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Abstract

Forced convection heat transfer in a non-Newtonian fluid flow between parallel
plates subjected to convective cooling on the external surfaces is investigated
analytically. Fully developed laminar velocity distributions obtained by a power
law fluid rheology model are used, and viscous dissipation is taken into account.
The effect of heat conduction in the direction of fluid flow is considered
negligible. The physical properties are assumed to be constant. We approximate
the smooth change in the velocity distribution between the plates as a piecewise
constant velocity. The theoretical analysis of the heat transfer is performed using
an integral transform technique—Vodicka’s method. An important feature of the
approach is that an arbitrary distribution of the temperatures of the surrounding
media in the direction of fluid flow and an arbitrary velocity distribution of the
fluid can be permitted. A comparison with the existing results provides a
verification of this technique. The effects of the Brinkman number, Biot number
and rheological properties on the distributions of the fluid temperature and the
local Nusselt number are illustrated. Moreover, the effects of these parameters on
the length of the freeze-free zone are discussed in the case where the
temperatures of the surrounding media are below the solidification temperature
of the fluid.

Keywords: heat transfer, forced convection, non-Newtonian fluid, analytical
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1 Introduction

An understanding of the convection heat transfer in non-Newtonian fluids inside
conduits is of great importance in the design of several types of thermal
equipment. From this viewpoint, heat transfer problems of this type have been
investigated by a large number of researchers since the 1880s. The problem
pertaining to the derivation of the local Nusselt number in the thermal entry
region when an incompressible fluid flows through a conduit with a fully
developed velocity distribution is of particular interest; this problem is referred
to as the Graetz problem. It has attracted the interest of not only engineers but
also applied mathematicians because of the difficulties involved in deriving the
solution.

The Graetz problem is normally solved by using a quasi-analytical method.
That is, the separation of variables approach is applied to the governing equation,
and only the resultant eigenvalue problem is solved numerically. It is very
difficult to obtain an exact solution to the eigenvalue problem except in some
special cases. Therefore, a completely explicit analytical solution to the heat
transfer problem for a fluid with an arbitrary velocity distribution has not been
reported thus far.

The objective of this study is to solve mathematically the forced convection
heat transfer problem in a conduit between parallel plates subjected to heat loads
from the surrounding by Vodicka’s method [1], which is a type of integral
transform method, and to derive completely explicit analytical solutions of the
fluid temperature and local Nusselt number. Heat conduction in the direction of
fluid flow is considered negligible since the present study focuses on heat
transfer with a sufficiently large Peclet number. However, viscous dissipation is
taken into account. Numerical calculations are used to illustrate the effects of the
Brinkman number, Biot number and rheological properties on the distributions of
the fluid temperature and local Nusselt number. Moreover, the effects of these
parameters on the length of the freeze-free zone are discussed for the case where
the temperatures of the surrounding media are below the solidification
temperature of the fluid.

2 Analysis

2.1 Analytical model and formulation

Figure 1 shows the physical model and coordinate system. A non-Newtonian
fluid with a fully developed velocity distribution u(y) flows into a conduit
between parallel plates. The fluid temperature at the entrance is 7y(y). The
conduit of width 2L contacts the surrounding media with temperature 7;.,(x) and
Toe(x) at y = L and y = —L, respectively. The heat transfer coefficients on the
external surfaces of the plates are /4, and 4.

In this study, the flowing fluid has no analytical restriction in its velocity
distribution form. With regard to the type of fluid flowing inside the conduit, a
power law fluid, which can approximate the non-Newtonian viscosity of many
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types of fluids with a good accuracy over a wide range of shear rates, is
considered here. The shear stress acting on the viscous fluid 7, is given as
follows:

du

dy

v-1
du

o (1

Ty =K

where x and v are the power law model parameter and power law model index,
respectively. v< 1 indicates a pseudoplastic fluid, v> 1 indicates a dilatant fluid
and v = 1 is equivalent to a Newtonian fluid. The fully developed velocity

distribution is expressed as follows [2]:
1+v

L 2

L

2v +1
u(y) =uy, ]_‘y
v+1

where u,, is the mean velocity.

Thin parallel plates

Figure 1: Physical model and coordinate system.

The following assumptions are introduced:
(i) material properties are independent of temperature and are therefore constant,
(ii) heat resistance of the parallel plates is negligible,
(iii) heat conduction in the direction of fluid flow is negligible,
(iv) mode of flow is always laminar.
In this case, the steady-state heat balance taking viscous dissipation into account
is expressed as follows:

2
pelT 0T G
Ox 6y2 dy

where p, ¢ and A are the density, specific heat and thermal conductivity,
respectively. The boundary conditions are given as follows:

T(0,y)=Ty(»), 4

OTL) 4y F7 (e, 1)~ T, ()]0, )

A

WIT Transactions on Engineering Sciences, Vol 53, © 2006 WIT Press
www.witpress.com, ISSN 1743-3533 (on-line)



26 Advanced Computational Methods in Heat Transfer IX

29T0) Iy[T(x,~L) = Ty, (x)]=0. (6)

Taking the generality of the analysis into account, the expressions of
eqns (3)—(6) in dimensionless form yield the following equations:

00 %0 I+v w
Uy )g—ﬁ ( ) bl N
0(0,m)=6,(m7) , ®
66’(§ D, H[0(E)-6,,(5]=0, @
39(5 H2|:9(§ _1) 9200(9&)] 0, (10)

where U(n) = Qv + DI(v + D[1-n""™, Br = a1 AT, -T)],

tmax = (1 + 2V)un/(1 + V), 0= (T-T)/(Too—T;), n=y/L, E= Ax/unL?pc) and H =
hL/Z. Eqn(7) is a partial differential equation with variable coefficients;
therefore, it is very difficult to obtain the exact solution. In order to solve eqn
(7), we divide the conduit into # regions in the 7 direction and approximate U(7)
as a constant U; in each region, as shown in fig. 2. In this case, the dimensionless

energy equation in the ith region (i =1, 2, ..., n) is obtained as follows:
00, 9’6,
U—Lt=—4=>+ R 11
E o o) (11)

where Q(77) = Br[(1+v)/1]""] 77|“+V)/ ¥. The continuous conditions at the imaginary
interfaces and boundary conditions are expressed by the following equations:

0.(5m)=6..,(m), (12)
06,(&,m,) _ 00,,,(&m) , (13)
on on
6,(0,m)=6,(11) , (14)
Um)

Region 2 374 i i+1l§ n-1 n

number; 1

Figure 2: Virtual division inside the conduit.
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a‘9';3#5’”+Hl[éuuf,l)—9m<a;“>]=o, (15)

D 1,06 - 0,90, (16)

2.2 Vodicka’s method

The solution to eqns (11)—(16) is obtained as

0Em = 5 AN+ ELPE). (17)
m= J:

where

(&) ==6,,(5) , B(9)=0..(5) - (18)

L{(n) (G =1, 2) is the solution to the boundary value problem expressed as
follows:
&szo dL;(-1)

B

dn’ dn

dL, (1)

~H,L;(-)=H,-(2~)), +HL()=H-(j-1). (19

X;m(7) is the solution to the eigenvalue problem expressed as follows:

d’x,, dX,, (n) _ Xy ()

2
S 2 =0, Xy (1) = Ky () , =200 O
dT]z YmYiXim (77) (i+]) (77) d?] d]]
M—HZXM(—I):O, M+ HX,,1)=0. (20)
dn dn
Ly(n) and X;,,(77) are given as
HHn-(1+H)H HHn+(1+H,)H
e o e N e}
H +H,+2HH, H +H,+2HH,
Xim(n) = Aim COS(\/UM’»J?) + Bim Sin(\/iiymn) . (22)

The conditions necessary to determine the unknown coefficients 4;,, and B;,
can be obtained by substituting eqn (22) into the continuous and boundary
conditions in eqn (20). Eigenvalues y, (m = 1, 2, ...) are obtained from the
condition under which 4,, and B;, are both non-zero and are therefore positive
roots of the following transcendental equation:

Gel 'Eel 'EeZ "'Ee(n—l) ‘A, = 0 5 (23)

where

Gel :I:dlm Sin(dlm) - HZ Cos(dlm) dlm Cos(dlm) + H2 Sin(dlm):l s d[m = ﬁym H

ei

d,, cos(d,,m;)  —sin(d,,1;) coS[d(;,1yu7;] sinfd ;)]
dy,sin(dy, ) cos(d,1) || =Aanym S0 anmfi]  diirym €OS[d nymlli] ’
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. {dnm c.os(dnm) +H,sin(d,,, )} (24)
d,,sin(d,,)—H,cos(d,,)
By substituting eqn (17) into eqn (14), the following equation is obtained:
0 2
G(n) = Zl¢m(0)Xim (1) =G (1) - Zl L;(mP;(0) . (25)
m= Jj=

The eigenvalue function X;,(77) obtained from eqns (20) and (22) has an
orthogonal relationship with discontinuous weight functions; this is expressed as
follows:
const. (m=k)

0 (m#k)’ 26)

iU"J.’Z’q Xiw (M Xy (m)dny = {

L(n), O(n) and G(77) can be expanded into an infinite series by X;,(77) as
follows:

o =U; Zl GnXin (1) 5 (28)
GO = 5 £, X,n (1) 29)

where

Ly =My XU LD X, (DR s 4, =M, 2[5 061X, ()7
=M, RULy G X, (mdn s My, = 2ULJ X () dy (30)

Taking eqns (19) and (20) into account, we substitute eqns (17), (27) and (28)
into eqn (11). This yields a first-order linear ordinary differential equation for
&.(&) as follows:

W 2y~ zz

o et (D)

Solving eqn (31) with the condition ¢,(0) = g,, which is obtained from the
comparison between eqns (25) and (29), we obtain ¢,,(¢) as
dp ()

Bu(E) = g + Z—';a —e Ty e[S z TR 32)

m

Finally, the temperature solution for the ith region inside the conduit 6(¢, 7) is
derived as follows:

a-(é,n)—w (A, c0SGU, 7,m) + By, sin(JU, 7,m)]

= . 33
+[(1+H1)H2 - HHyn10,.. (&) +[(1+ Hy)H, + H H,1]60,,.(£) (33)

H +H,+2HH,
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The dimensionless bulk temperature of the fluid is given as
1
0a(&) = [LUMOE 7. (34

Consequently, the local Nusselt numbers at 7= 1 and —1 are expressed by the
following equations:

06,(&.1)
Nuy (&) = h1L on -1
BT T 0,ED 6,0 0,ED -6y (35)
2 . 00 (8) = 0,,,(&)]
X{,nz_:l ¢m (5)@}/"1[[4}1}7[ Sln( n 7/m) Bﬂ)}l COS(F}/W, H + H2 + 2H H2 }’
)
Nity (&) = hL on _ -1
T 0G0, ED-0,9) (36)

 HH0,(£)-0,,
{nw (OO LAy ST, 1) + B 05T, 7] ‘H2+}{(‘?2H2H(5)]}

3 Numerical calculation

As a numerical example, we consider the case of Gy(77) = 1, G,..() = ..(E) =0
and H, = H, = H. In this case, the local Nusselt numbers of eqns (35) and (36)
equate with each other since the temperature field in the conduit is symmetric
with respect to the x-axis (&-axis).

The number of terms in the infinite series in eqn (33) is 500, unless otherwise
specified. Note that this value is used under the verification of a sufficient
convergence of the numerical results.

4 Results and discussion

4.1 Examination of the number of partitions

In order to estimate the accuracy and usefulness of the present analytical
solution, which is obtained from the approximation of continuous change as a
piecewise constant in the fluid velocity distribution, we first consider the most
basic Graetz problem of Br = 0, H = o and v = 1, or the case in which a
Newtonian fluid flows without viscous dissipation between parallel plates that
are maintained at a constant temperature. This case has already been analyzed
quasi-analytically by Rosales ef al. [3].

Figure 3 shows a comparison of the fluid temperature distribution calculated
by the present solution with that in reference [3]. A smaller value of £ has a
larger effect of the number of partitions n on the temperature distribution.
For n = 5, the temperature distribution at & = 10~ fluctuates widely. The
temperature distribution obtained from the present analytical solution with n =20
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is in good agreement with that of reference [3] for all & Table 1 shows a
comparison between the local Nusselt numbers of the present solution and
reference [3]. For n = 20, the difference between them is less than 0.1% in the
range of 10 < &< 10°. Consequently, as long as the local Nusselt number is
discussed in this range, n = 20 provides sufficiently accurate results. Note that all
of the following results are obtained from the analytical solution with n = 20.

Table 1:  Comparison of local Nusselt numbers.
Number of Nu
g eigenvalues used [Rosales et al.] [Present (n = 20)]
10° 500 16.668 7 16.661 5
10° 200 7.7513 7.749 2
107 200 3.693 4 3.692 6
107" 200 2.047 82 2.047 66
10° 200 1.885 17 1.885 14

0.8

0.6
n=5,10,20 “y

Figure 3: Relationship between the number of partitions # and convergence of
dimensionless temperature 6.

4.2 Effects of parameters on local Nusselt number distribution

Figure 4 illustrates the effects of the viscous dissipation, heat transfer
coefficients of the external surfaces and rheological character of the fluid on the
local Nusselt number around the entrance of the conduit. The Nusselt numbers at
£=10" are the largest in figs. 4(a) and (b). For the Brinkman number Br = 0, the
Nusselt numbers decrease simply with an increase in & and finally converge on
the Nusselt numbers in the developed temperature field. On the other hand, for
Br # 0, the Nusselt numbers do not necessarily decrease monotonously, and
they show a change from a decreasing to an increasing trend, especially for small
values of Br. However, they converge to a certain value, regardless of the value
of Br. While the Nusselt numbers at £= 10" increase with a decrease in the Biot
number H, the convergent value of the Nusselt number for Br # 0 is

WIT Transactions on Engineering Sciences, Vol 53, © 2006 WIT Press
www.witpress.com, ISSN 1743-3533 (on-line)



Advanced Computational Methods in Heat Transfer IX 31

independent of the Biot number, only depending on v. Smaller values of v tend
to result in higher local Nusselt numbers throughout the conduit.

40
35
30
25
20
15
10

Nu

35 H=10 H=10

Nu

Nu

(2) v=03 () v=3
Figure 4:  Nusselt number around the channel entrance.
4.3 Critical fluid velocity diagram

The critical fluid velocity for avoiding solidification within the conduit is
obtained in the case where the temperatures of the surrounding media are below
the solidification temperature of the flowing fluid; this highlights the
applicability of the present analytical solution in the field of industry.

Figure 5 shows the relationship between the dimensionless solidification
temperature and the dimensionless length of the freeze-free zone with different
Biot numbers and Brinkman numbers. This figure makes use of the temperature
distribution in the direction of the &£ coordinate at 77 = 1. For Br = 0, it can be
seen that & is asymptotic to 1 as & approaches 0 and & is asymptotic to 0 as &
approaches infinity. The extent of the approach depends on the value of H. This
result is the same as that reported by Sadeghipour ef al. [4], who investigated the
critical fluid velocity of a pipe flow. For Br # 0, the effect of Br becomes
significant as H decreases and & increases. The effect of v on the critical fluid
velocity is considerably smaller than that of H or Br.
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& &
(a) v=03 (b) v=3

Figure 5: Variation of freeze-free zone with dimensionless solidification
temperature for different Biot numbers and Brinkman numbers.

5 Conclusions

The forced convection heat transfer problem with viscous dissipation in a
conduit between parallel plates subjected to heat loads from the surrounding has
been solved mathematically by Vodicka’s method, which is a type of integral
transform method, and completely explicit analytical solutions of the fluid
temperature and local Nusselt number have been derived. The conclusions
obtained through numerical calculations are summarised as follows:

(1) With regard to the Graetz problem in the case of a conduit between parallel
plates, the number of partitions in the conduit should be over 20 in order to
obtain a sufficiently accurate local Nusselt number.

(2) The local Nusselt number in the thermal entry region tends to increase with a
decrease in the Biot number and power law model index.

(3) The effect of the power law model index i.e., velocity distribution of the
fluid, on the critical fluid velocity for avoiding solidification is considerably
smaller than that of the Biot number or Brinkman number.
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