) 

 

Figure 11: a) Geometry definition for film boiling on vertical wall. b) 
Instability of film boiling  [16]; c) Comparison between the film 
boiling model and the data base  of the KTH – Sweden,  Okkonen 
et al. [17] Vaeth’s radiation model [18] incorporated. 1.5m vertical 
wall. Water at atmospheric pressure and subcooling 3 to 42. Wall 
superheat 487 to 1236K. 

     On how to compute the different parameters as a function of the local 
conditions especially the vapor/liquid boundary layer thickness ratio  , see [10] 

p. 536. When liquid velocity is equal to zero, r* = 0, the expected solution 

nch h  is obtained. Equation (21) was an important new result in 1998. This 

represents the average heat transfer coefficient for mixed convection as a 
function of the average flow properties, the heat transfer coefficient for natural 
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convection and the Froude number. The accuracy of this equation is 
demonstrated in Fig. 14 where the prediction of the data from [17] was within 
10% error band. The method was analytically validated for a second time in [19] 
and extended to hot jet heat transfer. 

6 Conclusions 

This paper demonstrates that more information can be extracted from the 
analysis by incorporating even of gross turbulence characteristics consistently in 
the analysis and appropriate local volume and time averaging. The main findings 
are: 
1) Even in large scale analysis, the steady and transient averaged turbulence 
characteristics are necessary to increase the quality of predicting heat and mass 
transfer. It allows simulating the heat transfer change behind spacer grids 
analytically which is not the practice up to now. 
2) This allows also simulating the change of the deposition behind the spacer 
grid and therefore brings us closer to the mechanistic prediction of dry-out. 
3) Accurate boiling heat transfer predictions require knowledge on the nucleation 
characteristics of each particular surface.  
4) Bubble departure diameter prediction in combined convection needs 
consideration of the mutual bubble interaction in any case. Otherwise, the 
experimentally observed decrease of the bubble departure size with the 
increasing wall superheating cannot be predicted. 
6) The bubble departure at the surface modifies the turbulence structure of the 
flow by generating additional turbulence in the boundary layer. 
7) Local time and surface averaging of the removed heat flux over characteristic 
pulsation cycles is a useful idea working for different heat transfer regimes: 
single phase flow behind grids, two phase flow, two-phase flow behind grids, 
pool and flow boiling, film boiling. 
8) The pulsation characteristics at the wall controlling the heat transfer are 
associated with the bubble departure frequencies but not identical with them, 
considering the mutual interactions of the bubbles lead to a surprising analytical 
prediction of the departure from nucleate boiling just by using the mechanisms 
acting in flow boiling only. 
9) The performance of the author’s analytical two-phase convection model 
combined with its analytical nuclide boiling model is proven to have the 
accuracy of the empirical Chen’s model by having the advantage of predicting 
analytically the internal characteristics of the flow each of it validated by 
experiment. This is also important for the future use in multiphase CFD where 
details about the flow field generation have to be also predicted by constitutive 
relation as summarized in this paper. 
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NOMENCLATURE 

Latin 
a thermal diffusivity, m2/s 

2B  1 12R dR d , bubble 

growth parameter, m²/s 

pc  specific capacity at constant 

pressure, J/(kgK) 

hD  hydraulic diameter, m 

 
 
 

1dD   bubble departure diameter, m 

1 ,d ncD   bubble departure diameters 

for natural convection only, m 

1 ,d fcD   bubble departure diameters 

for forced convection only, m 

2Fr  2w

zg



, Froude number 

for vertical plane, - 

1
t
wf  2 2/ tV    boundary layer 

turbulence fluctuation 
frequency, 1/s 

g gravity acceleration, m/s² 
h heat transfer coefficient, 

J/(m²K) 
h specific enthalpy, J/kg 
Nu Nusselt number, - 
Pr /( )a  , Prandtl number, - 

p pressure, Pa 

,wlq   time averaged heat flux at the 

wall into the liquid l, W/m² 

wlq  instant heat flux at the wall 

into the liquid l, W/m² 
Re  Reynolds number,  - 

Sp  1 /p spc T h   , superheat 

number, - 

wT  wall temperature, K 

T  temperature, K 
 
 
 

2,infD  averaged distance between 

two adjacent active nucleation 
sites, m 

1wn  active nucleation sides, 1/m² 

1u  fluctuation velocity of the 

carrying steam, m/s 

21
dV  relative velocity between 

liquid and bubble, m/s 

2V   time- and space-averaged 

pulsation velocity, m/s 
w velocity, m/s 

1,eqX  equilibrium steam mass flow 

ratio, quality, - 

ttX

0.90.5 0.1

1,

1,

1 eq

eq

X

X

 
 

     
             

, 

Martinelli-Nelson parameter, 
- 

y  y-coordinate, distance from 

the wall, m 

limy  virtual distance from the wall 

in which almost all the 
viscous dissipation is lumped, 
m 

limy  virtual distance from the wall 

in which almost all the 
viscous dissipation is lumped, 
- 

lim,coy  virtual distance from the wall 

in which almost all the 
viscous dissipation is lumped 
for the total mass flow 
considered as consisting of 
continuum only, - 

y  distance from the wall, - 

z  axial coordinate, m 
z  finite of the axial distance, m 

 
Greek 
  volumetric fraction, - 
  boundary layer thickness, m 

2
co  Martinelli-Nelson multiplier, - 

h  = h”- h’, J/kg 
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1d  bubble growth time until 

departure, s 

1w  waiting time until the bubble 

start to grow, s 

13  particle relaxation time, s 

,e   time interval in which a eddy 

is in contact with the wall for 
developed flow, s 

,e   time interval in which a eddy 

is in contact with the wall for 
non-developed flow, s 

   Zaichik’s reflection 

coefficient, dimensionless 
  thermal conductivity, W/(mK) 

fr  local friction coefficient, - 

RT  

1/ 2

21g




 
   

, Rayleigh - 

Taylor instability wavelength, 
m 

2
t   RT  , turbulent length, m 

  dynamic viscosity of liquid, 

kg/(ms) 
  heated perimeter of the 

channel over the section z , 
m 

  density, kg/m³ 

 
32

w  droplets deposition mass flow 

rate, kg/(m²s) 
,

2 2
w boilingP   total amount of 

turbulence production per unit 
volume within a boundary 
layer with thickness  , W/kg 

 
 
  surface tension, N/m 
  time, s 
  vapor/liquid boundary layer 

thickness ratio, m/m 
 
Indices 
  steady, developed flow 
c continuum 
d disperse 
l field l 
m field m 
e eddy 
1 steam, gas 
2 liquid 
3 droplets 
co considered that the continuum 

is occupying the total cross 
section 

total total 
boiling boiling only 
´ saturated liquid 
´´ saturated steam 
nb nuclide boiling 
fb film boiling 
nc natural circulation 
fc forced circulation 
sp  superheating 
w wall 
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