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ABSTRACT 
The first formulation of topology optimization was proposed in the 1980s. Since then, many 
contributions have been presented with the purpose of improving its efficiency and expanding its field 
of application. The aim of this research is to develop a structural topology optimization algorithm 
considering minimum weight and stress constraints. Structural topology optimization with stress 
constraints has been previously formulated with several different approaches, mainly: local stress 
constraints, global stress constraints or block aggregation of stress constraints. In this research the 
overweight approach, an improvement of the so-called damage approach, is used. In this method, a 
virtual relative density (VRD) is defined as a function of the violation of the local stress constraints. 
VRD is increased as the stresses exceed the maximum allowable value, with the exception of the areas 
with the minimum value of the relative density, since full-void solutions are intended. The distribution 
of the material in the domain is modelled using two different approaches: a uniform relative density 
within each element of the mesh and a relative density defined by means of quadratic B-splines. For 
this reason, the structural analysis is performed by means of the finite element method (FEM) and the 
isogeometric analysis (IGA) respectively. The optimization is addressed by means of the sequential 
linear programming algorithm (SLP), which is driven by the information provided by a full first order 
sensitivity analysis extension of both FEM and IGA formulations. Finally, the overweight approach is 
tested by means of some two dimensional problems. The domain has been divided in an elevated 
number of elements to attain high spatial definition solutions. The results show that the overweight 
approach is a feasible alternative for the damage approach and the stress constraints aggregation 
techniques to solve the topology optimization problem. A comparison between both formulations of 
the material distribution is included. 
Keywords:  topology optimization, structures, stress constraint, overweight approach, finite element 
method, isogeometric analysis, aggregation techniques, high spatial definition. 

1  INTRODUCTION 
One of the first works about structural topology optimization of continuum structures was 
submitted by Bendsøe and Kikuchi in 1988 [1]. These works supposed the establishment of 
the basis of this new field. Since then an important number of contributions has been made. 
Although an important number of different kind of problems have been formulated, only two 
of them have been deeply analysed: maximum stiffness problem and minimum weight with 
stress constraints problem. On the other hand, the variety of ways developed to solve these 
problems is extremely high due to the drawbacks emerged during the solution process. 
Nevertheless, the attention in this publication will be only focused in the second one because 
of its high interest since the engineering point of view. The different alternatives used to solve 
the minimum weight with stress constraints problem are related with the different ways to 
define the material layout in the domain and the different ways to impose the stress 
constraints in the topology optimization problem. While the first aspect has a high influence 
in the quality of the solution regarding to the spatial definition, the second one impacts in the 
CPU time used to solve the problem. First, regarding to the way to define the material layout 
in the domain, the approaches developed until now are: the homogenization techniques [2]–
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[4], the solid isotropic material with penalty (SIMP) [5], [6], the multimicrostructural 
approach [7]–[9], the level set methods [10]–[12], the bubble method [13], the phase field 
approach [14], and more recently the isogeometric analysis [15]–[17]. On the other hand, 
with regards to the imposition of the stress constraints, the strategies used to impose them 
until now are: local stress constraints [18], [19], global stress constraints [20], [21], block 
aggregation of stress constraints [22], [23] and more recently the damage approach [24]. In 
this research for defining the material layout in the domain the isogeometric analysis will be 
used. However, the overweight approach, an alternative formulation of the damage approach 
previously developed, is established to impose the stress constraints in the topology 
optimization problem. 

2  STRUCTURAL ANALYSIS 
The structural analysis used in the topology optimization problem proposed is the classical 
method of the finite element method. In this approach several hypotheses must be considered: 
small displacements, small displacement derivatives and elastic and linear material. On the 
other hand, this formulation is also used with the isogeometric analysis. Since the design 
variables used in the topology optimization problem define the material layout, it is necessary 
to consider the effect of the relative density in the finite element formulation. For this reason, 
the classical finite element method formulation has to be modified in order to include the 
design variables of the optimization problem. This issue has been addressed by using a 
numerical formulation that includes the effect of the relative density [22], [25], [26]. This 
formulation is equivalent in a certain sense to the SIMP method, and only requires to 
introduce slight modifications in the classical formulation. These modifications are reduced 
to consider the effect of the relative density in the integrals of the contribution of each finite 
element or knot span of the mesh, in case of using the finite element method or the 
isogeometric analysis respectively. Therefore, the structural analysis can be obtained by 
solving the system of linear equations: 

 𝑲𝜶 ൌ 𝒇, (1) 

where in this case: 

 𝑲 ≡ 𝑲ሺ𝝆ሻ,      𝜶 ≡ 𝜶ሺ𝝆ሻ,     𝒇 ≡ 𝒇ሺ𝝆ሻ. (2) 

     The matrix K is the structural stiffness matrix, α is the nodal displacement vector and f is 
the applied loads vector. Each one of the terms Kji of the stiffness matrix K is obtained as: 

 𝑲𝒋𝒊 ൌ ∑ 𝑲𝒋𝒊
𝒆𝑵𝒆

𝒆ୀ𝟏 ,      𝑗 ൌ 1, … , 𝑁,      𝑖 ൌ 1, … , 𝑁, (3) 

where Ne is the number of elements or knot spans, depending on the method used to compute 
the structural analysis, finite element method or isogeometric analysis, respectively; and N is 
the number of the nodes of the mesh. At this point, it is important to remark that the number 
of points required to compute the structural analysis is different depending on the method 
used, since the way to define the material layout will be also different. Except for particular 
cases, isogeometric analysis needs fewer nodes than the finite element method. The elemental 
stiffness matrixes Ke must be computed as usual by multiplying the corresponding integrand 
times the relative density of element or knot span e [25], [26]. On the other hand, the applied 
forces vector fj can be obtained as usual in a conventional finite element formulation by 
considering that the contribution of the forces per unite of volume must be multiplied times 
the relative density [25], [26]. The whole finite element formulation including the relative 
density effect has been specifically addressed in previous papers by Navarrina et al. [25] and 
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Paris et al. [26]. The linear equation system proposed in eqn (1) is solved by means of a 
Cholesky factorization algorithm since it allows to compute additional systems of equations 
with small effort. These additional linear equation systems are required in the attainment of 
the sensitivity analysis. Finally, if a comparative analysis between the use of the finite 
element method or the isogeometric analysis is made, it is expectable that the CPU time 
requirements will be lower in the case of the isogeometric analysis, since the size of the 
equation system is lower due to the number of points required to compute it. 

3  OPTIMIZATION PROBLEM 
The optimization problem can be formulated in different ways; however, its more typical 
formulation is: 

𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒                            𝜌 ൌ ሼ𝜌௜ሽ,                      i ൌ 1, … , n 

𝑤ℎ𝑖𝑐ℎ ൬
𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒
𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒

൰         𝐹ሺ𝜌ሻ 

 𝑣𝑒𝑟𝑖𝑓𝑦𝑖𝑛𝑔                           𝑔௝൫𝑟௝
଴, 𝜌൯ ൑ 0             𝑗 ൌ 1, … , 𝑚                     (4) 

                                                ℎ௟ሺ𝑟௟
଴, 𝜌ሻ ൌ 0             𝑙 ൌ 1, … , 𝑝 

                                               𝜌௠௜௡ ൑ 𝜌௜ ൑ 𝜌௠௔௫     𝑖 ൌ 1, … 𝑛,  

where ρ={ρi} is the design variable vector, F(ρ) is the objective function, gj are the inequality 
constraints of the problem and, finally, hl are the equality constraints of the problem. 
Furthermore, in the optimization problem, n is the number of design variables, while m and 
p are, respectively, the number of inequality and equality constraints. Finally, as far as 
optimization problem concerns, it will be also necessary to establish the side constraints of 
the design variables, which are respectively ρmin and ρmax. 

3.1  Objective function 

In the topology optimization problem developed in this publication, the objective function of 
the problem is the structural weight whose value will have to be minimized. The formulation 
of the objective function will be, therefore: 

 𝐹ሺ𝜌ሻ ൌ ∑ ׬ 𝜌 𝑑Ω௘Ω೐

ே೐
௘ୀଵ , (5) 

where Ne is the number of elements or knot spans in which the domain is discretised, Ωe 
represents the domain of the element or knot span e, and ρ is the relative density. At this 
point, the methods used to define the material layout are briefly explained. First, each design 
variable will represent the relative density in each element of the mesh in the finite element 
formulation, however, in the isogeometric analysis formulation, the scheme used to define 
the density relative coincides with the scheme used to compute the structural analysis, for 
this reason, it is necessary to use the same B-splines, since the design variables are in this 
case, the value of the relative density in the control points. Finally, a factor which penalizes 
intermediate relative density values “p” is introduced in the formulation since the attainment 
of full-void solutions is intended. This factor “p” is introduced in the objective function, and 
as a result, the objective function of the topology optimization problem will be:  

 𝐹ሺ𝜌ሻ ൌ ∑ ׬ 𝜌
ଵ ௣ൗ 𝑑Ω௘Ω೐

ே೐
௘ୀଵ . (6) 
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3.2  Overweight constraint 

In the topology optimization problem developed in this publication, there will be only one 
inequality constraint. This constraint will be known as overweight constraint, since it is 
obtained through the application of the overweight approach. The overweight approach is 
used as an alternative way to impose the stress constraints in the topology optimization 
problem. In this approach, two different models that describe the same mechanical body will 
have to be defined. They will be known hereinafter as original model and overweight model. 
The overweight model will be defined from the original one doing a sequence of steps. First, 
the structural analysis of the original model is computed. Then, the structural stresses in the 
points where they have to be checked can be computed. Finally, an overweight is introduced 
in the model in the areas where stresses exceed their maximum allowable value. Since the 
relative density is the property modified in the original model to create the overweight model, 
the relative density in the overweight model will have to satisfy these conditions: 

 ൜
𝜌෤ሺ𝑥ሻ ൐ 𝜌ሺ𝑥ሻ     ∀𝑥 ∈ Ωఙ ∶ൌ  ሼ𝑥|𝜎ሺ𝑥ሻ| ൐ 𝜎௟௜௠ሽ
𝜌෤ሺ𝑥ሻ ൌ 𝜌ሺ𝑥ሻ     ∀𝑥 ∈ Ω\Ωఙ,                                   

 (7) 

where 𝜌 is the relative density in the original model and 𝜌෤ in the overweight model. Finally, 
the overweight constraint imposed in the topology optimization problem is a comparison 
between the structural weight of both models: 

 𝑔ሺ𝜌ሻ ൌ
ௐ෩

ௐ
െ 1 ൑ 0,  (8) 

where 𝑊 is the structural weight of the original model and 𝑊෩ is the structural weight of the 
overweight model and they can be computed as follows: 

 𝑊ሺ𝜌ሻ ൌ ׬ 𝜌 𝑑Ω
Ω

         𝑊෩ ሺ𝜌ሻ ൌ ׬  𝜌෤ 𝑑Ω
Ω

 . (9) 

3.2.1  Overweight model 
The formulation of the relative density in the overweight model can be defined by different 
ways. A similar scheme that in Verbart et al. [24] is used to define the relative density in the 
overweight model, this relative density is increased in the overweight model. Furthermore, 
the relative density of the overweight model can be computed as: 

  𝜌෤ ൌ 𝜌௠௜௡ ൅ 𝛽ሺ𝜌 െ 𝜌௠௜௡ሻ           𝑤ℎ𝑒𝑟𝑒 𝛽ሺ𝜎; 𝜎௟௜௠ሻ ൒ 1, (10) 

where β is the overweight function. This function has to satisfy two conditions: to be at least 
first order differentiable and to be monotonically crescent when stresses exceed its allowable 
limit. 

3.3  Side constraints 

The side constraints of the design variables are the only term of the topology optimization 
problem which has not been defined yet. While the upper limit of the design variables is 
obvious since its value will be equal to 1, what represents the area full of material, the lower 
limit of the design variables will not be null, since this circumstance can produce inherent 
problems in some parts of the topology optimization algorithm, like the singularity of some 
matrixes. For this reason, the value of this lower limit will have to be a value slightly higher 
to zero; in this publication it will be equal to 0.001. 
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4  OPTIMIZATION ALGORITHMS 
The solution of the topology optimization problem (4) will be made by means of the use of 
different algorithms. The algorithms used to solve the problem in this publication are: the 
steepest descent method, the sequential linear programming algorithm based on the simplex 
algorithm and a, so called, back to the feasible region algorithm based on constraint 
derivatives. In the first place, the steepest descent method will be only used when the value 
of all the structural stresses considered are inferior to a certain percentage of the maximum 
allowable value. This circumstance only happens in the first iteration of the topology 
optimization problem, since the structural domain is full of material in the first iteration. For 
this algorithm, it is only necessary to compute the objective function sensitivity analysis. On 
the contrary, the back to the feasible region algorithm is used when the structural weight of 
the overweight model exceeds a certain percentage of the structural weight of the original 
one. In this case, the solution is far from the feasible region, and the simplex algorithm does 
not run properly. For this reason, it is only necessary to compute in this case the overweight 
constraint sensitivity analysis. Finally, in the intermediate situations the simplex algorithm is 
used. This situation will be more common during the optimization procedure since the 
solution tend to be near to the border of the feasible region. Therefore, in this case it is 
necessary to compute both sensitivity analyses: objective function and overweight constraint. 
The main reason to use these algorithms is to compute the best improvement direction at each 
iteration depending on the situation of the previous solution. Therefore, once the 
improvement direction has been computed, the next step is to establish the most appropriated 
value of the improvement factor which will determine the solution of this iteration. For this 
purpose, the first order Taylor series will have to be calculated. On the other hand, a linear 
search will be made in order to avoid the calculus of directional derivatives, since the first 
order directional derivatives can be calculated directly with the information used with the 
previous algorithms. Lastly, once the improvement direction and the improvement factor are 
known, the next step is to update the solution of the topology optimization problem, and to 
repeat the optimization process until convergence. 

5  SENSITIVITY ANALYSIS 
The solution of the topology optimization problem requires to compute the derivatives of the 
objective function and the overweight constraint. The process of computing the derivatives 
is known as sensitivity analysis. This procedure is the other key point in the solution of the 
topology optimization problem apart from the structural analysis. In this publication only a 
first order sensitivity analysis will be developed. On the other hand, it is necessary to use two 
different approaches for doing the first order sensitivity analysis due to the different 
characteristics of the objective function and the overweight constraint. First, the sensitivity 
analysis of the objective function can be computed analytically, since the structural weight 
depends directly on the design variables. On the contrary, the calculation of the sensitivity 
analysis of the overweight constraint require the use of more complex procedures, since the 
relationship between the damage constraint and the design variables is not as straightforward 
as in the objective function. On the other hand, there are other approaches more 
computationally efficient than the direct differentiation, if the number of constraints is 
considerably lower than the number of design variables. This circumstance happens in this 
problem where only one constraint is defined. For this reason, the approach used in this 
publication to calculate the sensitivity analysis of the overweight constraint will be the adjoint 
variable approach [27]. Although, the directional derivatives of the objective function and 
the overweight constraints are necessary for the optimization algorithm, their calculation can 
be made directly from the first order derivatives of them, by means of the multiplication of 
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the first order derivative vector times the improvement direction obtained with the algorithms 
previously introduced. Finally, it is important to remark an important difference between the 
use of the finite element method and the isogeometric analysis regarding to the way that each 
design variable have influence in one or more elements or knot spans. While for the finite 
element method used in this publication, only one design variables has influence in each 
element of the mesh, for the isogeometric analysis proposed in this publication, this number 
will be equal to NINE. These numbers depend on the interpolation scheme used with the 
isogeometric analysis. Consequently, if the interpolation scheme is changed, the number of 
design variables which has influence in each element or knot span can be not only increased 
but also reduced. Because of this circumstance, an increase of the computational 
requirements and CPU time will be obtained in case of using the isogeometric analysis 
instead of the finite element method. Furthermore, this situation supposes a contradiction 
with respect to the structural analysis, where the optimal method to do it was the isogeometric 
analysis. 

6  APPLICATION EXAMPLES 
In this paper, only one example is shown. This example is used to test the performance of the 
overweight approach technique as an indirect way to impose the stress constraints. This 
example is solved both with the finite element method and the isogeometric analysis. The 
numerical example solved in this paper is the optimum design of a cantilever beam. The 
proposed example corresponds to a 2D structure in plane stress. Finally, a comparative 
analysis of the results with both methods is made, not only regarding to the quality of the 
solutions but also the computational requirements used to obtain them. This analysis let 
establish if one of the methods is highly advisable to solve the topology optimization problem 
or if there are not important differences between them.  

6.1  Optimum design of a cantilever beam 

The example studies the optimum design of a cantilever beam with null displacements in the 
left edge and with a vertical force applied in the middle of the right edge. Fig. 1 shows the 
dimensions of the domain and the position of the vertical force applied. Self-weight of the 
structure is included as a structural load in this example. The domain of the structure has been 
discretized by using a homogeneous mesh with 160 × 80 = 12,800 8-node quadrilateral 
elements in case of the finite element method and quadratic knot spans in case of the 
isogeometric analysis. The thickness of the structure is 0.2 m. The external force applied  
(1 × 103 kN) has been distributed in eight contiguous elements or knot spans in order to avoid 
stress accumulation phenomena. The material being used in this problem is steel with density 
γmat = 7,850 kg/m3, Young’s Modulus E = 2.1 × 105 MPa, Poisson ratio ν = 0.3 and elastic 
limit σmax = 230 MPa. Fig. 2 shows the optimal solution of the problem for the finite element 
method and the isogeometric analysis. The optimal solution is represented by means of its 
material distribution in the domain with the value of the relative density at each point. This 
relative density defines the percentage of the material phase. The structural weight of the 
optimal solution is 136.75 kg in case of the finite element method and 130.02 kg in case of 
the isogeometric analysis, this means the 17.42% and the 16.56% of the structural weight of 
the initial solution (all the domain is full of material, structural weight of the initial solution: 
785 kg). 
     Fig. 3 shows the normalized stress state for the cantilever beam problem obtained by using 
the overweight approach for both methods. This normalized stress σe* has been computed by  
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Figure 1:  Scheme of the cantilever beam problem (units in m). 

means of the maximum allowable value of the stress σmax, the relaxation parameter of stresses 
φe which increases the value of the maximum allowable stress when the relative density is 
lower than 1 and the Von Mises stress σVM,e, which is the most typical failure criterion when 
the steel is the structural material. 
     The optimal solution of the topology optimization problem has been obtained after 2250 
iterations with both methods: finite element method and isogeometric analysis. Finally, the 
distribution of the computing time per algorithm of all the iterations computed in the 
optimization process for both methods: finite element method and isogeometric analysis is 
shown in Tables 1 and 2, respectively.  

6.2  Comparative analysis 

In the first place, the way to define the relative density in the domain plays an important role 
in the obtained results. In general, the results obtained with the isogeometric analysis 
proposed are better in terms of quality in comparison with the obtained with the finite element 
method proposed, regarding to the spatial definition. In other words, the number of design 
variables used to obtain solutions with the same spatial definition is lower with the 
isogeometric analysis proposed. Nevertheless, this circumstance can be solved, if an 
alternative way to define the material layout is established in case of the finite element 
method. However, the topology of the results obtained with both methods is the same, since 
the optimal solution consists on a set of bars that coincide with the isostatic lines. In the 
second place, regarding to the CPU time, the critical algorithm of both methods does not 
coincide. While the structural analysis is the critical step of the finite element method 
proposed, since it supposes the 75% of the time required to solve the topology optimization 
problem, the sensitivity analysis is the critical part of the isogeometric analysis, since it 
supposes the 60% of the time used to solve the topology optimization problem. On the one 
hand, the CPU time required to compute the structural analysis is related with the number of 
points used to solve it, since this number is related with the size of the structural problem. On 
the other hand, the CPU time required to compute the sensitivity analysis is related with the 
number of design variables which have influence in each element of the mesh or knot span  
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Figure 2:    Optimal solution of the cantilever beam problem by using overweight approach. 
(a) Finite element method; and (b) Isogeometric analysis. 

of the patch, since this number is related with the way to define the material layout in the 
domain. Finally, other important aspect that does not suppose an important difference 
between both methods, is the appearance of stresses whose value is higher than their 
maximum allowable value. This circumstance happens in the areas where there is a stress 
concentration phenomenon, and in areas whose relative density is close to their minimum 
allowable value. 
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Figure 3:    Normalized stress state of the cantilever beam problem by using the overweight 
approach (σe*= σVM,e/(φe σmax,)). (a) Finite element method; and (b) Isogeometric 
analysis. 

7  CONCLUSIONS 
This paper introduces a new method to solve the topology optimization of structures problem 
with minimum weight and stress constraints. The attainment of results with high spatial 
definition makes necessary to consider a large number of stress constraints and to use a large  
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Table 1:   Distribution of CPU time per algorithm in the solution of the cantilever beam 
problem with the finite element method by using only one processor. 

Algorithms Time (s) % Total time
Structural analysis 17,235 73.01
Sensitivity analysis 5,546 23.50
Optimization algorithm 539 2.29
Rest of the process 283 1.20
Total CPU time 23,603

Table 2:    Distribution of CPU time per algorithm in the solution of the cantilever beam 
problem with the isogeometric analysis by using only one processor. 

Algorithms Time (s) % Total time
Structural analysis 4,608 27.41
Sensitivity analysis 10,418 61.97
Optimization algorithm 702 4.18
Rest of the process 1,083 6.44
Total CPU time 16,811

 
number of design variables. For this reason, new methods which can combine the effect of 
all these stress constraints in a general constraint have to be developed. In this paper, an 
overweight constraint is used. While the critical step of the classical algorithms used to solve 
this problem was the search of the improvement direction since all the active stress constraint 
derivatives have to be considered. This drawback disappears with the overweight approach, 
since only two derivatives have to be considered in this step: the objective function and the 
overweight constraint. On the other hand, the isogeometric analysis is introduced as an 
alternative to the classical finite element method, not only as a way to define the material 
layout, but also to compute the structural analysis. Moreover, the amount of CPU time 
required to solve the example proposed in this paper is lower in case of the isogeometric 
analysis. This is important since, for the same problem, the isogeometric analysis also 
provides solutions with high spatial definition in comparison with the finite element method. 
In other words, the attainment of solutions with the same spatial definition requires to use 
less design variables and CPU time in case of isogeometric analysis in comparison with the 
finite element method. In conclusion, the use of the Overweight Approach reports important 
benefits from a computational point of view in topology optimization problems with stress 
constraints, and the results obtained are similar in terms of quality with the obtained with the 
classical approaches. The efficiency of the isogeometric analysis in comparison to the finite 
element method has been also clearly demonstrated, since solutions with high spatial 
definition are obtained in less CPU time.  
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