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Abstract 

It has been shown that certain characteristic equations of eigenproblems produce 
results in which the golden ratio is revealed. The characteristic equations that 
produce these results are developed for application to a broad range of physical 
systems. The resulting equations provide the background to understand why 
these results are obtained and the physical system requirements needed to 
produce them. Two physical systems that typically involve eigenproblems in 
structural mechanics are used to illustrate the use of the equations. The analysis 
of natural frequencies and principal stresses involve characteristic equations of 
the general form presented in the paper. Examples are presented that demonstrate 
how the equations can be used to determine the physical conditions that are 
necessary to produce golden ratio solutions, and also how they may be utilized to 
study the dimensions of the natural world.   
Keywords: golden ratio, characteristic equation, eigenproblem, Fibonacci 
series, frequency, principal stress, dimensions. 

1 Introduction 

A few physical systems have been discovered that reveal the golden ratio in the 
solution of the equations that predict their natural behavior or response to 
external action. Since the vast majority of physical systems do not reveal such 
results, one seems left to discover these unique systems somewhat 
serendipitously. It is to be expected that systems with physical properties of 
golden proportion will reveal these results, but for physical systems that do not, 
finding the conditions to produce them are not so obvious. For instance, the 
structural system in Fig. 1 has no physical properties that contain the golden 
proportion, but Moorman and Goff [1] have shown that the system’s natural 
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Figure 1: Undamped two-degree-of-freedom system with two identical 
masses and springs. 

frequencies are ߶߱௢ and Φ߱௢, in which ߶ ൌ ሺ√5 െ 1ሻ/2, Φ ൌ ሺ√5 ൅ 1ሻ/2 and 
߱௢ ൌ ඥ݇/݉.   
     Borges [2] has shown that the plane stress condition of ߪ௫ ൌ ߬௫௬ and ߪ௬ ൌ 0 
produces principal stresses ߪଵ ൌ Φߪ௫ and ߪଶ ൌ െ߶ߪ௫. From a study of the 
resonance in wind tunnels with ventilated walls, Mokry [3] has shown by use of 
acoustic wave theory that ߶ determines the critical Mach number below which 
refraction is possible and above which total reflection takes place. By knowing a 
priori a unique set of polynomials that have roots containing golden ratios, one 
can begin to explain how these results were obtained. 

2 Polynomials with golden ratio roots 

It will be shown that the following general form equation 
 

z௥ െ ୟzܥ
௦ ൅ ୠܥ ൌ 0   for ݎ ൐  (1)     ݏ

 
will produce golden ratio roots for coefficients Ca and Cb corresponding to given 
r and s conditions. (For ease of presentation, only the equations with integer 
coefficients will be presented in this paper.) 
     Two adjacent numbers in the Fibonacci series can be used to express the 
value of  Φ and ߶ raised to the power of n, for n = 0, 1, 2, 3, 4, …etc. 
 

Φ௡ ൌ F௡ିଵ ൅ F௡Φ       (2) 
 

߶௡ ൌ ሺെ1ሻ௡ሺF௡ିଵ െ F௡߶ሻ    (3) 
 
     Using eqns (1) and (2), Φ is revealed as a solution in the following linear 
equation 
 

ሺF௥ିଵ ൅ F௥Φሻ െ ଵሺF௦ିଵܥ ൅ F௦Φሻ ൅ ଶܥ ൌ 0  (4) 
 
     The form of this equation allows for a direct determination of the coefficients 
that satisfy eqn (1) for specified r and s conditions. In order for the left side of 
eqn (4) to equal zero, F௥ ൌ ଵF௦ିଵെ F௥ିଵܥ ଵF௦ andܥ ൌ   .ଶܥ
     The r and s conditions that provide for integer coefficients C1 and C2 in eqn 
(4) are given in Table 1. (Note that the results are only presented for 2 ൑ ݎ ൑ 8.) 
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     The same equations that reveal Φ as a root also produce – ߶ as a root. This is 
because  
 

ሺെ߶ሻ௡ ൌ F௡ିଵ ൅ F௡ሺെ߶ሻ       (5) 
 
is of the same form as eqn (2) and when used with eqn (1), it produces the same 
C1 and C2 coefficients for the given r and s conditions in Table 1. Refer to Fig. 2 
for an illustration of several polynomials with coefficients C1 and C2 that have 
golden ratio roots at Φ and – ߶. 
 

Table 1:  Exponents and integer coefficients of eqn (1) with golden ratio 
roots. 

r s C1 C2 C3 C4 
2 1 1 -1 -1 -1 

3 2 2 1 -2 -1 

3 1 2 -1 2 1 

4 2 3 1 3 1 

4 1 3 -2 -3 -2 

5 2 5 2 -5 -2 

5 1 5 -3 5 3 

6 3 4 -1 -4 -1 

6 2 8 3 8 3 

6 1 8 -5 -8 -5 

7 2 13 5 -13 -5 

7 1 13 -8 13 8 

8 4 7 1 7 1 

8 2 21 8 21 8 

8 1 21 -13 -21 -13 
 
     Using eqns (1) and (3), ߶ is revealed as a solution in the following linear 
equation 
 

ሺെ1ሻ௥ሺF௥ିଵ െ F௥߶ሻ െ ଷሺെ1ሻܥ
௦ሺF௦ିଵ െ F௦߶ሻ ൅ ସܥ ൌ 0   (6) 

 
The coefficients can be obtained directly from ሺെ1ሻ௥F௥ ൌ ଷሺെ1ሻܥ

௦F௦ and 
ଷሺെ1ሻܥ

௥F௥ିଵ െ ሺെ1ሻ௦F௦ିଵ ൌ  ସ. The r and s conditions that provide for integerܥ
coefficients C3 and C4 in eqn (6) are presented in Table 1.  
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Figure 2: Examples of polynomials with coefficients C1 and C2 producing 
roots at Φ and - ߶. 

     Similarly as before, the same equations that reveal ߶ as a root also produce 
–Φ as a root. This is because  
 

ሺെΦሻ௡ ൌ ሺെ1ሻ௡ሺF௡ିଵ െ F௡ሺെΦሻሻ    (7) 
 
is of the same form as eqn (3) and when used with eqn (1), it produces the same 
C3 and C4 coefficients for the given r and s conditions in Table 1.  
     Notice in Table 1 that Φ and ߶ are solutions of the same polynomials when 
both r and s are even numbers. As illustrated in Fig. 3, these equations also 
produce roots at – Φ and – ߶. 

3 Natural frequencies 

Moorman and Goff [1] have shown that the natural frequencies of the physical 
system in Fig. 1 are ߶߱௢ and Φ߱௢. The characteristic equation used to obtain 
these results is  
 

߱ସ െ 3߱௢
ଶ߱ଶ ൅ ߱௢

ସ  ൌ 0              (8) 
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Figure 3: Examples of polynomials with even number exponents producing 
roots at Φ, ߶, – ߶ and –Φ. 

     Considering that ߱௢ ൌ 1 is a possible condition of k and m, then it is easily 
recognizable from polynomial H in Fig. 3 that the golden ratios would be 
revealed in their solution of eqn (8).  
     This idea can be expanded by considering the physical system in Fig. 4. This 
is a similar two-degree-of-freedom system, but the masses ሺ݉ଵand ݉ଶሻ and the 
stiffnesses ሺ݇ଵ, ݇ଶand ݇ଷሻ are allowed to vary. The system’s characteristic 
equation was found by Hartog [4] to be 
 

߱ସ െ ቀ
௞భା௞య

௠భ
൅

௞మା௞య

௠మ
ቁ߱ଶ ൅ ቀ

௞భ௞మା௞మ௞యା௞భ௞య

௠భ௠మ
ቁ ൌ 0   (9) 

 

 
 

Figure 4: Undamped two-degree-of-freedom system with two unequal 
masses and three unequal springs. 
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     Comparing eqn (9) with eqn (8), it is evident that there are mass and stiffness 
conditions that yield the same natural frequencies ߶߱௢ and Φ߱௢ when 
 

ቀ
௞భା௞య

௠భ
൅

௞మା௞య

௠మ
ቁ ൌ 3߱௢

ଶ    (10) 
 

and 
 

ቀ
௞భ௞మା௞మ௞యା௞భ௞య

௠భ௠మ
ቁ ൌ ߱௢

ସ    (11) 
 

     There are many combinations of mass and stiffness that satisfy these 
equations, but for the condition when ݇ ൌ ݇ଵ ൌ ݇ଶ ൌ ݇ଷ/ߚ and ݉ ൌ ݉ଵ ൌ
݉ଶ/ߤ the characteristic equation becomes 
 

߱ସ െ
ሺଵାఓሻሺଵାఉሻ

ఓ
߱௢
ଶ߱ଶ ൅ ቀ

ଵାଶఉ

ఓ
ቁ߱௢

ସ ൌ 0   (12) 

 
The conditions of ߚ and ߤ that reduce eqn (12) to eqn (8), and thus produce 
natural frequencies ߶߱௢ and Φ߱௢, are ߚ ൌ ሺ1 ൅ √3ሻ/2 and ߤ ൌ 2 ൅ √3. 
 
Example 1:  Let the physical system in Fig. 4 have the following properties: 
 

݇ଵ ൌ ݇ଶ ൌ 30 N/m ݇ଷ ൌ 41 N/m ݉ ଵ ൌ 30 kg  ݉ଶ ൌ 112 kg 
 
Substituting these values into eqn. (9) yields the following 
 

                             ߱ସ െ ቀ
ଷ଴ାସଵ

ଷ଴
൅

ଷ଴ାସଵ

ଵଵଶ
ቁ߱ଶ ൅ ቀ

ଷ଴∙ଷ଴ାଷ଴∙ସଵାଷ଴∙ସଵ

ଷ଴∙ଵଵଶ
ቁ ൌ 0  

 
     Solving for the positive roots of this equation yields the following natural 
frequencies 
 
                            ߱ଵ ൌ 0.618 rad/sec ߱ଶ ൌ 1.618 rad/sec   
 
     These results were obtained because the stiffness and mass ratios were chosen 
to closely approximate the exact ߚ and ߤ values given above. 

4 Principal stresses 

Borges [2] provided an interesting example in which the two principal stresses 
ଵߪ ൌ Φߪ௫ and ߪଶ ൌ െ߶ߪ௫ are revealed for a prescribed plane stress condition of 
௫ߪ ൌ ߬௫௬ and ߪ௬ ൌ 0. In order to explore how golden ratios can be found for 
other stress conditions, it is necessary to begin with the Cauchy stress tensor 
 

௜௝ߪ ൌ ൥

௫ߪ ߬௫௬ ߬௫௭
߬௬௫ ௬ߪ ߬௬௭
߬௭௫ ߬௭௬ ௭ߪ

൩    (13) 
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     The three normal stresses and six shear stresses are shown in Fig. 5. The 
characteristic equation that is commonly used to obtain the principal stresses is 
 

ଷߪ െ ߪଵܫ
ଶ ൅ ߪଶܫ െ ଷܫ ൌ 0    (14) 

 
The stress invariants I1, I2 and I3 [5] are written as a function of the stresses as 
 

ଵܫ ൌ ௫ߪ ൅ ௬ߪ ൅  ௭    (15)ߪ
 

ଶܫ ൌ ௬ߪ௫ߪ ൅ ௭ߪ௬ߪ ൅ ௭ߪ௫ߪ െ ߬௫௬
ଶ െ ߬௬௭

ଶ െ ߬௫௭
ଶ   (16) 

 
ଷܫ ൌ ௭ߪ௬ߪ௫ߪ ൅ 2߬௫௬߬௬௭߬௫௭ െ ௫߬௬௭ߪ

ଶ െ ௬߬௫௭ߪ
ଶ െ ௭߬௫௬ߪ

ଶ      (17) 
 
     The stress invariants can also be expressed as a function of the principal 
stresses as 
 

ଵܫ ൌ ଵߪ ൅ ଶߪ ൅  ଷ    (18)ߪ
 

ଶܫ ൌ ଶߪଵߪ ൅ ଷߪଶߪ ൅  ଷ           (19)ߪଵߪ
 

ଷܫ ൌ  ଷ              (20)ߪଶߪଵߪ
 
     For the plane stress condition ߪ௭ ൌ ߬௫௭ ൌ ߬௬௭ ൌ 0, the characteristic equation 
becomes 
 

ଶߪ െ ߪଵܫ ൅ ଶܫ ൌ 0                   (21) 
 
and the stress invariants become 
 

ଵܫ ൌ ௫ߪ ൅ ௬ߪ ൌ ଵߪ ൅  ଶ                  (22)ߪ
 

ଶܫ ൌ ௬ߪ௫ߪ െ ߬௫௬
ଶ ൌ  ଶ             (23)ߪଵߪ

 
 

 
 

Figure 5: Cauchy stress components in three dimensions. 
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     Returning to the plane stress example given by Borges [2] in which ߪ௫ ൌ ߬௫௬ 
and ߪ௬ ൌ 0, the stress invariants ܫଵ ൌ ଶܫ ௫ andߪ ൌ െߪ௫

ଶ. Using eqn (21), the 
characteristic equation is  
 

ଶߪ െ ߪ௫ߪ െ ௫ߪ
ଶ ൌ 0             (24) 

  

     As expected, solving for the roots of this quadratic equation, or using eqns 
(22) and (23), the principal stresses are found to be ߪଵ ൌ Φߪ௫ and ߪଶ ൌ െ߶ߪ௫. 
With this background, one can now begin to investigate other more complex 
stress conditions that produce principal stresses in which the golden ratio is 
revealed. 
 

Example 2:   Find a Cauchy stress tensor with principal stresses of ߪଵ ൌ Φ MPa, 
ଶߪ ൌ 1 MPa, and ߪଷ ൌ െ߶ MPa. Using eqns (15) through (20), the stress 
invariants are 
 

ଵܫ ൌ ௫ߪ ൅ ௬ߪ ൅ ௭ߪ ൌ Φ ൅ 1 െ ϕ ൌ 2 
 

ଶܫ ൌ ௬ߪ௫ߪ ൅ ௭ߪ௬ߪ ൅ ௭ߪ௫ߪ െ ߬௫௬
ଶ െ ߬௬௭

ଶ െ ߬௫௭
ଶ ൌ Φ ∙ 1 െ 1 ∙ ϕ ൅ Φ ∙ ϕ ൌ 0 

 
ଷܫ ൌ ௭ߪ௬ߪ௫ߪ ൅ 2߬௫௬߬௬௭߬௫௭ െ ௫߬௬௭ߪ

ଶ െ ௬߬௫௭ߪ
ଶ െ ௭߬௫௬ߪ

ଶ ൌ െ߶ ∙ Φ ∙ 1 ൌ െ1 
 

     There are many normal and shear stress conditions that satisfy the three stress 
invariant conditions of I1 = 2, I2 = 0 and I3 = െ1. To satisfy the first condition of 
I1 = 2, one solution is found when ߪ௫ ൌ ௬ߪ ൌ 1 MPa and  ߪ௭ ൌ 0. Using these 
normal stresses, the shear stresses that satisfy the I2 and I3 conditions are found 
using  
 

ଶܫ ൌ 1 െ ߬௫௬
ଶ െ ߬௬௭

ଶ െ ߬௫௭
ଶ ൌ 0 

 

ଷܫ ൌ 2߬௫௬߬௬௭߬௫௭ െ ߬௬௭
ଶ െ ߬௫௭

ଶ ൌ െ1 
 

     When ߬௫௬ ൌ 0, both equations become identical, and the following 
relationship is found for the two remaining shear stresses. 
 

߬௬௭
ଶ ൅ ߬௫௭

ଶ ൌ 1 
 

     One solution to this equation is found when ߬௬௭ ൌ ߬௫௭ ൌ ඥ1 2⁄  MPa. Thus a 
Cauchy stress tensor with principal stresses ߪଵ ൌ Φ MPa, ߪଶ ൌ 1 MPa, and 
ଷߪ ൌ െ߶ MPa is given as 
 

௜௝ߪ ൌ ൦

1 0 ඥ1 2⁄

0 1 ඥ1 2⁄

ඥ1 2⁄ ඥ1 2⁄ 0

൪  MPa 

 

     As when considering any three dimensional stress state, other Cauchy stress 
tensors produce the same principal stresses. This example illustrates the steps 
that can be followed to obtain one such stress state in which the principal stresses 
have golden ratio values.  
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     The characteristic equation is unique to this problem and is obtained using the 
three stress invariants and eqn (14). 
 

ଷߪ െ ଶߪ2 ൅ 1 ൌ 0 
 

The polynomial in Table 1 of r = 3 and s = 2 is evident with this characteristic 
equation. 

5 Use of the polynomials to study dimensions in nature   

Although the primary purpose of this paper is to bring about a broader 
understanding of how golden ratios are revealed in the solution of characteristic 
equations, the polynomials can also be used for other purposes. Since the 
equations inherently have as their roots dimensions that are found in the natural 
world, it is perhaps not surprising that the equations, for instance, can be 
employed to investigate the dimensions of flora and fauna. By way of two 
examples, the polynomials H and I (ݖସ െ ଶݖ3 ൅ 1 ൌ 0 and ݖ଺ െ ଶݖ8 ൅ 3 ൌ 0, 
respectively) in Fig. 2 will be used to illustrate how they may be used in this 
manner.  
     Both equations are even functions, thus the first example will involve 
physical characteristics in which there is at least one axis of symmetry. The face 
of an owl has a striking symmetry, so it was chosen for further study. As 
illustrated in Fig. 6, the curves seem to intersect at key features of its anatomy.  
 

 
 

Figure 6: Owl face with superimposed graph of two polynomials. 
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The solid line (H) passes just below each eye and nostril, while at the same 
horizontal and vertical scale, the dashed line (I) intersects each pupil of the eye. 
Also at this same scale, the inside of each eye is found to be at ߶ and – ߶. 
     The second example uses the same equations to investigate the dimensions of 
a leaf. As illustrated in Fig.7, when the graph is scaled such ߶ and – ߶ intersect 
at the juncture of the veins and midrib, the third intersection occurs at –Φ. 
 
 

 
 

Figure 7: Leaf with superimposed graph of two polynomials. 

6 Concluding remarks 

It has been shown that characteristic equations of the general form in eqn (1) 
produce at least two golden ratio solutions. One is not left to find these solutions 
by chance, but now, with a broader understanding of the origin of the equations, 
golden ratio solutions will always be revealed when the polynomials in Table 1 
are either intentionally utilized or found to exist as a result of scientific inquiry. 
When the polynomials are intentionally used, there is no special physical 
meaning inherent in the solution of the characteristic equations. Indeed the two 
examples in the paper illustrate how their intentional use will yield golden ratio 
solutions, but that no apparent significance can be attributed to either physical 
system. However, the golden ratio as revealed in the discovery by Mokry [3] 
concerning the critical Mach number and by Heyrovska [6] concerning inter-
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atomic distances, the polynomial of r = 2 and s = 1 is found to naturally arise 
from their research and thus contextually has greater meaning.   
     The use of the polynomials to study the dimensions of the natural world is 
preliminary. Perhaps the results are coincidental, but perhaps they are not, and 
like the logarithmic spiral, they reveal yet one more way to appreciate nature’s 
wonder and beauty. 
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