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Abstract 

In the paper identification of phases micro-geometry is studied providing that the 
overall properties are given as well as the intrinsic characteristics of the phases. 
Harmonic problem is solved, so that the linear steady-state conductivity problem 
is a typical application to be discussed. For example, overall change of 
temperature and the temperature characteristics are given as well as the set of all 
conductivities are prescribed. The objective of the solution is the shape of phases 
fulfilling the condition that the homogenized and given values of the 
conductivity tensors are as close as possible in some sense. This task appears as 
non-solvable uniquely and even can exceed the realistic results. This is why 
additional constraints have to be added. One of such reasonable conditions is the 
restriction on the volume (in 2D the area) of phases involved in the composite 
structure. Still, this cannot be sufficient to meet a realistic situation, since the 
side condition is mostly formulated in integral form, i.e. positive and negative 
signs can lead to non-realistic geometry. For this reason, restrictions on the shape 
of phases should be introduced, such as the diameters or tangential inclination of 
certain directions of the phase boundaries. 
     Practical effects are of great importance to engineers dealing with composite 
materials (aerospace, civil, mechanical engineers, and similar). This optimization 
is enabled by having one free property: the shape of the phases. The 
mathematical formulation and subsequent numerical treatment utilizes this 
opportunity and provides a reasonable, fully usable in practice, layout.   
Keywords: composite structure, shape optimization, micro- and macro-levels. 
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1 Introduction 

The concept of composite media stems not only from the mechanical background 
but also provides a theoretical means for relaxation of variational principles. This 
is a typical result of the localization and homogenization theories of composites, 
which, as best way of formulation of physical problems, starts with equality of 
energies at both the macro- and the micro-level. In this case, the results in both 
these levels are dependent on the geometry of the phases. As mentioned in many 
publications  [1, 2], there are many approaches on how to solve this problem. 
Hereinafter similar procedure as that used in [3] is applied for formulating and 
calculating the proper shape of phases. Time dependent and steady state 
problems of heat transfer in composites are solved in [4], for example.  
     It is worth noting a brilliant idea of Levin who put forward fundaments of 
homogenization in coupled problem of elasticity and heat transfer  [5].  Classical 
approach in localization and homogenization of elastic composites belongs to 
Suquet, [6] and that of steady state heat transfer can be found also in [7], which 
is applied to periodic composites. The meaning “periodic structure” is explained 
for periodic representative element. More or less this procedure is applied in this 
paper to unit cell concept. 
     In this text the steady-state problems, such as heat and mass density transfer, 
filtration of the Newtonian liquid, etc., are considered. First, homogenization 
technique will be suggested and a variational formulation will characterize the 
problem, so that finite elements can easily be derived. Second, cost functionals 
will be created and provide designers with a range of possible conditions for 
their request.  

2 Basic considerations and equations 

In this paper 2D problem of steady state heat transfer in composite structure will 
be treated. Another one assumption is introduced: two-phase composite is taken 
into account with one phase fiber and the other matrix, both in a periodic cell, 
which is cut out of a representative volume element V describing the 
neighborhood of a typical point of macrostructure.  

2.1 Periodic boundary conditions 

Since the periodic boundary conditions are of great importance in each 
composite structure, they will briefly be discussed in this section. Representative 
volume element (RVE) is cut from the whole body under consideration and is 
assumed as a representative of geometrical and mechanical properties at a given 
location. RVE typically used in this work is depicted in Fig. 1. 

     Let the body representing the composite is denoted as 2RV Ω and its 
boundary Ω  is supposed to be Lipschitz continuous. The latter condition will 
be fulfilled implicitly, as the shape of the unit cell Ω is a square )1,0()1,0(  . 

Two isotropic phases ΩΩ f and ΩΩ m represent fiber and matrix. The 
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boundary of the fiber (i.e. the interfacial boundary CΓ ) is star shaped. Although 

the fibers are generally placed in the body in a disordered way, certain 
reasonable arrangement is necessary to contemplate. Fig. 1 offers a possible 
layout used in what follows. It leads to rectangular or square unit cell, Fig. 2. 
Note that more general shapes are mentioned in [8], where a special treatment on 
how to simplify complicated unit cells is also discussed based on body 
transformation. The transformations create a group of base bodies.  

 

Figure 1: Layout inside RVE and brief denotation. 

 

Figure 2: Unit cell. 

     In RVE coordinate system 210 yy  is introduced while the unit cells are 

equipped by local coordinate system 210 xx , as 2D problem is discussed.   

     Now the periodic conditions will be précised. The unit cells in the RVE are 
homothetic, i.e. there is a constant, say  , and points like P  and P in Fig. 1 are 

identified by the law: PPyPyP  )()( and the function to be considered 

as periodic has exactly the same value at P and P . In our case a square unit cell 
is taken into account. Hence the homothetic property is applicable in both 1y  
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and 2y  directions. Denote L  the macroscopic length, it means that this is a 

characteristic length of RVE.  
     The periodicity can also be defined in the following way: take a small number 

L/ε , consequently, VεΩ  . 

2.2 Formulation 

The conservation law is considered in the standard divergence form applied to 

temperature )(xuε as, 

 0)( 






 εε u
x

c
x ii

 (1) 

where )(xcc εε  is dependent on the position in Ω , consisting of two 

subdomains, fiber and matrix, which are equipped by different conductivity 
values a (fiber) and b (matrix), where a and b are constants. This means that the 

coefficient of conductivity )(xεc  is defined as: 

 otherwise       )(      and     for         )( mff bcbc  xxx εε Ω  (2) 

or  

 ))(1()()( xχbxχaxcε   (2a) 

where χ is the characteristic function of the fiber. 

     The partial equations are as 

 0 εq ,      εεε uc q  (3) 

where εu is still the temperature (it can involve also other quantities, which are 

mentioned in the introduction,   is the nabla operator, and εq  is the flux vector. 

Eqns. (3) describe the steady-state conditions of processes such as the heat or 
mass transfer, the electric conductivity and permittivity, filtration of a Newtonian 
liquid and such. It is a transfer equation (Fourier, Ficks, Ohm, Darcy, etc.). In the 
case of ideal (or perfect) interfacial contact CΓ   between the fiber and matrix it 

can be introduced the normal component of the flux )()()(n xxx nqq  .  

     The flux and potential )(xu  have to fulfill the interface conditions, namely 

the continuity across the interface of both phases. The unit normal )(xn  is 

defined as f)( Ωxn . The interfacial conditions are appended with boundary 

conditions on Ω , where either  
 xPx .)( T     or       )().()(n xxx nQq        on Ω  (4) 

holds for Ωx . Symmetric matrices P and Q  are constant symmetric 

matrices given for a specific problem.  
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     For statistically homogeneous material with the periodic boundary conditions 
or conditions given by Eqns. (4) an analog of the well known Hill condition 
holds valid as: 
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where meas Ω is the volume in 3D or area in 2D, mostly considered equal to one 
(for this reason one speaks about unit cellΩ ). As a consequence of Eqn. (6) for 

overall conductivity *c  it immediately follows: 

  uc*q ,      uqcu *q  (6) 

     It is sometimes also of interest to us to introduce the resistivity 1 cC . 
Then similarly to (6) it is: 

  q*Cu ,      uCu qq *  (7) 

     Exactly, as in case the elasticity problem is solved concentration factors 
)(xA and )(xB  are introduced to relate the overall conductivity and resistivity 

as: 

  )()(* xAxcc ,         )()(* xBxcC  (8) 

     The above relations are prevailingly useful for optimization expressed as 
classical variational principles.  

3 Homogenization 

In order to simplify the problem square unit cell and by phases uniform 
coefficient of conductivity are supposed in this paper. In order to get the 
relations between local and overall coefficient of conductivity an asymptotic 

expansion of εu and εq  will be considered for small enough ε : 

 
x/εyyxyxx

yxuyxuxu





      ...),( ),()(

...),( ),()(

10

10

qqq ε

ε
ε

ε

, (9)  

where iu and iq  are Ω periodic in y . In what follows coordinates x  and y

are first taken as independent and afterwards y is substituted by ε/x . Since only 
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differentiation of the first order is applicable in Eq. (1), operator 
ix


is now read 

as 
ii yx 






ε

1
. Substituting Eq. (9) to Eq. (1) yields at O( )2ε : 

 0)( 0
0 






 u
y

c
y ii

 (10) 

     It can easily be shown that the only periodic solution of Eq. (10) is constant in 
y , i.e.  

 )(),( 00 xuyxu   (11) 

     From Eq. (1) at 0( )1ε and with respect to Eq. (10) yields: 

 0)]([ 010 











iii x

u

y

u
c

y
 (12) 

which is the starting equation for 1u  with 0u given. Eq. (12) is an elliptic 

equation being valid in Ω . If comparing with the elasticity problem 
ix

u


 0 is a 

unit impulse and 1u is a fluctuating term. Since also the Laplace equation (1) is 

linear, similar approach to that used in linear elasticity can also be applied 
hereinafter. 
     In Eq. (12) 0u is supposed to be known and this equation is elliptic one for 

unknown 1u being valid in Ω  and is Ω periodic.  

     In order to get the formulation in finite elements introduce space 

}disappears  of over  messure Lebesque ),({ 1 uHuV per ΩΩ . Variational 

formulation of Eq. (12) can be reached by multiplying both sides of Eq. (12) by 
test function Vφ and integrate over Ω to get: find Vu 1 such that it holds for 

each Vφ : 
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     Let us solve an auxiliary problem: find function Vu 1 so that  
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is fulfilled for all Vφ . Because of linearity it immediately follows: 

 w
x

u
u




 0
1  (15) 

     Eqs. (9) and (12) yield: 
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

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yxq  (16) 

     By virtue of Eqs. (15) and (16) and by the constitutive relation it holds: 

 
x

u
aq h 


 0

0 ,      where          y
y

w
yaa

Ω

h d )1)((



   (17) 

where the supposition of symmetry in both geometry and distribution of 
conductivity coefficients is taken into account. 

4 Optimization 

Recall that the trial problem has been formulated as for given overall conductive 

coefficient A  it is required such a shape of fiber fΩ for which the square of 

subtraction 2)( haA  should be minimum under additional constraint 

concerning constant volume of fiber f meas Ω . Using Lagrangian multiplier λ  
the problem can be established as: 

 stationary) meas()(
2

1
),(

f

f2f  
Ω

h ΩΩdλaAΩaΠ  (18) 

and only the calculated coefficient of conductivity is dependent on the shape of 
fiber.  
     This shape will be identified by radii ps, s = 1,2,…,n of nodes located at the 
interface CΓ  connecting the origin of the local coordinate system lying at the 

lower left vertex of the unit cell, Fig. 2.  
     Without lack of generality, let us consider a symmetric unit cell depicted in 
Fig. 2. With respect to the symmetry instead of Eq. (14) it is to solve 

 y
y
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yay

y
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y

w
ya

ΩΩ

d)(d)(
ff











  (19) 

and ha  follows from Eq. (17).  

     It remains to specify the domain fΩ  by means of its corresponding boundary. 
This can be done in many ways. Hereinafter suppose the polygonal shape of the 
fiber under study approximating the continuous shape. One can choose some 
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fixed point (pole - in our case this is the origin) and connect it with each vertex 
of this polygonal boundary, the distance of the i-th vertex from the origin of the 
coordinate system is denoted as pi. In this way we obtain n triangles Ts, s = 
1,...,n. It obviously holds: 

 
fΩ

Ωd meas fΩ =


n

s 1

meas Ts . (20) 

     In most cases of fiber volume ratio, combination of phase conductivities and 
given overall conductivity certain restrictive conditions have to be applied to the 
admissible beams of nodes at the interfacial boundary. This can be done in 
various ways. In this paper the lowest value of the length of any node at CΓ  is 

bounded from below by a given value and the highest length is constrained by 
the conditions as:  

 111  py ,     122  py  (21) 

and 1p and 2p are given in advance.  

     If the above bounds on the beams are attained a special procedure needs to be 
used, see [3]. It requires an internal iteration, as the improvement of the 
boundary using collinear mapping to ensure the condition about constant fiber 
volume fraction. 
     It is worth noting that other constraint conditions can be applied, see e.g. [3]. 
They are applicable also here. The procedure suggested in this paper is based on 
finite element method while in [3] the numerical tool is based on boundary 
elements. The difference is in the choice of 21, pp , which in this paper should be 

much lesser then 1 and can be closer to 1 in case the boundary element method is 
applied.   

4.1 Euler's equations 

The stationary requirement leads to differentiation of the functional by the shape 
(design) parameters sp  

 0)(d 
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
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which can be rewritten as:  

 nsEs ,...,2,1     ,0  λ  (23) 

where  
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s        for each s =1,…,n (24) 

     Equation (24) requires Es to have the same value for any s. In other words, if 
this requirement is attained at any point on the "moving" part of the interfacial 
boundary the optimal shape of the trial body would be reached. For this reason 
the body of the composite structure should increase its area (in 3D its volume) at 
the nodal point sp  of the boundary, if Es is larger than the true value of λ , 

while it should decrease its value when Es is smaller than the correct λ . As, 
most probably, real value λ  is not known a priori, its estimate is done by 
averaging the current values at the nodal points. So, approximation of λ will be 
expressed as: 

 s

n

i

E
n




1

approx
1

λ  (25) 

     Differentiation by λ  completes the system of Euler's equations by Eq. (20).  
     It remains to ensure that the fiber volume friction is constant with the value 
given a priori. For this aim a collinear mapping is applied after completing the 
shift of nodes at the interface. It can be done in such a way that assuming the 

current value of f
curr measΩ , which is calculated from the current positions of the 

nodes mentioned, the prescribed f measΩ is reached by improving the triangles 

iT by the value of  

 
f

f
curr

 meas

 meas

Ω

Ω
s  (26) 

     Brief description of algorithm: 
 
1 set up the starting configuration fulfilling the condition given by Eq. (20) 
2 calculate ha  for the current configuration 

3 set a successive unit shifts to nodal points sp at CΓ  and calculate  

 )( sh pa and sE by Eq. (24) using substitution of derivatives by differences 

4 compute approxλ by Eq. (25) to get new positions of nodes at CΓ  

5 from the new positions get f
curr measΩ  

6 using collinear mapping improve the positions of nodes by Eq. (26) to 
ensure the original fiber volume ratio 
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7 check up the constraint of the beams sp and if fail occurs apply local 

iteration 
8 Euclidean distance between current and previous energies sE  should be less 

then given admissible error; if not, go to 2 and stop otherwise  

5 Example 

Unit cell is considered with various fiber volume ratios. Since we compare 
energy densities at nodal points of the interfacial boundary, the relative energy 
density may be regarded as the comparative quantity influencing the movement 
of the boundary ΓC. As said in the previous section, the higher value of this 
energy, the larger movement of the nodal point of ΓC  should aim at the 
optimum. The process of iterations will end if the Euclidean distance between 
current and previous energies be less then given admissible error.  
     In the following examples required conductivity A is given, the fiber and 
matrix phase ratios are also given as: 

 f
f  measΩc ,   m

m  measΩc   

and also the conductivities fb and mb  are prescribed.  

     In the first numerical test it is: %40f c , %60m c , 1f b , 5m b , target 

3A , 3a , the relative error is 3.8e-04 after seven iterations using the step of 
iteration 0.1. The result is depicted in Fig. 3. 
     For the next case %60f c , %40m c , 1f b , 5m b , target 7.2A , 

7.2a , the relative error is 3.3e-04 after ten iterations using the step of 
iteration 0.1. The result is depicted in Fig. 4. 
 

         

Figure 3: First case.  Figure 4: Second case. 

     The previous cases have not required respecting any restrictions on the length 
of beams. The last examples have to involve the local iteration, as the beams are 
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bounded by 0.05 from the external boundary Ω . The properties are as: 
%50f c , %50m c , 1f b , 5m b , target 3A , 3a , the relative error is 

2.57e-03 after twenty iterations using the step of iteration 0.1. The result is seen 
in Fig. 5. Fig. 6 shows the results from the same constellation but %40f c and 

%60m c . Twenty seven iterations had to be carried out and the error is 2.51e-

2. 
 

       

Figure 5: First case. Figure 6: Second case. 

 
     The results show certain shapes of fibers which can be used in practice. The 
last case only shows possible direction on how to construct fiber, and while the 
previous cases are quite reasonable the last case is more or less scholar.  
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