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Abstract

Considering the soil as a complex, dynamic and heterogeneous system, chaos
theory is a useful tool for gaining new knowledge into its variability. Fractal
geometry has a close relationship with chaos theory, which describes dynamic
and chaotic events with a development in time and space that can be predicted
probabilistically. Furthermore, the concept of fractal dimension can also be
applied to the study of spatial and temporal phenomena that possess and retain
some kind of irregular geometric pattern within a range of scales. It is
increasingly used to characterise the various properties of soil and to describe
and model the characteristic functions of water retention and mobility in soil.
This study is based on the need to estimate waterlogging of agro-livestock farms
in the Blue River Basin (6,237 km?), with a view to recommending the type of
land use for each plot. By analysing Landsat satellite images, those with no cloud
cover were adjusted spatially in order to build mosaics for eight points in time
covering the entire study area. The images were then rated and processed,
resulting in eight binary masks of non-flooded / waterlogged areas.

This paper presents a method for calculating the fractal dimension based on
the box counting process, in order to test its use in differentiating between
varying degrees and distributions of soil moisture. The results indicate eight
situations of soil moisture by means of the fractal dimensions calculated using
this method. Using the parallelism test, the slopes of the simple adjusted linear
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regression models were compared statistically, and significant differences were
observed.
Keywords: fractal, soil moisture, dynamic system.

1 Introduction

According to Sommer et al. [11], soil is a complex, dynamic and heterogeneous
system, defined as a natural, four-dimensional body (length, width, depth and
time) variable in space and time. Being a complex system, it has two generic
properties: invariance to scaling or self similarity and universality. In addition, in
order to study complex systems it is necessary to analyse their main attributes,
these being: entropy, lacunarity, degree of occupation of the space of interest,
roughness and multifractality (Bullock and Brennen [1], Cheng [2], Logsdon et
al. [6]).

The variability of the structural pattern of soil in space and time depends on
the environmental conditions. In addition, said variability is a consequence of the
natural heterogeneity and genesis of the materials of geological and biological
origin, as well as the temporal variations of the processes that act on them. Of
particular importance is erosion, climate changes, soil degradation, aquifer
recharge, evapotranspiration, pollution, etc. (Zhang [14]).

Characterisation of spatial variability is useful with any attempt to model
processes. Indeed, the study of heterogeneity on different scales was the prime
incentive behind the introduction, in soil science, of fractal geometry, which at
least in principle allows us to analyse its geometric complexity and
characterisation with just a few numbers, the fractal indexes.

An object is considered to be fractal when its measurement dimension, Dy, is
greater than its topological dimension, D, and less than its immersion
dimension, D;. Therefore, Dy, contains the idea of the occupation of space. So, as
Dy increases, the degree of space filling, disorder or irregularity also increases, as
something continuous, able to assume non-whole values. All of this differs from
the common classic idea of geometric or Euclidean dimension. To sum up, by
determining the fractal dimension of an object, we are obtaining information
about its capacity for occupation of space. (Pachesky et al. [7]).

Analysis of the spatial structure of soil humidity may a priori provide
information needed for other studies, such as: what the sample size needs to be,
how far apart samples need to be taken, if the humidity is invariable with regard
to changes in scale, or how spatial interpolation should be carried out. In this
study, the aim was to estimate the probability of flooding of agricultural-stock
raising farms in the Arroyo del Azul waterway (6,237 km?), in order to
recommend the appropriate land use for each plot.

2 Fractal dimension and box-counting dimension
The fractal dimension concept is used to study continuous temporal or spatial

phenomena that show some kind of geometric pattern within a range of scales
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and which, in this case, is appropriate for describing the spatial distribution of
the humidity retention function of the soil.

One of the interpretations of dimension, possibly the most natural, is
associated with the capacity of objects to occupy the Euclidean space in which
they are immersed. Thus, quantifying fractals means defining the proportion of
the physical space in which they are inscribed, that is filled by them. The fractal
dimension is an indicator of how the fractal object occupies the space in which it
is immersed, or what kind of variation predominates when dealing with long-
term time series (Gaytan-Ortiz [4]). A fractal dimension of a time series with a
value of less than 1.6 indicates the predominance of long-term variations, while
values of 1.5 to 2 indicate the predominance of short-term variations and that the
phenomenon is unpredictable.

One of the different versions of fractal dimension numerical calculation is
called box-counting, which is related to the concept of auto-similar structure.
The methodology consists of placing a grid with a mesh of sizes, €, over the
structure to be analysed, forming a covering of boxes. The number of boxes that
contain values of the structure to be characterised is Ne(k), which varies with the
value of € chosen.

The box-counting dimension concept, which allows an algorithm to be
deduced for numerical estimation, was developed by Kolmogorov [5], but has a
predecessor in that described by Pontrjagin and Schnirelmal [9]. Let N(e) be the
least number of radius sets less than or equal to € needed to cover the compact
set F < R" . The lower and upper box-counting dimensions of set F are defined
as eqn (1) and eqn (2), respectively:

log N(¢)

dim;, (F) = —lim,,, loge (1)
dimp (F) = —lim,.o 2E72 @)

If the two amounts thus defined are the same, then we have the box-counting
dimension of set F, eqn (3):

log N(¢)

dimD (F) = - lim€_>0 loge

©)

Let us look at a simpler geometrical interpretation of the box-counting
dimension. Let N(e) be the least number of balls of radius € needed to cover

compact set F c R". Then, the D-measure of F satisfies, approximately, B”(F) oc
N(e)e” then for certain ¢ > 0

c
N(e) ~ 5 4)
log(N(¢)) =logc — Dloge
log(N(¢)) =D logi =logc

log(N() D= logc
logé log=

)
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When & —» 0% the term on the right decreases indefinitely, which suggests the
following definition for box-counting dimension, eqn (6):

. log(N
Dg(F) = lim,_,, °gligf)) (6)

&

3 Algorithm for estimating the box-counting dimension

In the process of determining the box-counting dimension, we replace the
evolution of the variable ¢ with a succession {e(k)}. Let {e(k)} be a succession of
positive numbers that satisfy the conditions eqn (7):

limk_m S(k) =0

. loge(k) _ (7)
limy .o, loge(k-1)
Thus,
X logN,
Dy(F) = limyo =54 (8)
o¢(5)

With which we manage to make the infinite limit process discrete, eqn (8).

The balls can be replaced by another type of enclosure that better adapts to
the construction of an algorithm. So, let » = 2 and diadic boxes, a succession of
boxes with sides 2" configured as a succession of grids.

Let N’; be the minimum number of boxes (square) with sides 1/k needed to
cover F. We define the box-counting dimension as the limit (if it exists):

log N1
log 2k

Dg(F) = limy_,c, ©

However, for physical world fractals, the infinite limit process, eqn (9),
makes no sense.

To calculate an estimated Djp, we overlay the structure to be analysed with a
grid of sizes, €, creating a layer of boxes. The number of boxes that contain
values of the structure to be characterised is N,y, which varies with the value of
¢ chosen. To make the corresponding calculation of the fractal dimension, we
count the number of boxes N,y on different scales. The variation in scale from
one step to the next depends on the size of the image and the multiples of that
size. The value of the dimension corresponds to the slope of log(N.x) Vs.
log(1/¢).

The important advantage of this methodology is that it can be applied
systematically and simply when creating the layer of boxes. In addition, the
corresponding recount can be carried out quickly, even with high-resolution
images (Vicsek [12]).
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4 Processing digital information and methodology

We started with Landsat 5 TM and 7 ETM+ image analysis (scenes 225-85 and
225-86), and selected those of a high quality (zero cloud cover). The images
were geometrically corrected to the Gauss Kriiger projection system (Datum
Campo Inchauspe 1969, Argentina Zone 5) to start constructing mosaics in order
to cover the whole study area. Mixed classifications were then made of the
satellite images, processing them using masking and obtaining eight binary
images of non-flooded/flooded areas.

The importance of the study lies in the need to estimate the probability of the
flooding of farmland, in order to be able to recommend the land use of each plot.
The area studied is the Arroyo del Azul basin, covering 6,237 km®. The Arroyo
del Azul waterway has its source near the town of Chillar and stretches
northwards, until it is lost before reaching the River Salado, known as the Arroyo
Gualicho waterway in its lower reaches. The course is finally crossed and largely
drained by Canal 11, which was adopted as the northern limit of the study area.
The basin consists of a large plain (lower sub-basin) and a smaller area of low
hills on the south (upper sub-basin), where the headwaters of the Arroyo del
Azul are found. The upper area is connected to the plain by the foothills (middle
sub-basin). The average slope of the land is 5% in the upper sub-basin and 0.2%
in the lower sub-basin, while varying from 0.5 to 0.8% in the middle area. The
overall behaviour of the region is that of a plains environment (Sala et al. [10]).

For each situation, we calculated the corresponding fractal dimension, using
the box-counting method. We used the “parallelism” test (Zar 1984), to
statistically compare the slopes of the eight adjusted simple linear regression
models (one for each situation). The hypotheses of these tests are: Hy: f; = f, =
-+ = By and Hy: B; # B}, using a conventional F-test with a specific /' calculated
(F.) where B; represents the slope of the adjusted regression model (fractal
dimension), with i = 1, 2, ..., k. The statistic used is eqn (10):

_ (SCc=SCp)/(e=1)

ke (SCc/GLyp)

) (10)

where:
e SC.= Common residual sum of squares;
e SC,= Grouped residual sum of squares (sum of the sums of squares for
each regression);
e GL,=Grouped degrees of freedom;
e k= Number of regressions.

To establish the differential effect of the degrees of humidity studied,
represented by the fractal dimensions, we compared pairs of slope values by
calculating a critical value, ¢ = (b; — b;) / SE, where b; and b, are the slopes
associated with the regression models of the degrees of soil humidity i/ and j,
respectively, with eqn (11):
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SCc+SCj

GL+GL;

! (11)

zx?
PETED

qa,v,p

with:
o = level of significance

v = grouped degrees of residual freedom
p = number of simple linear regression models (degrees of humidity).

5 Results and discussion

The table shows the estimates found for the adjusted regression lines
log(N (e)) =logc — Dloge, the Adjusted R Square and their errors for the
8 cases or periods. In all cases, the significance tests (ANOVA) for the
regression adjustments, showed highly significant values. The t-student tests, to
check whether the coefficients were non-null, showed highly significant values,
which means that the estimated coefficient values were different to zero in all the
regressions.

Table 1: Regression adjustments.
Year Adjusted Regression Ad]l“{swd offlt:ellfs l;:::; te State H. A DE;::;LH
Square

April 2001 | 1650 N(g) = 10,124 — 2,046 log & | 955 354 Normal 2,046
April 2002 log N(¢) =9,588-2,070loge | 997 ,090 Normal 2,070
August 1993 | Jog N(g) =9,241-2,026loge | ,999 056 Normal 2,026
March 1998 Jog N (&) = 9,042 —2,028log e | 1,000 ,032 Normal 2,028
oy log N(¢) = 8,858 —2,056loge | 995 112 Normal 2,056
N“‘l’;g‘;’er log N(¢) =8,542-2,182logs | g9; 171 El Nifio 2,182
September 2001} Jog N(¢) = 7,349 - 1,890loge | 999 044 Dry 1,89
November 2001} Jog N(¢) = 6,186 - 1,745loge | o977 214 Dry 745

The “parallelism” test (Zar [13]) was applied to statistically compare the
slopes of the eight adjusted simple linear regression models (one for each
situation). The hypotheses of this test are: Hy: f; = ff, =+ = By and Hy: f5; #

2 2
,Bj, and the values calculated are: SCC:Cl—i—‘:167,48—82’41) =221,

1 2

WIT Transactions on Ecology and the Environment, Vol 144, © 2011 WIT Press
www.witpress.com, ISSN 1743-3541 (on-line)



Ecosystems and Sustainable Development VIII 65

k=8 k=8
SC,=3SS,=1,59,, with Gl, =Y (n,—2)=7*8=56,),
i=1 1=1
SC.-SC, 2,21-1,59
o k=l 81
Fo=—§c —="aar - 224
GL 56

P

Giving the result: Probability F. = 0.977763789 and Probability F(; 447,56~
0.04383, so the slopes are not equal. This means that the fractal dimensions
estimated for each period significantly differ from each other.

In order to establish the differential effect of the degrees of humidity studied,
represented by the fractal dimensions, we compared pairs of slope values by
calculating a critical value, = (b; — b;)/SE , where b; and b; are the slopes
associated with the regression models of the degrees of soil humidity i and j,
respectively, within eqn (11).

Linear regressions

logN(g)

LA O b

o |
&

I~ 2 Lo I~ 2 1.5 1
5 e~ D z 1 1

log(1/e )= - log(g)

*ANO 1 = ANO 2 ANO 3 ANO4 xANO5 eANO6 +ANO7 -ANO 8

Figure 1: Slope values.

It can be seen that there are 3 groups of slopes that coincide with humidity
statuses in the basin being studied and climatic phenomena such as “El Nifio”
There is a group of intermediate values that corresponds to “normal” water status
states of the basin and a high value (2.182) that is related to the “El Nifio” event
that affected the basin, flooding a large area. In addition, the slope values for
November and September 2001 are related to a low humidity water status, in
which shallow bodies of water dried out completely.
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6 Conclusion

The fractal dimensions of a plain basin, calculated and analysed using satellite
images, vary according to the different humidity statuses of the soil. This would
indicate that the fractal dimension estimated in this way could be used to
measure the probability of events leading to cases of flooding. This would be of
great use for farmers, as they could then recommend the type of land use for each
plot.

It is necessary to further this study, increasing the type and amount of
situations considered.
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