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Abstract

High bearing load roller shafts are made of high performance steels as they are
subjected to severe fatigue conditions, which combine a shrink-fit load and a
rotating bending. Alternating stress intensity for fatigue analysis under said
conditions, using elastic and maximum shear stress theories, shows a waving
behaviour within a short distance near the contact edge. This discovery is
observed by using structured 3D finite element models with surface-to-surface
contact and element sizes varying from a coarse size far from the contact edge
down to the order of sliding displacement near the contact edge. These FE
models provide proof that stresses near the contact edge increase indefinitely
when element size reduces. It is also found that the maximum alternating stress
intensity at the depth of one ten-thousandth of the shaft diameter, using the
friction coefficient of 0.01 in FE models, gives a good comparison with
empirical fatigue data of classic shrink-fit assemblies for a wide range of
geometry and loading.

Keywords: shrink-fit, rotating bending, fatigue, alternating stress intensity, finite
element, singularity, stress concentration factor.

1 Introduction

Roller shafts subjected to high bearing loads, such as those supporting rotary
kilns in the cement industry shown in figure 1, are usually made of high strength
steels for resistance against severe fatigue loading which combines a shrink-fit
load and a rotating bending [1].

The only single, widely used, formula for contact pressure between hub and
shaft due shrink-fit load is Lamé’s formula, shown as formula (1) in the next
section, which is analytically developed by using the elastic theory of thick
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walled cylinders subjected to internal and external pressures and assuming either
plane stress or plane strain state in the axial direction for both the hub and the
shaft [2].
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(a) About 3000-tone rotary kiln supported at 5 piers
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Figure 1: High bearing load roller shafts in cement industries.

In reality, the shaft and the hub having finite lengths with the shaft being
longer than the hub, they both exhibit non-zero 3D stress states because neither
plane stress nor plane strain state applies. In about 1975, a very tedious analytical
procedure, without giving close form formulas, was developed for classic
shrink-fit assemblies. It was numerically applied and demonstrated that the
contact pressure varies along the contact length, from about Lamé’s value in the
central region to an indefinitely high value at the contact edge [3]. More recently,
stress distribution in the shaft and the hub due to the shrink-fit load could be
obtained using axisymmetric finite element models [4, 5] and confirms that the
contact edge is a singular region because stresses increase indefinitely there
when element size reduces [5].

When shrink-fit assemblies are subjected to rotating bending, the overall
stress distribution becomes much more complex and their fatigue life is not
obviously evaluated because of the singular behaviour at the contact edge.
Fatigue experiments and stress evaluation for shrink-fits and rotating bending
have been done since 1936 [6], and a chart for the empirical fatigue stress
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concentration factor of classic shrink-fits has been established based on
experimental data [7].

This paper analyses stresses near the contact edge of shrink-fit assemblies
subjected to rotating bending using 3D finite element models.

2 Empirical fatigue stress concentration factor for shrink-fits

Only classic shrink-fit shafts have a quantitative procedure for fatigue analysis.
A shrink-fit assembly is said to be classic if there is no groove and the contact
edge is square, such as that shown in figure 1(c). By this procedure, Lamé’s
pressure p is calculated using formula (1) shown below, which is developed for
shrink-fit pressure between thick walled cylinders using plane stress or plane
strain state in the axial direction [1]:

AD

p= (1

D
1(D, +D’ 1(D°+D’ |

h 2
E,(D,’-D? E (D’ -D, ’
where dimensions D, D,, D;, and the diametric interference AD are shown in
figure 2, E and v represent Young’s modulus and Poisson’s ratio respectively,
and the subscripts h and s stand for hub and shaft materials, respectively.

Figure 2: The hub and the shaft considered as thick walled cylinders.

Nominal bending stress in the shaft is also calculated using formula (2) given
by strength of material, where M is the bending moment in the shaft.

o 32MD o
n(D*-D.*)

Fatigue stress concentration factor K; is obtained using an empirical chart
reproduced in figure 3 [7], which is based on experimental fatigue data of classic
shrink-fits in function of two ratios: ratio L/D between the hub length and the
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shaft diameter, and ratio p/c between Lamé’s pressure and nominal bending
stress in the shaft. The alternating stress S, is finally calculated by formula (3)
and input to a proper fatigue curve (S-N) of shaft material for predicting the life
of the shaft.

S, =Ko (3)

4

Figure 3: Empirical fatigue stress concentration factor for classic shrink-fits
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Figure 4: Surfaces for the shaft and the hub in a radial plane of the half
shrink-fit assembly.

3 Finite element (FE) model

Since the hub and shaft assembly has two symmetry planes, only 1/4 of the
assembly is studied in the present paper using ANSYS finite element Code [8].
Seven surfaces for a radial section of the half shaft and the hub are first created
as shown in figure 4, where AD/2 is radial interference, and d is a small depth
from the shaft surface near the contact edge. A key line at a small depth d allows
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for accurate examination of stress distribution near the contact edge because
stresses quickly vary within short distances around this edge, [3]. These surfaces
are temporarily meshed into 4-node flat elements with controlled sizes, a coarse
size far from the contact edge, and a very fine size near the contact edge as
shown in figure 5. These flat elements are used for generating 3D solid 8-node
elements by using extrusion and volume rotation options (EXTOPT and
VROTATE commands). This mesh technique gives a relatively small number of
nodes (about 20000 to 50000 nodes) with reliable results near the contact edge.

Figure 6 shows the resulting 3D element mesh for 1/4 of a classic shrink-fit
assembly.

TN

hub e e
JAN 12 2008
15:38:18

Singular point

Figure 5: Generator flat element mesh in a radial plane.

b) Zoom near top contact edge

Figure 6: A quarter finite element model for a classic shrink-fit.
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The following boundary conditions are applied to the FE model:

1. Surface-to-surface target and contact elements covering the nodes on
the inside diameter of the hub and nodes on the outside diameter of
shaft;

2. Symmetry conditions for nodes on the symmetry planes (XY and YZ);
and

3. Bending moment replaced by linearly variable pressure at the nodes on
the end section of the shaft, equivalent to formula for nominal bending
stress.

4 FE results

Nine classic shrink-fit cases, shown in figure 3 by letters C, E, W, S, N (for
Center, East, West, etc), are studied in order to find a depth d from the shaft
surface where FE results give comparable fatigue stress results with the
empirical fatigue procedure mentioned in section 2. The following parameters
are fixed for all cases: D; =0, D,/D = 3 (hub 3 times bigger than shaft), the same
elastic material properties for the hub and the shaft, and interference AD/D =
0.00075. The Lamé’s pressure for all these cases is p = 0.3333*E/1000 according
to formula (1).

4.1 Stresses due to shrink-fit alone

Without a bending moment, a typical radial stress contour plot for a 3D FE
model due to shrink-fit loading alone is shown in figure 7. These results are
practically identical with those given by 2D axisymmetric models [5]: values in
the central region of the contact interface are approximately equal to Lamé’s
pressure calculated by formula (1); radial stress at the contact edge increases
indefinitely when element size is reduced. It is noticed that element size near the
contact edge is in the order of 0.6D/10000.

ANSYS 11.0

Radial stress at center Radial stress at contact edge
Sx =-0.32 E/1000 increases indefinitely when oeet
element size approaches zero (asemioe,

|1 0.6D/10000
| ©

5
A

N
E"%
W

N *(E/1000)
Zoom near contact “ at\top

Figure 7: Radial stress distribution in the shaft due to shrink-fit alone for
case C.
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4.2 Stresses due to shrink-fit plus bending

When a shrink-fit assembly is subjected to a bending, the shaft slightly shortens
when at the top and stretches when at the bottom, so that small axial sliding
occurs at the edges: the shaft slides in at the top and slides out at the bottom, as
shown in figure 8. Since stresses quickly change within a very short distance
near the contact edge, the element size in this region needs be refined to the order
of the sliding displacement, for example, the sliding displacements at the edges
for case C (L/D = 0.8, p/c = 0.6) is about 2.4D/10000, and the element size
around edges is about 0.6D/10000.

Stresses are examined at several nodes P in the shaft near the contact edge,
each node axially moving in and out when at the top and the bottom; see P, and
Py in figure 8.
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Figure 8: Axial sliding near contact edge at the top and bottom due to
bending for case C (L/D = 0.8, p/c = 0.6).

4.2.1 Alternating tresses in the shaft at various depths d near the contact
edge
The stres% ranges for stress components at a point P are calculated as follows:
- Radial stress range: Aoy = or(point Py) - or(point Py)
- Axial stress range: Aoz = oz(point Py) - 6z(point Py)
- Shear stress range: Atgz = Trz(point Py) - Trz(point Py) 4
- Hoop stress range: Acy = op(point Py) - c4(point Py)
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The principal stress ranges at point P are computed as follows

2
Ac, = Ac, -2|-AGZ N (AGR ;Aczj +A0Rz2

_ Aoy +Ac, (AGR -Ao,

2
Ac, = > > j +Acy,” ()

Ao, =Ag,

The alternating stress intensity, using maximum shear stress criteria, is:
A . —Ac .
Sa — max Gmm (6)
2
AGmax and Aoy, being the maximum and minimum of [Acy, Ac,, Acs].

Figure 9 shows the distributions of alternating stress intensity S, in shaft
within a short distance along the axial direction near the contact edge at seven
different depths d and figure 10 shows the variation tendency of maximum
values of S, (S, max) in the function of depth. It is found that, due to sliding in and
out near the contact edge, (1) S, has waving variations within a distance of about
four times the sliding displacement; (2) maximum alternating stress intensity (S,
max) occurs outside the contact edge by a distance greater than the sliding
displacement; and (3) S, max tends to infinity when the depth approaches zero.
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Figure 9: Distributions of alternating stress intensity (S,) in the shaft along
the axial direction near the contact edge at different depths.
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Figure 10:  Variation tendency of maximum S, in function of depth near
contact edge.

4.2.2 Effect of friction on alternating stresses

FE results shown in the previous sections are for zero friction. The same FE
models can be used with any input friction coefficient for target and contact
elements. The maximum alternating stress intensity at a depth of D/10000 varies
with the friction coefficient as shown in figure 11. These results show that the
friction coefficient would have a negative effect on fatigue stress in shrink-fit
shafts.

1.0

Sa max

(E/1000)

0.9

--S,~ 0.85E/1000 given by empirical procedure

0. L L
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
Friction coefficient u
Figure 11:  Variation of S, .x at depth D/10000 in the function of the friction

coefficient.

4.2.3 Using FE results for fatigue analysis of a shrink-fit shaft

Since FE elastic analysis stresses do not converge to stable values for nodes on
the surface of the shaft near the contact edge when the element size is reduced,
and since fatigue stresses significantly depend on the friction coefficient, it is
suggested using a combination of a certain friction coefficient p and maximum
alternating stress intensity at a certain depth d so as to give comparable fatigue
life prediction with the empirical fatigue procedure previously mentioned in
section 2.
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For example, for L/D = 0.8, Lamé’s pressure p = 0.3333E/1000 and nominal
bending stress ¢ = 0.5555E/1000 (case C), the empirical fatigue procedure uses
the chart in figure 3 to give a fatigue stress concentration factor of about K; =
1.53 and thus an alternating stress of S, = K; 6 = 0.85E/1000.

The FE results in figure 11 show that using a friction coefficient p = 0.01 in
conjunction with depth d = D/10000 would agree well with the empirical result
S, = 0.85/1000 for case C. By studying the nine cases shown in figure 3 by
letters C, E, W, S and N, the results for maximum alternating stress intensity at
depth D/10000 are summarized in table 1 in comparison with values given by the
empirical fatigue procedure in [7]. Both FE and empirical results together agree
well with less than an 11% difference for a wide range of geometry and loading.

Table 1: S max / (E/1000) for nine studied cases of classic shrink-fits (shaft
diameter D, hub length L, Lamé’s pressure p, nominal bending
stress ©).

L/D 0.4 0.8 1.2

p/c SaFE. Sa[7] SarE. Sa[7] SaFE. Sa[7]
1.0 0.50 (12%) | 0.57 0.60 (8%) 0.65 | 0.63(10%) | 0.70
0.6 0.75 (1%) 0.74 0.86 (1%) 0.85 0.89 (3%) 0.92
0.2 1.98 (7%) 1.85 2.16 (9%) 1.97 | 2.30(11%) | 2.07

5 Conclusion

e 3D elastic FE analysis shows that stresses due to shrink-fit and bending are
singular at the contact edge, i.e. increase indefinitely when element size
reduces.

e  Alternating stresses in the shrink-fit shaft have a waving variation along the
axial direction in a short distance of about twice the sliding displacement at
the edge.

e The maximum alternating stress intensity in a classic shrink-fit shaft at a
depth of one ten thousandth of the shaft diameter (D/10000), given by 3D
surface-to-surface contact FE models with a friction coefficient of 0.01
agree well with values given by the empirical fatigue procedure for a wide
range of cases.

e The advantage of using FE results for the fatigue analysis of shrink-fit shafts
is that they can be applied to a shrink-fit assembly with any geometry such
as those with a grooved hub and shaft, while the empirical fatigue procedure
is established for classic shrink-fit assemblies only.
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