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Abstract

The Den Hartog method is one of old, but efficient methods for the design of
tuned mass damper (TMD) systems for passive control vibrations in buildings
subjected to earthquake excitations. However, Den Hartog, in his model, did not
include the main mass (structure) damping in deriving the equations for
computing the optimum design parameters for the TMD system (damping and
frequency ratios). In this work an attempt is made to generalize the Den Hartog
method to include the effect of the structure damping in the derived equations.
The dynamic equations for a TMD system attached to SDOF structure with
damping are derived. Then, using the complex numbers technique, the equation
for maximum displacement of the structure when subjected to harmonic
excitation is derived. The numerical optimization technique is used to compute
the optimum values of TMD parameters that will minimize the maximum
displacement of the structure. Finally, the curve fitting procedure with trial
functions is used to obtain equations for computing the optimum frequency ratio
and optimum damping ratio for a TMD system.

Keywords: tuned mass damper, Den Hartog model, structural damping,
earthquake engineering, harmonic excitation.

1 Introduction

The tuned mass damper (TMD) system is a passive energy absorbing device
consisting of a translational mass, translational spring and translational viscous
damper attached to a vibrating structure to reduce undesirable vibrations. There
has been a considerable amount of research done on how best to design the mass
dampers for use in the passive control of structures under excitation forces such
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as wind and earthquake. Most of the researchers agreed that the performance of
TMDs is sensitive to the accuracy of tuning the natural frequency of the TMD to
the natural frequency of the structure. Den Hartog [1] has derived the formula for
the optimum values of the TMD parameters for an undamped SDOF structure
subjected to a harmonic excitation. Warburton and Ayorinde [2] and Warburton
[3] derived closed form expressions for obtaining TMD parameters for an
undamped SDOF system for base harmonic and white noise random excitation.
Tsai and Lin [4] studied a SDOF with TMD system where a damping in the main
mass is considered with harmonic excitations at the base. Rana and Soong [5] in
their paper presented a numerical study for the performance of TMD systems.
Sadek et al. [6] suggested a method for estimating the design parameters of
TMDs attached to a damped SDOF structure for seismic applications, the
criterion used to obtain the optimum parameters was to select, for a given mass
ratio, the frequency and damping ratios that would result in equal and large
modal damping in the first two modes of vibration. Abubakar [7] proposed a
Translational-Rotational TMD system including the structure damping.

In the present work, the Den Hartog optimization procedure for the TMD
parameters with harmonic loading applied to an undamped SDOF structure is
extended to consider the damping of the main structure.

2 Mathematical model of the problem

Figure 1 shows the model used in the present work. It consists of a SDOF
structure with properties m P k1 and ¢ - The structure is attached to a TMD system

with properties m, k, and c, The resulting system is two degrees of freedom

system. This model is similar to the Den Hartog Model except that Den Hartog
neglected the structure damping (i.e. ¢ =0) in his study. When this system is

subjected to dynamic forces F' 1(t) and F, (t) acting on the structure and TMD

respectively, as shown in Figure 1, the dynamic equilibrium of the two masses
can be represented by the following differential equations:
For mass m;:

m¥; +oXy +kixy —ky(xp = x) — (%, — X)) = F(0)
w m
mX; + (¢ +¢)%) + (kg + k) x) — 3%, — kyxy = Fi(2)

For mass m,:

myXy+Co(Xy; —x;)+ky(x;—x;) = F(1)
or 2)

MyXy+CoXy+hoXy—CyX; —kyx; = Fyt)
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Figure 1: A TMD attached to SDOF structure.

The above two equations can be written in a matrix form as follows:
{ml 0} {xl} . [cl+c2 —cz} {xl}
0 my| |X, -c, cy X,
P 2 ®
BT e B VX

Now consider the problem when the structure is subjected to harmonic force

given in complex form as F(?) =F0eiwt where ® is the frequency of the
harmonic excitation force, and F5(z) = 0 (no load applied on the TMD). Then,

equation (3) can be written as:
{ml 0} {xl} +[cl+cz —cz} {xl}
0 m, X, -c, ¢, Xy
J{kﬁrkz _kz} {xl}:{Foeimt}
—ky ky X2 0
The solution of the problem can be obtained using complex numbers

technique and assuming the responses are in the form of harmonic functions as
follows:
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ol
x,(?) RY)

. ®)
{).C] (t)} =ico{x1 }eiwt
x,(2) X
{%10)} _ _wz{xl }eiwt
X5 (0 X2
Substituting the above relations into equation (4) yields
m 0] x| . c+e, —6|lx| .
_ 6{)2 1 1\ jot +iw 172 2 1 jot
0 m| |x, - G |%
kl +k2 k’Z X jor _ E) ot ©)
or
—a’my +io (e +¢,)+(k +k, ) —ioc, —k, X
—iwc, —k, —’my +iwe, +k,

X
F (7
0
Solving for x; and rearranging, yields

a’ +b?

—F =7
0 c?+d?

(®)

where

a:kz—a)zm2 , b=owc,
Cc= [w4m1m2 - wz{mz (kl + k2)+ mlkz + CICZ}"F k1k2:|

3

d= [w(02k1 + ¢k, )— w {(cl +c, )m2 +cymy }]

Defining the following non-dimensional parameters for the structure and TMD
system

o = |— (Natural frequency of the structure)
m

‘

& =

(Damping ratio of the structure)
200,m,
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k
0, = |[—* (Natural frequency of the T-R TMD alone)
my
¢, = © (Translational damping ratio of T-R TMD)
2w,m,
q :% (Ratio of T-R TMD frequency to structure frequency)
1
u= ny (Ratio of the mass of the T-R TMD to the mass of the structure)
my
r=2 (Ratio of exciting force frequency to the frequency of structure)
@

Then equation (8) can be written in non-dimensional form as follows:
—2 72
I ©)
c +d

2

where

a :qz—r
l;:lfzzrq

- 4 2,2 2

c=r—riqg 1+ wW+1+4$<9)+q

d =28, + 2rq’E; — (28, + 2o 0qu + 26,q)

In the Den Hartog method, the optimum parameters of the TMD system (& and
q) for a specific mass ratio x and structure damping ratio &;, are defined as those
parameters which minimize the maximum displacement of the structure when
subjected to harmonic excitation. For this purpose, a special numerical
optimization algorithm using MATLAB environment [8] is developed to search for
the optimum values of &y and g for a given value of mass ratio 4 and structure
damping ratio &;. The algorithm is based on varying the variables r, ¢ and & and
searching for the values that will minimize the structure displacement. This
MATLAB software was then used to find gq, and &, for values of mass ratio u
between 0.005 to 0.1 and structure damping ratio between 0.0 and 0.05. Figure 2
shows the effect of mass ratio x and &; on the optimum value of damping ratio &
from which it is seen that &,y increases with the increase of 4 and &,. However,
the amount of increase is small for higher values of &;. Figure 3 shows the effect of
w and & on the optimum value of frequency ratio gqp. It is shown that g, decreases
with the increase of 1 and &;. Figure 4 shows the variation of the maximum non-
dimensional displacement of structure with the mass ratio 4. For different values of
&1, it can be seen that maximum displacement of the structure is reduced with the
increase of 1 and & as expected.
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Figure 2: Variation of damping ratio &, With mass ratio 4 using the present
study results.

3 Practical design equations

For Design purposes, it may be more convenient to present the optimum TMD
parameters by simple design equations rather than figures. For this purpose, the
curve fitting Tool Box within the MATLAB software [8] was used to carry out
extensive curve fitting trials using the numerical data obtained as described
above. The following suggested equations were found to give a very close
approximation to the values of &, and go, shown in figures above (curve fitting
correlation coefficient was higher than 0.9994).

3u__, 01616,
8(1+w)  (1+uw

(10)

éZOpt =
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Figure 3: Variation of frequency ratio g, with mass ratio u using the present

study results.
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Figure 4: Variation of maximum non-dimensional structure displacement
with mass ratio p for various values of &;.
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Figure 5: Variation of damping ratio & 2,,; with mass ratio p (for &1 = 0.04).

1
0.98 - &X(N’
2 096 Kx,%x%
=
o 0.94
g
> 0.92
(&)
5
2 09 1 . .
S X Numerical Results Equation 11
" 088
0.86
0 0.02 0.04 0.06 0.08 0.1
Mass Ratio u
Figure 6: Variation of frequency ratio g, with mass ratio p (x1=0.04).
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Gopr (]WJ(J 1.5906¢, (1+,u)J (1D

These equations were found to give a maximum error (with respect to
numerical results) of approximately 1.5 per cent in & and gop. It should be
noted that these equations are suggested for the range of 1 between 0.005 up to
0.1. The results obtained using the above equations are compared with those of
numerical analysis in Figure 5 and 6 respectively. The figures show the close
agreement between the numerical results and the equations results. Equations 10
and 11 are reduced to the Den Hartog equations [1] for &=0.0.

4 Conclusions

The Den Hartog model for obtaining optimum design parameters for a TMD
system attached to undamped SDOF structure has been extended to include the
structure damping. Numerical results were obtained using numerical
optimization. Finally, simple design equations were suggested for the
determination of the optimum design parameters of TMD systems.
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