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Abstract

In this paper a general solution for the dynamic analysis of plates stiffened by
arbitrarily placed parallel beams of arbitrary cross section subjected to an
arbitrary dynamic loading is presented. According to the proposed model, the
stiffening beams are isolated from the plate by sections in the lower outer surface
of the plate, taking into account the arising tractions in all directions at the
fictitious interfaces. The aforementioned integrated tractions result in the loading
of the beams as well as the additional loading of the plate. Their distribution is
established by applying continuity conditions in all directions at the interfaces.
The analysis of both the plate and the beams is accomplished on their deformed
shape taking into account second-order effects. The method of analysis is based
on the capability to establish a flexibility matrix with respect to a set of nodal
mass points, while a lumped mass matrix is constructed from the tributary mass
areas to these mass points. Both free and forced damped or undamped transverse
vibrations are considered and numerical examples with great practical interest
are presented. The discrepancy in the obtained eigenfrequencies using the
presented analysis (which approximates better the actual response of the plate-
beams system since it permits the evaluation of the shear forces at the interfaces
in both directions) and the corresponding ones ignoring the inplane forces and
deformations justify the analysis based on the proposed model.

Keywords: reinforced plate with beams, nonuniform torsion, warping, ribbed
plate, slab-and-beam structure, vibrations, dynamic analysis.
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1 Introduction

Structural plate systems stiffened by beams are widely used in buildings, bridges,
ships, aircrafts and machines. In this paper a general solution for the analysis of
plates stiffened by arbitrarily placed parallel beams is presented. The adopted
structural model is a refined one of that proposed by Sapountzakis and
Katsikadelis in [1]. Six boundary value problems with respect to the plate
transverse deflection, to the plate inplane displacement components, to the beam
transverse deflections, to the beam axial deformation and to the beam
nonuniform angle of twist are formulated and solved using the Analog Equation
Method (AEM) [2], a BEM based method. The essential features and novel
aspects of the present formulation compared with previous ones are summarized
as follows.

i. The stiffened plate is subjected to an arbitrary dynamic loading, while both
the number and the placement of the parallel stiffening beams are also
arbitrary (eccentric beams are also included).

ii. The influence of the transverse traction component at plate-beams
interfaces is taken into account. A nonuniform variation of the distribution
of the transverse shear interface force is taken into account by applying
compatibility equations on points in the transverse direction. Thus, the
adopted model permits the evaluation of the shear connectors in both
directions.

iii. Displacement continuity conditions at the interfaces are applied along all
three axes of the coordinate system, leading to the formulation of a system
of equations involving two nonlinear functions, namely the longitudinal and
transverse inplane shear forces at the interfaces.

iv. The eccentricities of both the centroid and the shear center axes with
respect to the midline of the plate — beam interface are also included.

v. The nonuniform torsion in which the stiffening beams are subjected is taken
into account by solving the corresponding problem and by comprehending
the arising twisting and warping in the corresponding displacement
continuity conditions.

vi. Terms arising from the internal variable axial loading of both the plate and
the beams coming from the longitudinal and transverse inplane shear forces
at the interfaces are taken into account.

vii. Damping resistance is also included.

2 Statement of the problem

Consider a thin plate of homogeneous, isotropic and linearly elastic material with
modulus of elasticity £ and Poisson ratio v, having constant thickness 4, and
occupying the two dimensional multiply connected region (2 of the x,y plane
bounded by the piecewise smooth K+7 curves 77,/ 7,....0 x_;,1 g , as shown in
Fig.1. The plate is stiffened by a set of i=1,2,...,1 arbitrarily placed parallel
beams of homogeneous, isotropic and linearly elastic material with modulus of
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elasticity Ej and Poisson ratio v}, which may have either internal or boundary
point supports. For the shake of convenience the x axis is taken parallel to the
beams. The stiffened plate is subjected to the lateral load g =g(x,z),

x :{x,y},t>0. For the analysis of the aforementioned problem a global
coordinate system Oxy for the analysis of the plate and local coordinate ones
O;x;y; and O; ;Cz'):,- corresponding to the centroid and shear center axes of each

beam are employed as shown in Fig.1.

Figure 1: Two-dimensional region Q occupied by the plate.

The solution of the problem at hand is approached by a refined model of that
proposed by Sapountzakis and Katsikadelis in [1]. According to this model, the
stiffening beams are isolated from the plate by sections in the lower outer surface
of the plate, taking into account the arising tractions at the fictitious interfaces
(Fig.2). Integration of these tractions along the width of the i-th beam results in

line forces per unit length, which are denoted by q; , q; and q; encountering in
this way the influence of the transverse component g, , which in the

aforementioned model [1] was ignored. The aforementioned integrated tractions
result in the loading of the i-th beam as well as the additional loading of the
plate. Their distribution is unknown and can be established by imposing
displacement continuity conditions at the interfaces along x;, »; and z; local

axes following the procedure developed in this investigation.
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Figure 2: Isolation of the beams from the plate.

On the basis of the above considerations the response of the plate and of the
beams may be described by the following initial boundary value problems.

(a)  For the plate. The plate undergoes transverse deflection and inplane
deformation. Thus, for the transverse deflection the equation of equilibrium
employing the linearized second order theory can be written as

v B ) N é’zwp N é’zwp N é’zwp
W, +p, W, +c, W, — + + =
p T PpWp TEpWp T2 W oxay Y 52
. ' inQ (1)
I om' ~ om' . Ow . Ow
_ iy LA px i P i P .
g EI L | e (y-¥)
the corresponding boundary conditions as
ApiWp + apZan =aps3 ﬂpl +ﬂp2Mpn ﬂpS on/" (2a)b)
and the initial conditions as
w, (%,0)=w, (x) W, (%,0) =, (x) (3a,b)
where Wy =W, (x, y) is the time dependent transverse deflection of the plate;

3 2.0 . . C e _ _
D=Eh,” /12(1-v*) is its flexural rigidity; N, =N, (x1), Ny—Ny(x,t),

Ny, :ny (x,t) are the membrane forces per unit length of the plate cross

section; m qxhp /2, m thp /25 p, = ph, is the surface mass density

of the plate with p belng the volume mass density; c,, is the plate flexural

WIT Transactions on The Built Environment, Vol 93, © 2007 WIT Press
www.witpress.com, ISSN 1743-3509 (on-line)



Earthquake Resistant Engineering Structures VI 447

damping constant; w,(x), Ww,o(x) are the initial deflection and the initial
velocity of the points of the middle surface of the plate; o(y—y; ) is the Dirac’s
delta function in the y direction; M ,, and R, are the bending moment normal
to the boundary and the effective reaction along it, respectively. Finally, a,,,
Bpi (i=1,2,3) are functions specified on the boundary /.

Since linearized plate bending theory is considered, the components of the
membrane forces Ny, N, N, are given as

Ju ov Ju, Ov
N,=C| L+v-1L N, =Clv—L1E
ox Oy

—v( ou ov
N, =cl Ze T (4a,b,c)
Y 2 | dy Ox

where  C=Eh, /(1—1/2); u,=uy(xt) and v,=v,(xt) are the
displacement components of the middle surface of the plate arising from the line
body forces qfc, q; (i=1,2,...1). These displacement components are established

by solving independently the plane stress problem, which is described by the
following quasi-static (inplane inertia forces are ignored) boundary value
problem (Navier’s equations of equilibrium)

I+v 0 |Ou, Jv
Vou, + I i A -y )=0 5a
Py é’x{ ox oy th lzqu (y yl) (52)

I+v & | ou v
(VARSI EL A e /S & ~-y;)=0in Q2 (5b
Py é’y{ ox Oy th ,z‘}qy (y yl) (56)

7/p1upn+;/p2Nn=}/p3 5p1upt+5p2Nt=5p3 on I’ (6a,b)
in which G =E/2(1+v) is the shear modulus of the plate; N, , N; and u,,,
U, are the boundary membrane forces and displacements in the normal and
tangential directions to the boundary, respectively; y,;, &, (i=123) are
functions specified on the boundary 7.

(b)  For each beam. Each beam undergoes transverse deflection with respect
to z; and y; axes, axial deformation along x; axis and nonuniform angle of
twist along x; axis. Thus, for the transverse deflection with respect to z; axis

the equation of equilibrium employing the linearized second order theory can be
written as

cootwh o otwh s owh omb,
Epl v:b + Pyt + ey, — Ny —~ Wb =4 —Qﬁc%*La—by inl; (7
X; x. X; Xi

i 1
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the corresponding boundary conditions as
aiwh +a3R. = a5; ﬂ,zlﬂ)’; +/3§l~M; =35 atthebeamends  (8ab)
and the initial conditions as
w[i) (x,O) = w[i)() (x) v’v[’; (x,O) = W;;() (x) (9a,b)
where wli, = wf, (xi,t) is the time dependent transverse deflection of the i-th
beam with respect to z; axis; I; is its moment of inertia with respect to y; axis;
Nll; = N}; (xl-,t) is the axial force at the x; centroid axis; p;, is the surface mass
density of the beams; mli,y =g'el; cf is the i-th beam flexural damping
constant; wj (x), Why (x) are the initial deflection and the initial velocity of the
points of the neutral axis of the i-th beam with respect to z; axis; aj,-, ﬂlz,
(j=1,2,3) are coefficients specified at the boundary of the i-th beam; o, R;' ,

M ;, are the slope, the reaction and the bending moment at the i-th beam ends,
respectively
The vj, = v}, (x ( ) transverse deflection with respect to y; axis must satisfy the

following quasi-static (transverse inertia forces with respect to y; axis are
ignored) boundary value problem

", o . ovl om
Byl e o Nj S g gl ST g =120 (10)
x. axl- 8xl-
1 l
aj v, + azle’y % BrOL+ ML = B3; atthebeamends  (lla,b)

where I; is the moment of inertia of the i-th beam with respect to y; axis;
mf,z = —qieicy ; ﬂ, ,B (j=1,2,3) are coefficients specified at its boundary;
9;', Rj,, M ; are the slope, the reaction and the bending moment at the i-th

beam ends. Since linearized beam bending theory is considered the axial

deformation u}, of the beam arising from the arbitrarily distributed axial force

qfc (i=1,2,...]) is described by solving independently the following quasi-static
(axial inertia forces are neglected) boundary value problem

My
EpAy S =gl in L i= 12,00 (12)
37
ajul +a3 Ny =al;  atthe beam ends (13)

where N, 1’, is the axial reaction at the i-th beam ends given as
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. . oul
N} = Epay =2 (14)
éxi
Finally, the nonuniform angle of twist with respect to x; shear center axis has

to satisfy the following quasi-static (torsional and warping inertia moments are
ignored) boundary value problem

o'eL %0
i X il . S P L=
EyT, (9};’ GbI;C }lz qyeSZ+quSy in L;,i=12,..,1 (15)
-~ - - .
aﬁ9§+a§iM§ =a3; By 5—£+ﬂjﬂ-Mﬁ, =p3  atthe beam ends (16a,b)
1

where 9){ = H)i; (;cl) is the variable angle of twist of the i-th beam along the Xi

shear center axis; Gll; :Ell; /2( ]+Vll; ) is its shear modulus; I’

i
W I;C are the

warping and torsion constants of the i-th beam cross section, respectively afi,

ﬂfi (j=1,2,3) are coefficients specified at the boundary of the i-th beam; M é

is the twisting moment and M i‘, is the warping moment due to the torsional

curvature at the boundary of the i-th beam.
Eqns. (1), (5a), (5b), (7), (10), (12), (15) constitute a set of seven coupled

partial differential equations including ten unknowns, namely w, , Uy, Vp, wf,,

vé , uf, s 9)1; , qfc, qﬁ, , qi . Three additional equations are required, which result

from the displacement continuity conditions in the direction of x;, y; and z;

local axes at the midline of each (i-th) plate — beam interface. These conditions
can be expressed as

Wy = wl’; =¢ 0! in the direction of z; local axis (17)
Sy x
h,Ow, . owh . o o0
u, —uy =L —L_¢ b_¢f —b+( P) X in x; local axis (18
P Ty oy C ox; & ox; s i Ox; ! (18)
v, —vi = —h—p%—ei 6 in the direction of y; local axis (19)
P T ey TStk Vi

where (¢§ ) is the value of the primary warping function with respect to the
S

shear center § of the beam cross section at the midline of the f; (i-th) interface.
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In all the aforementioned equations the values of all the eccentricities eéz ,
. . . . . . pP,~ -
ele , e;; s eg; and of the primary warping function ¢ (y;,zi) should be set

having the appropriate algebraic sign corresponding to the local beam axes.
It is worth here noting that the coupling of the aforementioned equations is

nonlinear due to the terms including the unknown q; and q; interface forces.

3 Solution procedure

The numerical solution of the aforementioned problem is achieved employing
the method presented by Katsikadelis and Kandilas [3]. According to this
method the domain ©Q occupied by the plate is discretized by establishing a
system of M nodal points on it, corresponding to M mass cells, to which masses
are assigned according to the lumped mass assumption. Subsequently, the
stiffness matrix, the damping matrix as well as the load vector with respect to
these nodal points are established employing the Analog Equation Method [2], a
BEM based method. This procedure leads to the typical equation of motion for

the stiffened plate
[} + [e]{i + [k]{w} = {e} (20)

FR (Free)l” a

& )
S| S HE) %8 (a)
T * e
= ®
o FR ay |
le S|
' 1,=18.00m !
E=E =3.00x10" kPa, v=vi" =020, p=pi” =2.50kN sec’ | m*
2
— ]
)
hy=0.2m hy Ji
|l 3.0m B s le Z\[II 3.0m |
[< E PN >
< =1.0m >|
1,=9.0m (b)
Figure 3: Plan view (a) and section a-a (b) of the stiffened plate.
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4 Numerical examples

A rectangular plate stiffened by an eccentrically placed rectangular beam as
shown in Fig.3 has been studied. In Table 1 the first four eigenfrequencies taking
into account or ignoring the interface forces are presented as compared with
those obtained from FEM solutions.

Table 1: £, = w,\/p for various beam heights of the stiffened plate.
AEM AEM
O | with g,.q, | without She“FEeam Shell FE  Solid FE
" Y (NASTRAN) (NASTRAN)
(Present study) Dx-dy (SAP 2000)
No beam
1 - 22.1365 22.1434 22.1092 22.1159
2 - 37.6026 37.1742 37.0602 37.1034
3 - 61.419 61.0651 60.9110 60.9295
4 — 85.2215 84.1991 83.9974 84.0378
Beam height 50cm
1 36.42768 35.0639 40.8344 41.5054 44.4339
2 73.06466 49.0746 58.8534 59.3171 64.5881
3 82.96732 81.4040 85.9298 86.1819 90.4215
4 122.3293 108.9031 114.3645 113.3465 126.3263
Beam height 100cm
1 41.6788 37.8244 48.2654 48.3007 52.6324
2 84.6763 76.65077 86.4500 86.0006 94.2175
3 89.0430 85.9815 89.4149 89.2065 98.2054
4 135.9904 128.5372 135.5596 135.2461 151.5446
Beam height 150cm
1 47.7668 41.5472 50.3380 50.1915 55.0737
2 92.05131 84.1049 90.0815 89.8198 95.0838
3 93.50865 89.7506 95.9265 95.2206 112.6931
4 146.0206 138.0287 138.5487 138.0804 152.9531
Beam height 200cm
1 51.2582 45.5581 51.1244 50.9369 56.1035
2 93.2207 89.6741 90.3146 90.0342 95.4062
3 101.8806 91.7293 99.4490 98.6612 118.3639
4 151.0629 144.7945 139.5643 139.0592 153.1325

5 Concluding remarks

The proposed model permits the study of a stiffened plate subjected to an
arbitrary loading, while both the number and the placement of the parallel
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stiffening beams are also arbitrary (eccentric beams are also included). The
accuracy of the results compared with solid FE is remarkable.
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