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Abstract 

Flood warning mainly depends on reliable flood forecast models.  Literature is 
rich in flood modelling techniques, but failures of these models, especially on the 
very short scale such as hourly flows, do often cause devastating impacts on 
the communities affected by these floods, and on many occasions result in loss of 
lives.  This paper presents a new approach for flood forecasting of river flows 
based on the projection theorem in Hilbert space.     
     The new modelling process obtains the projection of hourly flow rates on 
hourly rainfalls over the catchment at previous hours to the projected flow rate.  A 
total of 25 flow events observed for the Leith River in Dunedin, New Zealand, 
along with their corresponding observed rainfalls at two sites in the catchment 
have been identified and applied to calibrate and validate the derived model.  The 
proposed modelling technique was capable of simulating the flow process for 
the Leith River, and is a promising tool for flood forecast when other models 
fail. The proposed model is easy to apply, doesn’t imply a lot of assumptions or 
parameters, as other models usually require, and can be used for long term forecast 
based on forecasted hourly rain one day or more before the event, or real time 
forecast during the event itself based on rainfall which has been already gauged.  
However, for real time (short term) forecast, the forecast time can be a few hours 
based on the catchment area and its topography which can lead to a fast flow to 
the outlet.   
Keywords:   flood forecast, flood modelling, rainfall-runoff, projection in Hilbert 
Space. 
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1 Introduction 

Natural disasters cause devastating damages to all types of lives on earth, and their 
negative impacts can last for long periods with a huge cost to mitigate.  Floods are 
the most common natural disasters, and unlike other forms of natural disasters 
which usually occur in specific regions such as earthquakes, volcanoes, 
hurricanes, or tornadoes, floods occur almost everywhere, and no community is 
immune from their devastating damages.  Flood warning can be quite effective in 
mitigating the impacts of a coming event, simply by getting prepared.   Even with 
the existence of flood protection schemes, there is usually the potential for a bigger 
flooding event than what the scheme was designed for.   The Environment Agency 
of UK and the strategic plan for the US National Weather Service indicated the 
urgent need for major investment to develop new forecast models for flood 
warning [1, 2]. 
     Flood forecasting is the corner stone for an efficient flood warning system.  
New technology and the use of satellite and radar data have significantly improved 
our capability of forecasting rainfall, even on an hourly basis, for short term 
periods such as the next few hours or longer forecast such as the next 24/48 hours.  
However, due to the complexity of this natural event, and the high spatial and 
temporal variability of rain, the main driving force for flooding, in addition to the 
complex hydrological aspects and characteristics of the catchment area, it is 
usually hard to accurately forecast the coming flood event [1].  Many of the 
available forecast models in the literature, especially those based on watershed 
modelling and hydraulic/hydrologic routing, require a lot of data and include a lot 
of assumptions for solving the concerned equations, which adds to their 
complexity and applicability.  There are many reports in the media and anger in 
the communities over failure of their governments/authorities to provide proper 
flood warning [3–7]. 
     Time series analysis and modelling, such as ARIMA models, have been applied 
in the literature for simulating streamflows.  However, these models work more 
for longer time periods where stationarity conditions can be assumed, or achieved 
by removing apparent cycles or trends [8].  For hourly flows during a significant 
event, the series is quite non-stationary, and flow rates react directly and are highly 
related to the rainfall intensity during the period preceding this flow.   ANN has 
been recently applied for flood forecasting, and several techniques have been 
suggested for their applications to hourly time steps [9, 10]. 
     In New Zealand, floods are the most costly natural disaster.  About 935 
devastating floods occurred during the period 1920 to 1983 in New Zealand [11].  
Dunedin is the second largest city in the South Island of New Zealand, with a 
population of about 120,000 (Statistics New Zealand, 2013).  The Leith River, 
which drains about 45 km2 of mainly hilly areas around Dunedin, goes through the 
city and passes by the prestigious University of Otago.  Most of the northern part 
of Dunedin lies within the flood plain for the Leith River.  A big flooding event 
for the Leith River can cause significant damage and loss to Dunedin in particular, 
and the whole Otago Region in general.  The Leith River has history of flooding, 
and Dunedin experienced extensive damage and inundation during the 1877, 1923 
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and 1929 flood events.  The Otago Regional Council has recently conducted 
studies for flood protection schemes for the Leith River, and has applied for 
consents to carry out the needed work.   

2 Flood modelling of the Leith River 

The Leith catchment has an area of about 45 km2, and extends on the north/north 
west of Dunedin, with Lindsay Creek joining the main Leith in the northern side 
of Dunedin.  There are two sites for rainfall gauging, the first one is at Sullivans 
Dam near the northern boundary of the catchment, while the second site is in the 
northern Pinehill suburb of Dunedin. The flow site is located in the southern reach 
of the river, near the University of Otago.  The Leith River, after passing the 
University of Otago, finds its way to the Otago harbour.  Figure 1 shows the 
catchment area with the locations of rainfall and flow sites.  The Leith River has 
an average flow of 0.694 m3/s, while its “observed” maximum flow is 114 m3/s, 
recorded on 18 February 1991.    

2.1 Model development and formulation 

The catchment area of the Leith River is not big, and this usually results in a 
significant component of the runoff contributing to its high flow hydrograph, 
compared to the base flow component which is usually very small (as shown in 
Fig. 2). Thus, the straight line approach for separating the base flow has been 
applied to estimate the runoff hydrograph due to the rainfall event over the 
catchment [12].  This approach should result in good estimates of the runoff 
hydrograph, as any error in estimating this very small base flow will not have 
effect on the much bigger runoff component.  The runoff hydrograph is obtained 
by simply subtracting the estimated base flow from the flow hydrograph.   
     The basic concept of this model is based on the projection in Hilbert Space [8] 
of the hourly river flows on the span of hourly rainfall data preceding these flows.   
     This model represents an extension of the models developed by [13] and [14] 
for the univariate and multivariate flood forecast of lake levels. 
     Thus, the flow rate at time t, Qt, is projected on the span of rainfalls at 
antecedent times: Rt-j, j = L1 to L2, where L1 and L2 represent lag-1 and Lag-2 
hours before time t.  Thus: 
 

෠ܳ௧ ൌ ∑ ௝ܴ௧ି௝ߙ
௅ଶ
௝ୀ௅ଵ                                                (1) 

 
For ෠ܳ௧ to have the minimum distance “difference” from Qt, Qt - ෠ܳ௧ should be 
orthogonal to all elements of the span of the vector R (Rt-j, j = L1 to L2).  In Hilbert 
space, this yields the following equation: 
 

< Qt - ෠ܳ௧, R >=0     , where <X,Y> = E [XY] in Hilbert space           (2) 
 
Thus, 
 

< Qt - ∑ ௝ܴ௧ି௝ߙ
௅ଶ
௝ୀ௅ଵ , R > =0, j = L1, L1+1, …, L2                          (3) 
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Figure 1: Locations of rainfall and flow sites in the Leith catchment. 

     Equation (3) produces a system of (L2 – L1 +1) linear equations, which can be 
solved simultaneously to obtain the parameters ߙ௝, j = L1 to L2.  The projection 
theorem guarantees that the produced solution is the unique mapping of Qt onto R. 
     The projection theorem guarantees that the model provided by (3) will produce 
coefficients of (Rt-j) for the best forecasts of Qt.  It is assumed in this research that 
the relationship between Qt and Rt-j is linear, which might not be the best choice.  
However, based on the model application which is shown later, this proved to be 
satisfactory.  More research is recommended to consider alternative relationships. 
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Figure 2: A high flow event for the Leith River showing the base flow. 

 

2.2 Model calibration    

A total of 25 high flow events have been selected from the available record during 
the period March 2000 until November 2013.  Twenty three events have been used 
for model calibration and two events have been utilised to test the validation of the 
developed model.  Rainfall over the whole catchment was estimated by applying 
Thiessen polygon method to calculate the weight for each rainfall site, and in turn 
obtain the average rainfall over the whole catchment area.  Thus, one time series 
of average hourly rainfalls has been estimated and used in this case study.  For the 
calibration process, hourly lagged rainfalls for all the events were joined together 
in one input file to the model so that the estimated parameters ߙ௝, j = L1 to L2 are 
based on all the 23 events, and not only on one event.  Figure 3 presents lagged 
correlations between runoff flow rates and observed rainfalls at lags 0 to 10 hours 
prior to the flow rate.  The figure indicates that lags 3 and 4 are the highest, and it 
is a must to include these rainfalls for the flood forecast of the Leith River.  If L1 
equals 3, then this will produce a 3 hours warning before this flow rate for a real 
time forecast during the rainfall event.  However, if this forecast is based on 
rainfalls during the next day, the warning time would be much longer. 
     Figure 4 shows the observed versus the “forecasted” flows for the combined 23 
events which were used in the calibration process. 
     In general, the model simulated “satisfactorily” the underlying hourly runoff 
process, but underestimated some of the significantly high events, and also 
overestimated others.  However, it has to be stated that it is usually very hard for 
any model on an hourly basis to simulate accurately the underlying hydrologic 
process.  Add to this, that this newly developed model does not “explicitly” 
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Figure 3: Lagged cross correlations between runoff flow rates and rainfalls. 

 

 
Figure 4: Results of the calibration process. 

account for hydrologic abstractions, or losses from rainfall before it becomes 
runoff.  However, this is imbedded in the estimated parameters to obtain the best 
match between the observed and the forecasted flows.  Still, the model performed 
reasonably well.  The overall value for Filliben correlation coefficient, which is a 
measure of how good are the forecasted flows compared to the observed ones, 
is 0.9. 

3 Model testing 

Validation of the fitted model was carried out by applying the model to rainfall 
events which were not included in its calibration process.  Thus, these estimated 
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parameters are not “biased” toward these events.  These two high flow events 
occurred during the periods 30 July to 1 August 2008 and 15  to 20  June  2013.   
Table 1 shows the forecasted peak flows versus the observed ones for the two 
events, while figures 5 and 6 show the simulation of the fitted model to forecast 
hourly flows for the two events.  The table shows that the forecasted peak flows 
were within 12% to 23% of the observed peaks, with determination coefficients 
(R2) and Filliben correlation coefficients (FC) higher than 90%.  It should be noted 
that each event has two peaks, and the model was capable of capturing this 
behaviour for the second event, but was not able to “properly” simulate the second  
 

Table 1:  Observed vs. forecasted Leith River peak flows. 

Event 
Date 

Peak Observed Forecast R2 FC % 
Error 

July 
2008 

1 26.4 23.2     -12.1 
2 28.4 21.9 0.97  0.98  -22.9 

June 
2013 

1 49.2 37.8     -23.2 
2 18.5 15.7 0.91  0.96  -15.3 

 
 

 

Figure 5: Observed vs. forecasted runoff hydrographs for the rainfall event 
July 2008. 
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Figure 6: Observed vs. forecasted runoff hydrograph for the rainfall event 
June 2013. 

peak of the first event.  There is only one determination coefficient and one 
Filliben correlation coefficient for each event, as shown in the table.  The figures 
confirm the conclusion that the model is capable of forecasting the Leith River 
high flows, and responded well to the rising limb and the recession of the two 
events.   

4 Conclusions 

A newly derived approach to forecast river flows based on the projection theorem 
in Hilbert space has been presented and applied for the Leith River in Dunedin, 
New Zealand.  The model, once derived and calibrated, is easy to apply and can 
be used for forecasting during a rainfall event with a lead time of 3 hours, or can 
be used for a much longer time if forecasted rainfall is used.  The model required 
only hourly rainfall and flow data for its calibration, and only hourly rainfall data 
for its application for flood forecast.  Despite the fact that the model, in its current 
form, does not “explicitly” has a function to account for hydrologic abstractions 
from rainfall, still it produced satisfactorily results with its implicit inclusion of 
rainfall losses during the projection process.   
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