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Abstract 

An analytical model capable of predicting the induced deformation due to the 
presence of bend-twist and stretch-twist elastic couplings in multi-cell closed 
thin walled beams with arbitrary cross-sections is presented. For various 
structural and material configurations, the results obtained by the developed 
model are compared with the results of the finite element analysis. It is shown 
that the developed analytical model provides reasonable accuracy in predicting 
induced twist. The developed model is implemented in an aero-structure 
simulation environment for simulation of wind turbines utilising adaptive blades. 
Keywords: thin-walled beam, multi-cell closed thin walled beams, adaptive 
blades, elastic coupling, bending-twist coupling, wind turbine composite blade. 

1 Introduction 

Fibrous composite materials have been broadly used in aeronautical and 
aerospace structures due to their proven advantages, such as high strength-weight 
ratios. One particular application of these materials is in fabricating smart and 
adaptive aerodynamic lifting surfaces such as wind turbine adaptive blades and 
aircraft smart wings. An adaptive blade acts as an open-loop controller that 
senses the wind velocity or rotor speed variations and adjusts its aerodynamic 
characteristics accordingly to improve the wind turbine performance. This self-
control system can be achieved by implementing elastic coupling in the structure 
of the blade. In order to determine the aerodynamic performance of adaptive 
blades at various loading conditions, a structural analyser is required to calculate 
the induced deformation of the blade. Figure 1 shows the simulation 
environment for wind turbines utilising this type of blades. Torsional 

of wind turbine adaptive blades 
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deformation of an adaptive blade is the key parameter influencing the wind 
turbine aerodynamic performance. The accuracy of the predicted torsional 
deformation is crucial in simulation and design of adaptive blades [1, 2]. A 
number of analytical models of anisotropic thin-walled beams have been 
proposed for box beams. Most of researchers employed strain energy and virtual 
work methods to study the static and dynamic characteristic of thin- and thick-
walled beams. Chandra et al. [3] and Kim and White [4] developed analytical 
models for circumferentially asymmetric stiffness (CAS) and circumferentially 
uniform stiffness (CUS) for single-cell box beams. They considered the bending, 
torsional and extensional loads and included shear and warping effects.  Their 
model was, however, limited to rectangular cross-sections. Wu et al. [5] 
developed another analytical model for torsional loading without using energy 
method.  Kim and Shin [6] provided exact solutions for twist angle and fibre 
stresses of thin-walled box beams considering the effects of elastic couplings and 
restrained warping. Lee and Lee [7], Vo and Lee [8, 9] also developed two 
analytical models for beams under torsional loading based on strain energy 
method. Librescu and Song [10, 11] published a set of theories for thin-walled 
composite beams applicable to deformation and vibration problems. They 
produced the governing equations of motion with boundary conditions through 
Hamiltion’s principle.  Shadmehri et al. [12] developed the static and dynamic 
characteristics of composite thin-walled beams using non classical effects, such 
as transverse shear, warping inhibition, non-uniform torsional model and rotary 
inertia.  
 

 

Figure 1: Coupled aero-structure analysis of unbalanced composite lifting 
surface. 
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     In view of the deficiencies in the current analytical models, Maheri et al. [1] 
and Maheri [2] used a robust finite element suite to calculate the deformation in 
each aerodynamic-structural analysis iteration (Structural Analysis box in 
Figure 1). In the present study, an efficient and accurate analytical model is 
developed and employed as the structural analyser.  

2 Analytical model 

The proposed analytical model considers the transverse shear effects and primary 
warping inhibition. The cross section can have a general shape with up to two 
webs (three cells). In developing the model, the following basic, still realistic, 
assumptions are made [10]: 
a) The shape of the cross-section and its geometrical dimensions remain 

invariant in its plane; however deformation normal to the sectional plane are 
permitted. 

b) The transverse shear strain is uniform over the beam. 
c) Thin-walled beams are considered only. 
     The transformed three-dimensional constitutive equations for a generally 
orthotropic elastic material can be expressed as in Equation (1) [13]: 
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     Referring to the basic assumptions above, the stresses
ss , 

nn and 
ns  can be 

neglected ( 0 nsnnss  ). Rearranging the constitutive equations the 

reduced constitutive equation for the thk layer is determined: 
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     Figure 2 shows two systems of coordinates used to drive the force-
deformation relations.   
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Figure 2: Global and local system of coordinates. 

     Displacement vector { wvu ,, } of a general point is given as in Equation (4) 

[10]: 
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     where pu and pv stand for the u and v displacements of a reference point 

(here the origin of the zyx  system of coordinates), 0w is the displacement of 

a reference point on the zsn  system of coordinate along the z-axis,  is the 
area inside the centreline of the cross-section, h  is the shell thickness, 

 )()( sGshdsL sz
,  is the rotation about z-axis and 

x  and 
y are the rotations 

about the x and y axes, given by: 

 pyzx vtz   ),(  
(5) 

 pxzy utz   ),(  
(6) 

     The strain field in the zsn   system of coordinate for a single- cell beam 
can be defined as [10]: 
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     In the case of multi-cell cross-sections, the rate of the rotation of the Rth cell 
surrounded by m adjacent cells, is given by [10]:  
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where G
~

is a conveniently chosen shear modulus (here the average of 
szG ), q is the 

shear flow in the cell, 
R  is the area enclosed by Rth cell mid-line contour and 

parameters 
R  and r are defined as: 

h
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Since the twist angle rate is the same for all connected cells, ][ , ][q and ][H
can be expressed as: 

 ]][[][ qs  (9) 

   ][][ Hq  (10) 

where ][][][ 1 IsH  and ][ I is the unit vector. Using Equations (8) through 

(10), the strain field for thin-walled multi-cell beams can be derived as in 
Equation (11) 
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     The generalised resultant forces and moments acting over the cross-section at 
a span location z can be related to the stresses in the beam by employing the 
equilibrium equations in the global system of coordinates: 
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where )(zF , )(zVx
and )(zVy

 denote the resultant axial and shear forces in the z, x 

and y directions respectively, )(zM x
, )(zM y

and )(zT are the resultant moments 

about the x, y and z axis, i

 and j


stand for the unite vectors along the global x 

and y axes and se


and ne


are the unit vectors along the local s and n axes 

respectively. Neglecting the second order term (  ) in Equations (7a) and (11a), 

the forces-displacement relations are obtained as follows:  
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(13) 

     The entries of the stiffness matrix are given in the appendix. 

3 Validation and numerical results 

To verify the accuracy of the developed analytical model, the blade of a 2-bladed 
AWT27 wind turbine is chosen for deformation analysis under realistic loading 
conditions.  The blade has a span of 12.57m and is constructed of S809 and S814 
aerofoils. The external loading is calculated at a wind speed of 10 m/s using the 
aerodynamic code WTAero. Various unbalanced material configurations 
producing bend-twist elastic coupling, as listed in Tables (1) through (3), are 
considered for the blade.  In all cases the mechanical properties of the composite 
material (AS4/3501-6 graphite/epoxy) and the shell thickness are the same: total 
shell thickness=20mm, GPaE 96.14111  , GPaEE 79.93322  , GPaGG 0.61312  ,

GPaG 83.423  , 24.01312  and 5.023  . The predicted induced twist angle is 

compared with the results of finite element analysis (FEA) using ANSYS 
software with SHELL99 element. Results are shown in Figures 3–5.  

Table 1:  Configurations without web. 

Layup configurations Top surface Lower surface Web
1 [20]20 [-20]20 No
2 [30]20 [-30]20 No 
3 [40]20 [-40]20 No 
4 [50]20 [-50]20 No 

Table 2:  Configurations with one web. 

Layup configurations Top surface Lower surface Web
5 [20]20 [-20]20 [45/-45]10 
6 [30]20 [-30]20 [45/-45]10 
7 [40]20 [-40]20 [45/-45]10 
8 [50]20 [-50]20 [45/-45]10 
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Table 3:  Configurations with two webs. 

Layup configurations Top surface Lower surface Web 1 Web 2 

9 [20]20 [-20]20 [45/-45]10 [45/-45]10 
10 [30]20 [-30]20 [45/-45]10 [45/-45]10 
11 [40]20 [-40]20 [45/-45]10 [45/-45]10 
12 [50]20 [-50]20 [45/-45]10 [45/-45]10 

 

   

   
 

Figure 3: Twist angle (a) configuration 1, (b) configuration 2, 
(c) configuration 3, and (d) configuration 4. 

     As it can be observed from these figures, the predicted twist using the 
developed analytical model is in good agreement with the results of FEA for 
most of the configurations. The maximum differences between the analytical and 
numerical results correspond to the one- and two-web configurations with a ply 
angle of 20 degrees. In these two cases the overall twist angle is very small 
(below 1 degree). Cases like these do not have any practical applications in 
adaptive blades. In all cases, a large deviation between the analytical and 
numerical results can be observed in span locations close to the root of the blade. 
This is due to the fact that the developed analytical model ignores the torsional 
restrained at the fixed end of the blade. It should be noted that since the inner 
parts of the blades have minor effects on the overall aerodynamic performance of 
wind turbines, this deviation has negligible effect on the predicted aerodynamic 
performance of the unit.  

4 Analytical model in practice 

In this section, the performance of the analytical model is shown by carrying out 
a coupled aero-structure simulation of a wind turbine with bend-twist adaptive 
blades, as illustrated in Figure 1. The rotor aerodynamic code (WTAero) 
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Figure 4: Twist angle (a) configuration 5, (b) configuration 6, 
(c) configuration 7, and (d) configuration 8. 

 
 
 

 

 
 

Figure 5: Twist angle (a) Configuration 9, (b) Configuration 10, 
(c) Configuration 11, and (d) Configuration 12. 
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Figure 6: Span-wise distribution of total aerodynamic force. 

 

Figure 7: Span-wise distribution of the torsional-induced deformation. 

 

Figure 8: Aerodynamic performance of the wind turbine utilising adaptive 
blades. 

employs the updated blade topology to calculate the aerodynamic load on the 
blade as well as the rotor mechanical power. The studied adaptive blade has no 
web and has similar aerofoil, chord and pretwist distributions as those of the 
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blades of AWT27 wind turbines but with a different lay-up configuration. The 
skin of the adaptive blades is made of graphite/epoxy with 50 degrees off-axis 
mirror layup with a constant thickness of 10mm. Mechanical properties of the 
blade skin are as given in Section 3. Running the coupled aero-structure analysis 
with a zero initial induced twist, it was observed that depending on the wind 
turbine operating condition, it takes 6–13 iterations to achieve a solution 
satisfying the convergence criterion  of   %1 oldoldnew PPP . Figures 6–8 show the 

results of the first six iterations of coupled aero-structure analysis of this wind 
turbine operating at a steady wind speed of 10 m/s with a rotor speed of 
53.3 rpm. 

5 Conclusions 

The developed analytical model for deformation analysis of multi-cell thin-
walled unbalanced composite beams can be employed for predicting the induced 
twist in adaptive blades with required accuracy. The advantages of this model lie 
in its simplicity, efficiency and providing reasonable accuracy.  

Appendix 

Entries of the stiffness matrix in Equation (13):  
 
 

 webs)(two                                       
)()(

~

)()(

~
         

)()(

~

)()(

~

)()(

~

  web)one( 
)()(

~

)()(

~

)()(

~

 web)(no                                                                                         )
)()(

22
(

~

~

~

)(
~

)(
~

~

23

23

1212

12

12

2

3

122

2

121

1

1216

12

12

122

2

121

1

1216

1216

1215

1214

1113

1112

1111

dnds
sGsh

q
Cdnds

sGsh

q
C

dnds
sGsh

q
Cdnds

sGsh

q
Cdnds

sGsh

q
CK

dnds
sGsh

q
Cdnds

sGsh

q
Cdnds

sGsh

q
CK

dnds
LsGsh

n
CK

dnds
ds

dy
CK

dnds
ds

dx
CK

dnds
ds

dx
nyCK

dnds
ds

dy
nxCK

dndsCK

web

sz

webi

web

sz

webi

cell

sz

celli

cell

sz

celli

cell

sz

celli

web

sz

webi

cell

sz

celli

cell

sz

celli

sz

i

i

i

i

i

i







































































 

22  High Performance Structure and Materials VI

 
 www.witpress.com, ISSN 1743-3509 (on-line) 
WIT Transactions on The Built Environment, Vol 124, © 201  WIT Press2



 webs)(two                                                 
)()(

~

)()(

~
         

)()(

~

)()(

~

)()(

~

  web)one(
)()(

~

)()(

~

)()(

~

 web)(no                                                                                                        )
)()(

22
(

~

)
~~

(

))(
~

)(
~

(

)(
~

)(
~

~

23

23

2212

12

22

3

3

222

2

221

1

2226

12

12

222

2

221

1

2226

2226

332225

2

33

2

2224

1223

1222

1221

dnds
ds

dx

sGsh

q
Cdnds

ds

dx

sGsh

q
C

dnds
ds

dx

sGsh

q
Cdnds

ds

dx

sGsh

q
Cdnds

ds

dx

sGsh

q
CK

dnds
ds

dx

sGsh

q
Cdnds

ds

dx

sGsh

q
Cdnds

ds

dx

sGsh

q
CK

dnds
ds

dx

LsGsh

n
CK

dnds
ds

dy

ds

dx
C

ds

dy

ds

dx
CK

dnds
ds

dy
C

ds

dx
CK

dnds
ds

dx

ds

dx
nyCK

dnds
ds

dx

ds

dy
nxCK

dnds
ds

dx
CK

web

sz

webi

web

sz

webi

cell

sz

celli

cell

sz

celli

cell

sz

celli

web

sz

webi

cell

sz

celli

cell

sz

celli

sz

i

ii

ii

i

i

i








































































 webs)(two                                                   
)()(

~

)()(

~
         

)()(

~

)()(

~

)()(

~

  web)one(
)()(

~

)()(

~

)()(

~

 web)(no                                                                                                          )
)()(

22
(

~

))(
~

)(
~

(

))(
~

)(
~

(

)(
~

)(
~

~

23

23

2212

12

22

3

3

222

2

221

1

2236

12

12

222

2

221

1

2236

2236

2
33

2

2235

33
2234

1233

1232

1231

dnds
ds

dy

sGsh

q
Cdnds

ds

dy

sGsh

q
C

dnds
ds

dy

sGsh

q
Cdnds

ds

dy

sGsh

q
Cdnds

ds

dy

sGsh

q
CK

dnds
ds

dy

sGsh

q
Cdnds

ds

dy

sGsh

q
Cdnds

ds

dy

sGsh

q
CK

dnds
ds

dy

LsGsh

n
CK

dnds
ds

dx
C

ds

dy
CK

dnds
ds

dx

ds

dy
C

ds

dx

ds

dy
CK

dnds
ds

dy

ds

dx
nyCK

dnds
ds

dy

ds

dy
nxCK

dnds
ds

dy
CK

web

sz

webi

web

sz

webi

cell

sz

celli

cell

sz

celli

cell

sz

celli

web

sz

webi

cell

sz

celli

cell

sz

celli

sz

i

ii

ii

i

i

i








































































 webs)(two                                                                          )(
)()(

~
)(

)()(

~
         

)(
)()(

~
)(

)()(

~
)(

)()(

~

  web)one()(
)()(

~
)(

)()(

~
)(

)()(

~

 webs)(no                                                                                                                                                          ))(
)()(

22
(

~

)](
~

)(
~

[

)](
~

)(
~

[

))((
~

))((
~

)(
~

23

23

2212

12

22

3

3

222

2

221

1

2246

12

12

222

2

221

1

2246

2246

33
2245

33
2244

1243

1242

1241

dndsn
ds

dx
y

ds

dy
x

sGsh

q
Cdndsn

ds

dx
y

ds

dy
x

sGsh

q
C

dndsn
ds

dx
y

ds

dy
x

sGsh

q
Cdndsn

ds

dx
y

ds

dy
x

sGsh

q
Cdndsn

ds

dx
y

ds

dy
x

sGsh

q
CK

dndsn
ds

dx
y

ds

dy
x

sGsh

q
Cdndsn

ds

dx
y

ds

dy
x

sGsh

q
Cdndsn

ds

dx
y

ds

dy
x

sGsh

q
CK

dndsn
ds

dx
y

ds

dy
x

LsGsh

n
CK

dnds
ds

dy
y

ds

dx
x

ds

dx
Cn

ds

dx
y

ds

dy
x

ds

dy
CK

dnds
ds

dy
y

ds

dx
x

ds

dy
Cn

ds

dx
y

ds

dy
x

ds

dx
CK

dndsn
ds

dx
y

ds

dy
x

ds

dx
nyCK

dndsn
ds

dx
y

ds

dy
x

ds

dy
nxCK

dndsn
ds

dx
y

ds

dy
xCK

web

sz

webi

web

sz

webi

cell

sz

celli

cell

sz

celli

cell

sz

celli

web

sz

webi

cell

sz

celli

cell

sz

celli

sz

i

ii

ii

i

i

i










































































High Performance Structure and Materials VI  23

 
 www.witpress.com, ISSN 1743-3509 (on-line) 
WIT Transactions on The Built Environment, Vol 124, © 201  WIT Press2



 webs)(two                                                           )(
)()(

~
)(

)()(

~
         

)(
)()(

~
)(

)()(

~
)(

)()(

~

  web)one()(
)()(

~
)(

)()(

~
)(

)()(

~

 web)(no                                                                                                                                ))(
)()(

22
(

~

)(
~

)(
~

)(
~

))((
~

)(
~

23

23

1212

12

12

3

3

122

2

121

1

1256

12

12

122

2

121

1

1256

1256

1255

1254

2

1153

1152

1151

dnds
ds

dx
ny

sGsh

q
Cdnds

ds

dx
ny

sGsh

q
C

dnds
ds

dx
ny

sGsh

q
Cdnds

ds

dx
ny

sGsh

q
Cdnds

ds

dx
ny

sGsh

q
CK

dnds
ds

dx
ny

sGsh

q
Cdnds

ds

dx
ny

sGsh

q
Cdnds

ds

dx
ny

sGsh

q
CK

dnds
ds

dx
ny

LsGsh

n
CK

dnds
ds

dx
ny

ds

dy
CK

dnds
ds

dx
ny

ds

dx
CK

dnds
ds

dx
nyCK

dnds
ds

dx
ny

ds

dy
nxCK

dnds
ds

dx
nyCK

web

sz

webi

web

sz

webi

cell

sz

celli

cell

sz

celli

cell

sz

celli

web

sz

webi

cell

sz

celli

cell

sz

celli

sz

i

i

i

i

i

i










































































 webs)(two                                                              } )(
)()(

~
)(

)()(

~
         

)(
)()(

~
)(

)()(

~
)(

)()(

~
{

  web)one(})(
)()(

~
)(

)()(

~
)(

)()(

~
{

 web)(no                                                                                                                                  ))(
)()(

22
(

~

)(
~

)(
~

))((
~

)(
~

)(
~

23

23

1212

12

12

3

3

122

2

121

1

1266

12

12

122

2

121

1

1266

1266

1265

1264

1163

2

1162

1161

dnds
ds

dy
nx

sGsh

q
Cdnds

ds

dy
nx

sGsh

q
C

dnds
ds

dy
nx

sGsh

q
Cdnds

ds

dy
nx

sGsh

q
Cdnds

ds

dy
nx

sGsh

q
CK

dnds
ds

dy
nx

sGsh

q
Cdnds

ds

dy
nx

sGsh

q
Cdnds

ds

dy
nx

sGsh

q
CK

dnds
ds

dy
nx

LsGsh

n
CK

dnds
ds

dy
nx

ds

dy
CK

dnds
ds

dy
nx

ds

dx
CK

dnds
ds

dy
nx

ds

dx
nyCK

dnds
ds

dy
nxCK

dnds
ds

dy
nxCK

web

sz

webi

web

sz

webi

cell

sz

celli

cell

sz

celli

cell

sz

celli

web

sz

webi

cell

sz

celli

cell

sz

celli

sz

i

i

i

i

i

i








































































  

where β is the perimeter of centreline of the cross-section. 
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