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Abstract

An analytical model capable of predicting the induced deformation due to the
presence of bend-twist and stretch-twist elastic couplings in multi-cell closed
thin walled beams with arbitrary cross-sections is presented. For various
structural and material configurations, the results obtained by the developed
model are compared with the results of the finite element analysis. It is shown
that the developed analytical model provides reasonable accuracy in predicting
induced twist. The developed model is implemented in an aero-structure
simulation environment for simulation of wind turbines utilising adaptive blades.
Keywords: thin-walled beam, multi-cell closed thin walled beams, adaptive
blades, elastic coupling, bending-twist coupling, wind turbine composite blade.

1 Introduction

Fibrous composite materials have been broadly used in aeronautical and
aerospace structures due to their proven advantages, such as high strength-weight
ratios. One particular application of these materials is in fabricating smart and
adaptive aerodynamic lifting surfaces such as wind turbine adaptive blades and
aircraft smart wings. An adaptive blade acts as an open-loop controller that
senses the wind velocity or rotor speed variations and adjusts its aerodynamic
characteristics accordingly to improve the wind turbine performance. This self-
control system can be achieved by implementing elastic coupling in the structure
of the blade. In order to determine the aerodynamic performance of adaptive
blades at various loading conditions, a structural analyser is required to calculate
the induced deformation of the blade. Figure 1 shows the simulation
environment for wind turbines utilising this type of blades. Torsional
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deformation of an adaptive blade is the key parameter influencing the wind
turbine aerodynamic performance. The accuracy of the predicted torsional
deformation is crucial in simulation and design of adaptive blades [1, 2]. A
number of analytical models of anisotropic thin-walled beams have been
proposed for box beams. Most of researchers employed strain energy and virtual
work methods to study the static and dynamic characteristic of thin- and thick-
walled beams. Chandra et al. [3] and Kim and White [4] developed analytical
models for circumferentially asymmetric stiffness (CAS) and circumferentially
uniform stiffness (CUS) for single-cell box beams. They considered the bending,
torsional and extensional loads and included shear and warping effects. Their
model was, however, limited to rectangular cross-sections. Wu et al. [5]
developed another analytical model for torsional loading without using energy
method. Kim and Shin [6] provided exact solutions for twist angle and fibre
stresses of thin-walled box beams considering the effects of elastic couplings and
restrained warping. Lee and Lee [7], Vo and Lee [8, 9] also developed two
analytical models for beams under torsional loading based on strain energy
method. Librescu and Song [10, 11] published a set of theories for thin-walled
composite beams applicable to deformation and vibration problems. They
produced the governing equations of motion with boundary conditions through
Hamiltion’s principle. Shadmehri ef al. [12] developed the static and dynamic
characteristics of composite thin-walled beams using non classical effects, such
as transverse shear, warping inhibition, non-uniform torsional model and rotary
inertia.
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Figure 1: Coupled aero-structure analysis of unbalanced composite lifting
surface.
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In view of the deficiencies in the current analytical models, Maheri et al. [1]
and Maheri [2] used a robust finite element suite to calculate the deformation in
each aerodynamic-structural analysis iteration (Structural Analysis box in
Figure 1). In the present study, an efficient and accurate analytical model is
developed and employed as the structural analyser.

2 Analytical model

The proposed analytical model considers the transverse shear effects and primary
warping inhibition. The cross section can have a general shape with up to two
webs (three cells). In developing the model, the following basic, still realistic,
assumptions are made [10]:

a) The shape of the cross-section and its geometrical dimensions remain
invariant in its plane; however deformation normal to the sectional plane are
permitted.

b) The transverse shear strain is uniform over the beam.

¢) Thin-walled beams are considered only.

The transformed three-dimensional constitutive equations for a generally

orthotropic elastic material can be expressed as in Equation (1) [13]:

Oss El 1 gl 2 El 3 0 0 gl 6 || Ess
2z Cla Cx;p Cp3 0 0 Cygle (1)
Sun | _ Ci3 Cr3 (33 0 0 C36 |/€mn
Tl | 0 0 0 Cqq Cy4s 0 |7z
Tns 0 0 0 645 655 0 Yns
Tz Cie C26 C36 0 0 Cgp |75z

Referring to the basic assumptions above, the stresses Cy» O, and 7, can be

neglected (o, =0, =7, =0). Rearranging the constitutive equations the

nn

reduced constitutive equation for the k" layer is determined:

0:: 511 512 O g::

_|lé. & o 2
T =Ll 2 Vs
z-zn k 0 0 C33 P 7/zn k

where

C11 = 622 + (6223611 + 6122633 - 2C13612623 )/(Elzx - 633611)
C), = Cy +(-C,Cp3Cy6 +C,C Gy - CsCs Gy + C Gy Cy )/(C123 -GG
G, =C,
C22 = Ceo +(-C16C13C36 + C126C33 + szocn - C36C16C13)/(C123 - C33C11)
Cy;=Cyy- st/css
Figure 2 shows two systems of coordinates used to drive the force-
deformation relations.
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Figure 2: Global and local system of coordinates.

Displacement vector {4, v, w } of a general point is given as in Equation (4)
[10]:

w(x,y,z,0) =u,(z,6) = (y = y,)4(z,1) (42)
v(x,y,z,t) =v, (z,t1)+ (x - x,)p(z,1) (4b)
d d
w(s,z,m,0) = wy(z,0) + 6, (z,0)(x + n%) +0 (z.0(y— ni) (4c)
: o 2Q _
-4 (m)!(r"(s) T NCYA

where u ,and v, stand for the u and v displacements of a reference point
(here the origin of the x— y — z system of coordinates), w, is the displacement of

a reference point on the 7 —s — z system of coordinate along the z-axis, Qis the
area inside the centreline of the cross-section, 4 is the shell thickness,
L= i}ds Jh(s)G (s)> ¢ is the rotation about z-axis and ¢, and 6, are the rotations

about the x and y axes, given by:
gx(ZJ):}’yz_V’ (5)

P

0,(z,t)=y,. —u' (6)

P

The strain field in the n—s—z system of coordinate for a single- cell beam
can be defined as [10]:

gzz(s,z,n,t):wg+9;(y7n%)+9;(x+n%) (7a)
— gz [r(s)d s- [ —22—ax
0 0 h(s)G (s)L
T, (s,z,n,t)=1[60,(z,t)+ u',]dx—Jr [6,.(z,t) + v’]]dL (7b)
) P ds P dX
+¢’(z,t){ 20 + 2np }
h(s)G (s)L h(s)G (s)L

dy

T (s.2.m0) = [0,(2.0) + ) 195~ [0,(2.0) + v'p]fii (7c)
: S AY
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In the case of multi-cell cross-sections, the rate of the rotation of the R™ cell
surrounded by m adjacent cells, is given by [10]:

, m 5 (8)
Pr = 0 G(qR R ;(L r)

where G is a conveniently chosen shear modulus (here the average of G.) ¢ is the

shear flow in the cell, , is the area enclosed by R™ cell mid-line contour and
L

R ]

Since the twist angle rate is the same for all connected cells, [¢f], [g]and [H]

parameters g, and ¢, are defined as: 5 — §ds and s J'
h o

can be expressed as:
[¢']=1[s]lq] ©)
[¢]=[H]¢' (10)
where [H ] =[s]'[/]and [[]is the unit vector. Using Equations (8) through

(10), the strain field for thin-walled multi-cell beams can be derived as in
Equation (11)

(11a)

e_(s,z,n,t) = wy,+ 0. (y - n dx Y+ 0. (x + n

ds
i H i
HEARSE ){ ()G (5)

4 dx 4 dy
F.(s,z,n,t)=[0,(z,t)+u, ]F+ [0,(z.t) + v, ]F (11b)

dy
ds )

. ; H
R IBIIN)

cdy cLdx
L, (s,z,n,t)=[0,(z,0)+ up]g—[ﬁx(z,t) + vp]g (11c)

The generalised resultant forces and moments acting over the cross-section at
a span location z can be related to the stresses in the beam by employing the
equilibrium equations in the global system of coordinates:

F(z) = [[ o. dsn (12a)

V2)=[[r.e. i dsdn + ([, e i dsdn (12b)

V()= [z, e - j dsdn +[[ 7. " dsdn (12¢)
MX(z)zﬂazz(y—ndx / ds ) dsdn (12d)

M (z)= —H o _(x+ ndy /ds)dsdn (12e)

Ty = [[ -l T, e, Ty -0 Tyaan (126)

~ - ~ - d
+JJ(sz€,'J+Tzn€n‘J)(x+”dJ: ) dsd
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where r(z),y (z)andy (z) denote the resultant axial and shear forces in the z, x
and y directions respéctively, M (2)>M (2) andT'(z)are the resultant moments
about the x, y and z axis, i and jstand for the unite vectors along the global x
and y axes and € , and én are the unit vectors along the local s and n axes

respectively. Neglecting the second order term (") in Equations (7a) and (11a),
the forces-displacement relations are obtained as follows:

£(z) K, K, K; K, K; Kg W;)(x) (13)
V.(z) K, K, K, K, K, Ky, 0.(z)
V,(z) | Ky Ky Ky Ky Ky Ky 0.(2)
T(x) | | Ky Kn Ky Ko Ky Ki||6,+u,
M . (x) Ky Ky Ky Ko Ko Ky||60,4V)
M (x) Ko Ko Ko Ko K Kg $'(2)

The entries of the stiffness matrix are given in the appendix.
3 Validation and numerical results

To verify the accuracy of the developed analytical model, the blade of a 2-bladed
AWT27 wind turbine is chosen for deformation analysis under realistic loading
conditions. The blade has a span of 12.57m and is constructed of S809 and S814
aerofoils. The external loading is calculated at a wind speed of 10 m/s using the
aerodynamic code WTAero. Various unbalanced material configurations
producing bend-twist elastic coupling, as listed in Tables (1) through (3), are
considered for the blade. In all cases the mechanical properties of the composite
material (AS4/3501-6 graphite/epoxy) and the shell thickness are the same: total

shell thickness=20mm, E =141.96GPa, E,, = E,, =9.79GPa> G,, =G, =6.0GPa,
G, =4.83GPa, v,, =v,, = 0.24 and vy =0.5- The predicted induced twist angle is

compared with the results of finite element analysis (FEA) using ANSYS
software with SHELL99 element. Results are shown in Figures 3-5.

Table 1: Configurations without web.
Layup configurations Top surface Lower surface Web
1 [20]20 [-20]20 No
2 [30]20 [-30]0 No
3 [40]20 [-40T20 No
4 [50]20 [-50]0 No
Table 2: Configurations with one web.
Layup configurations Top surface Lower surface Web
5 [20]x0 [-20]0 [45/-45],,
6 [30]20 [-30]x [45/-45]¢
7 [40]50 [-40]x [45/-45]10
8 [500 [-50]a0 [45/-45110
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Table 3: Configurations with two webs.
Layup configurations Top surface Lower surface Web 1 Web 2
9 [20]0 [-20] [45/-45]10 [45/-45]10
10 [30]20 [-300 [45/-45]10 [45/-45110
11 [40]20 [-40]2 [45/-45]10 [45/-45]10
12 [50] [-50]50 [45/-45]10 [45/-45119
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Figure 3: Twist angle (a)configuration 1, (b)configuration 2,
(c) configuration 3, and (d) configuration 4.

As it can be observed from these figures, the predicted twist using the
developed analytical model is in good agreement with the results of FEA for
most of the configurations. The maximum differences between the analytical and
numerical results correspond to the one- and two-web configurations with a ply
angle of 20 degrees. In these two cases the overall twist angle is very small
(below 1 degree). Cases like these do not have any practical applications in
adaptive blades. In all cases, a large deviation between the analytical and
numerical results can be observed in span locations close to the root of the blade.
This is due to the fact that the developed analytical model ignores the torsional
restrained at the fixed end of the blade. It should be noted that since the inner
parts of the blades have minor effects on the overall aerodynamic performance of
wind turbines, this deviation has negligible effect on the predicted aerodynamic
performance of the unit.

4 Analytical model in practice

In this section, the performance of the analytical model is shown by carrying out
a coupled aero-structure simulation of a wind turbine with bend-twist adaptive
blades, as illustrated in Figure 1. The rotor aerodynamic code (WTAero)
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Aerodynamic performance of the wind turbine utilising adaptive

employs the updated blade topology to calculate the aerodynamic load on the
blade as well as the rotor mechanical power. The studied adaptive blade has no
web and has similar aerofoil, chord and pretwist distributions as those of the
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blades of AWT27 wind turbines but with a different lay-up configuration. The
skin of the adaptive blades is made of graphite/epoxy with 50 degrees off-axis
mirror layup with a constant thickness of 10mm. Mechanical properties of the
blade skin are as given in Section 3. Running the coupled aero-structure analysis
with a zero initial induced twist, it was observed that depending on the wind
turbine operating condition, it takes 6-13 iterations to achieve a solution
satisfying the convergence criterion of ( ,,,d)/Pn,d <1%. Figures 6—8 show the

results of the first six iterations of coupled aero-structure analysis of this wind
turbine operating at a steady wind speed of 10 m/s with a rotor speed of
53.3 rpm.

5 Conclusions

The developed analytical model for deformation analysis of multi-cell thin-
walled unbalanced composite beams can be employed for predicting the induced
twist in adaptive blades with required accuracy. The advantages of this model lie
in its simplicity, efficiency and providing reasonable accuracy.

Appendix

Entries of the stiffness matrix in Equation (13):

K, = [[ Cldnds
K,=[[Cix+n %)dnds
K, =[[Ciy- n%)dnds
K, =|[c. ‘d’;:dnds

K, = J'J. 5‘ %dndx

~ 20 +21p
K, .” h( )G _(s)L ) (no web)
K, = ” C‘; — e gds + H Eu T s + ” —dq nds  (one web)
T h(s)G L (s) @2 ()G (s) we TP ()G (s)
K= C—Le—dnds + 1) O L s 4 .. Cr—as gy
T h(s)G L (s) T h(s)GL(s) * h(s)G_(s)
+ .”./ .;E q—d"dS + ” q—dnds (two webs)

h(s)G (s) F ()G (5)
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K, :I 6‘,£dﬂds
2 Chn

= ” 5“2(): + nd—y)d—xdnds

K, =[[C.y- nd—x)d—xd ds

K.=] (51;(—)1 + C;(—)Z)dnds
dx dy dx dy

K, = C ——— - C, ———)dnd:
=l “d a5 s
20+ 2mp
K = (=7 )=
M _U 75)G(5)L ) = dnds (no web)
K, = H El’: Dor dxd,ds + H E Do & dnds + H Cl e OX dx dnds  (one web)
< ()G (s) ds w2 ()G (s) ds 2T ()G (s) ds
Ko=f[ oL B sy f[ Ot Ot g
h < ()G (s) ds 2" h(s)G(s) ds <5 h($)G(s) ds
+ J'J. 5 L H C, —q"""” ﬁdnds (two webs)
e R (s)G L (s) ds * h(s)G_(s) ds
K, :I a’:d—)fdnds
K, =[[Ciix+n Zy ) Zy dnds
K, = HC (anﬁ)didnds
i LS
K. =[[(Cu ) € ) dnds
&, = [fey +5'==<—)1)dnds
ds
20+ dv
K.=ic. h(s G. ()L - o s (no- web)
Qs W 4 T ) b
K, =[], ¢ hmG W +[f,.c. TORORT dnds + [ ST (v) d & inds  (one web)
K, =[], Ci—t D s +ff, e D nds +ff, C—Hee D nds
h(Y)G (s) ds " h(s)G_(s) ds o h(s)G_(s) ds
— 4 d—dnds (two webs)

o + (LGl

| s

~ dy  dy dx
=||C,(x+n—)(x——y—+n)dnd.
K =[JC =y my—rndnds
K JJC0-n 0Ly S iinas

EJIC 202y 2Dy By

K TGy S s O 2 s

K.=Jfce hf))gz(")’;x 7—y—+n)dnds (aowebs

K=l h(;é‘(g)( —*y ’M [[,.C h(gé(s) %*y—Jr Yndst[[  C h(j)éll(s) iy—y—m)dnda (oneweb)

wollSee h(s‘;gw( gl CHea g mne(]. € h(;é(S)( R
ALoes (x%_y el e dy_y ik (twowebs)
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~ dx
K, = ”C{, - ng)dnds
~ dy dx
K. =[[C(x + n==)(y —n—=)dnds
) LG =)y —n—=)dnds
~ dx
K, =([Ci( y—nz)'dnds
K= [[C 2 =S yanas

K, = ”E, ﬂ(y - nd—x)dnds

K H hz(igz(rfL (v *nﬁ)dnds (no web)
k=[l..C. h(s?cm(s) G=n )d”d‘*ﬂ c. s )G (S) )dnds+jj c —(h(sq)(’;‘ o5V " )dnds (one web)
K.=[[ ‘h(q)ﬁ(y n )dnds*+” c. h(")é()( )dnds I..c. h(s‘;(l‘()( )dnds‘
+[[..¢ c h(j)G‘(A) (/‘A_n;)dnds-ﬁ— i.. ,m )dnds (two webs)
K, =-[[c, (x+n%)dnds
K. =-[[C, (Hn%ydnds
=—[[Ciy —n%)(x +n%)dndx
K, :—Hdguw%ﬂm
K. =-[f aﬂawﬂ)dnds
K.~[c (hz(?)éz(ni "ﬂ)d"ds (noweb)
ko=—L.C5 )d”d”ﬂ C L(Hnﬂ)dndﬁﬂwag Gy nLyindg (oneweb)
"S oo h(s)G. () h(s)G o s
K= ¢ m( +n;)dnds+ i..c. m( +n—)dnds+” o )G (S)( n%)dnds
+IL. C h(sigj,l(s) (Hn%)d"dﬁﬂw C h(sj”éf}s) (XMZ)dnd‘v) (twowebs)

where £ is the perimeter of centreline of the cross-section.
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